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Abstract

The standard approach to Bayesian inference is based on the assumption that the
distribution of the data belongs to the chosen model class. However, even a small
violation of this assumption can have a large impact on the outcome of a Bayesian
procedure. We introduce a novel approach to Bayesian inference that improves ro-
bustness to small departures from the model: rather than conditioning on the event
that the observed data are generated by the model, one conditions on the event that
the model generates data close to the observed data, in a distributional sense. When
closeness is defined in terms of relative entropy, the resulting “coarsened” posterior
can be approximated by simply tempering the likelihood—that is, by raising the like-
lihood to a fractional power—thus, inference can usually be implemented via standard
algorithms, and one can even obtain analytical solutions when using conjugate priors.
Some theoretical properties are derived, and we illustrate the approach with real and
simulated data using mixture models and autoregressive models of unknown order.
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1 Introduction

In most applications, statistical models are idealizations that are known to provide only an
approximation to the distribution of the observed data. One might hope that departures
from the model, if sufficiently small, would not significantly impact inferences. Often this
does seem to be the case, but sometimes inferences are sensitive to small perturbations
away from the assumed model, especially if the sample size is large. This article focuses on
the problem of defining alternatives to the usual likelihood function that are designed to
be robust to a small amount of mismatch between the assumed model and the distribution
of the observed data. Although the concepts are general, we concentrate on Bayesian
approaches, using our modified likelihoods in place of the usual likelihood. We are focused
on robustness to the form of the likelihood, in contrast to most previous work on robust
Bayes which focuses on robustness to the choice of prior.

Instead of using the standard posterior obtained by conditioning on the event that
the observed data are generated by the model—which is incorrect when there is a
perturbation—our approach is to condition on the event that the empirical distribution
of the observed data is close to the empirical distribution of data generated by the model,
with respect to some discrepancy between probability measures. We refer to this as a coars-
ened posterior, or c-posterior, for short. This corresponds to using a modified likelihood.

One can control the type of robustness exhibited by a c-posterior via the choice of
discrepancy. For instance, robustness to outliers can be obtained by using a discrepancy
that is not strongly affected by moving a small amount of probability mass to an outlying
region (e.g., 1st Wasserstein distance). Alternatively, robustness to slight changes in the
shape of the distribution—which is our primary interest in this paper—can be obtained by
using a discrepancy that is tolerant of such changes, such as relative entropy.

It works out particularly well to use relative entropy (i.e., Kullback—Leibler divergence),
since in this case the c-posterior can be approximated by the “power posterior” obtained

by simply raising the likelihood to a certain fractional power. Consequently, one can usu-



ally do approximate inference using standard algorithms with no additional computational
burden—in fact, the mixing time of Markov chain Monte Carlo (MCMC) samplers will
typically be improved, since the likelihood is tempered. Further, when using exponential
families and conjugate priors, one can even obtain analytical expressions for quantities such
as a robustified marginal likelihood.

The main novel contributions of the paper are: (1) introducing the idea of the c-
posterior, (2) providing a calibration method for choosing an appropriate amount of coars-
ening, (3) empirically demonstrating how the c-posterior can easily be used to perform
robust inference in a variety of examples, using real and simulated data, (4) establishing
the asymptotic form of the c-posterior when certain limits are taken, (5) proving that the
c-posterior exhibits robustness to small perturbations from the assumed model (that is, ro-
bustness to the form of the likelihood), and (6) proving that the power posterior is a good
approximation to the relative entropy c-posterior when n is either large or small relative
to the amount of coarsening.

The paper is organized as follows. Section 2 introduces the coarsening approach and
considers the case of relative entropy coarsening in detail. Section 3 uses a toy Bernoulli
example to illustrate coarsening in the simplest possible setting, as well as to assess the ac-
curacy of the power posterior approximation. Section 4 introduces a technique for choosing
an appropriate amount of coarsening in a data-driven way. In Section 5, we demonstrate
coarsening for mixture models and clustering, to obtain robustness to the form of the com-
ponent distributions. We apply this to perform robust clustering of cells in flow cytometry
datasets containing tens of thousands of multivariate data points. In Section 6, we demon-
strate coarsening on autoregressive models of unknown order, performing inference for the
model complexity in a way that is robust to perturbations. Section 7 discusses several
frequently asked questions, and the supplementary material contains theoretical results,

previous work, further discussion, and additional details.



Figure 1: Notional schematic diagram of the idea behind the c-posterior. The ambient space is
the set of probability distributions on X', and the curve represents the subset of distributions in
the parametrized family {Py : 0 € ©}. The idealized distribution Py, is a point in this subset, and
the empirical distribution PXM of the idealized data converges to Py, as n — oo. Although PXM
is not observed, it is known to be within an r-neighborhood of the empirical distribution Py, of
the observed data, which, in turn, converges to the observed data distribution, P,. The basic idea

of the c-posterior approach is to condition on the event that PXM is within this neighborhood.

2 Method

For now, we assume an i.i.d. setting, but the approach generalizes to time series and
regression (see Section 6 and Supplement S6). Suppose we have a model {F, : 0 € ©}
along with a prior II on ©, and suppose there is a point §; € © representing the parameters
of the idealized distribution of the data. The interpretation is that 6; is the true state
of nature about which one is interested in making inferences. Suppose there are some
unobserved idealized data X, ..., X, € X that are i.i.d. from Fy,, and the observed data
Z1,...,T, € X are a perturbed version of Xj,..., X, in the sense that d(PXM, ]5951") <r
for some discrepancy d(-, -) and some r > 0, where P,, = L3 | 64, denotes the empirical
distribution of xy., = (z1,...,2,). Suppose x1,...,z, behave like i.i.d. samples from some
P,, which we view as a perturbation of Fy,. For intuition, consider the diagram in Figure 1.

If there was no perturbation, then we would simply use the standard posterior—that is,
we would condition on the event that X;., = x1.,—however, when there is a perturbation,

using the standard posterior is incorrect. If there is a known, easy-to-model process by



which z1., is generated from Xj.,,, then we would simply augment the model to include this
process—however, this process is often unknown or highly complex.

An alternative is to condition on the event that d(Pyx,.,, P, ) < r. In other words,
rather than the standard posterior (6 | X1, = 21.,), consider 7 (6 | d(Px, . P, ) < r).
Since usually one will not have sufficient a priori knowledge to choose r, it makes sense to
put a prior on it, say R ~ H, independently of 6 and Xi.,,. Generalizing further, take a
sequence of functions d,, such that d,(Xi.,, z1.,) > 0 is some measure of the discrepancy

between X;., and xi.,.
Definition 2.1. We refer to 7T(9 | dp(X1in, T1n) < R) as a c-posterior.

To clarify the notation: if the prior IT has density 7 (with respect to some measure), then
the c-posterior has density 7(6 | Z = 1) x w(0) P(Z =1 | ) where Z = 1(d,(X1:n, T1:0) <
R). In these expressions, zi.,, is considered to be fixed, while X, and R are random
variables; thus, the c-posterior is a function of xy.,, but not X, and R since they are
integrated out. (We use 1(-) to denote the indicator function: 1(E) = 1 if E is true, and

L1(E) = 0 otherwise.) One can write the c-posterior as

7r(9 | dn(X1im, T1m) < R) x W(G)P(dn(Xl;n,xm) < R| 9)

— () / G 700)) PR () (2.1)

where G(r) = P(R > r) and o indicates proportionality with respect to 6. The in-
tuitive interpretation is that, to use a rough analogy, this integral is like a convolution
of P} (the distribution of X, given #) with the “kernel” G(d,(X1.n,%1.n)). The factor
P(dn(X Ly T1m) < R | «9) can be interpreted as a coarsened likelihood, or c-likelihood, how-
ever, it does not necessarily correspond to a probability distribution on ., given 6. The
c-posterior should not be interpreted as implying a model for 1., given 6; indeed, a key
advantage of the method is that it allows one to avoid explicitly specifying a robust model.

In Supplement S3.1, we derive the form of the c-posterior as n — oo. Meanwhile, in Sup-

plement S3.2, we show that under certain conditions, when n is fixed and the distribution of



R converges to 0, the c-posterior converges to the standard posterior. In Supplement S3.3,
we show that the c-posterior is robust to changes in P, that are small with respect to the
chosen discrepancy d(-, ). There are different types of robustness that may be desired, and
the type of robustness exhibited by the c-posterior can be customized through the choice of
d(-,-). A few potential candidates for d(-,-) would be Kolmogorov—Smirnov (in the univari-
ate setting), Wasserstein, or a maximum mean discrepancy (Gretton et al., 2006). When
Py and P, have densities with respect to a common measure, it is also possible to accom-
modate discrepancies between densities such as relative entropy, Hellinger distance, and
various divergences—even though they may be undefined for empirical distributions—by
choosing d,,(X1.,, Z1.,) to be a consistent estimator of d(P, P,).

In the examples, we focus on relative entropy and variations thereof as our choice of
d(-,-), due to several appealing properties. In particular, there is an approximation that

makes it unnecessary to explicitly compute d,,(X1.,, 1.,). We discuss this next.

2.1 Relative entropy c-posteriors

Suppose P, and Py (for all § € ©) have densities p, and pg, respectively, with respect to some
sigma-finite measure A (e.g., Lebesgue measure, or counting measure on a discrete space).
Define d(Fy, P,) to be the relative entropy, also known as Kullback—Leibler divergence,

Po()
po(z)

AP0, P) = Dlpullpn) = [ pula) (to5 2 ) A (o)

Suppose d,,(Xi.n, T1.n) is a consistent estimator of D(p,||ps), and R ~ Exp(a). Then one

obtains the following approximation to the relative entropy c-posterior:

n

7(0 | dn(X1m, 21) < R) 5 w(0) [ [ poli)®, (2.2)

i=1
where X means “approximately proportional to”, i.e., the distribution on the left is ap-

proximately equal to the distribution proportional to the expression on the right, and

_1/n o«
C1/n+1/a a+n’ (23)
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The approximation in Equation 2.2 is good when either n > « or n < a (Corollary S3.4,
Theorem S3.6), under mild conditions. Empirically we find that the approximation can
be quite accurate (see Figure 2). It makes intuitive sense that the approximation would
be good in both the large-sample (n > «) and small-sample (n < «) regimes, when
one considers the convolution representation in Equation 2.1. Also, note that (, ~ a/n
when n > «a, whereas (,, = 1 when n < «, and (,, smoothly interpolates between these two
regimes. For the motivation behind the particular form of the power (,, see Supplement S5.
Section 4 introduces a technique for choosing « in a data-driven way.

A key feature of Equation 2.2 is that it enables one to approximate the c-posterior
without explicitly computing the relative entropy estimates d,,(X1.,, Z1.,), which would
normally involve computing a density estimate of p, in order to handle the entropy term
— [ pologp, in D(p,llpe). Since this entropy term is constant with respect to 6, it is
absorbed into the constant of proportionality. Using an Exp(«/) prior on R is not important
for robustness (indeed, our theoretical results in Supplement S3 allow a very large class of
distributions on R); choosing R ~ Exp(«) is only important for obtaining a computationally

simple formula via cancellation of the entropy term.

Definition 2.2. Given ¢ € [0,1], we refer to [}, pe(z:)¢ as a power likelihood, and we

refer to the distribution proportional to m(0) [T\, pe(z:)® as a power posterior.

Like the c-likelihood, the power likelihood should not be interpreted as implying a
probability distribution on zy., given #. It should only be interpreted as an approximation
to the c-likelihood, up to a constant of proportionality with respect to #; see Equation S5.1.
A useful interpretation of the power posterior is that it corresponds to adjusting the sample
size from n to n(, in the sense that the posterior will only be as concentrated as it would
be if there were n{ samples.

Due to its simple form, inference using the power posterior is often easy, or at least, no
harder than inference using the ordinary posterior. We discuss two commonly occurring

cases: analytical solution in the case of exponential families with conjugate priors, and



Gibbs sampling in the case of conditionally conjugate priors.

2.1.1 Power posterior with conjugate priors

When using exponential families with conjugate priors, one can often obtain analytical
expressions for integrals with respect to the power posterior. Suppose py(x) = exp (HTS(J:) —
k(0)), where s(z) = (s1(x),...,sk(z))" are the sufficient statistics, and suppose 7(0) =
7e,(0) where 7, (6) = exp (9T§ —vk(0) — (&, V)), noting that this defines a conjugate

family. Then the power posterior is proportional to
e (0) [T polo) oc exp (67(6 + G ,5(00)) — (v + G )w(0)) o 7,0 (6),  (24)
i=1

where &, = £+ (, Y, s(x;) and v, = v+ n(,, and thus, the power posterior remains in the
conjugate family.

For most conjugate families used in practice, simple analytical expressions are available
for the log-normalization constant (&, v) as well as for many integrals with respect to
7e,(0). This enables one to obtain analytical expressions for many quantities of inferential
interest under the power posterior, thus providing approximations to the corresponding
quantities under the relative entropy c-posterior. For instance, one obtains a marginal
power likelihood, [, e, (0) TT7; po(2:)d0 = exp (Y (&n, v) — ¥(€, v)), which can be used
to compute robustified Bayes factors and posterior model probabilities. Such c-posterior
summaries are robust to perturbations to P, that are small with respect to relative en-
tropy, whereas usual Bayes factors and model probabilities can be very sensitive to such
perturbations for large n (Supplement S4). In Section 3, we illustrate this approach in a
toy example involving Bernoulli trials, and in Section 6, we use this approach to perform

robust inference for the order of an autoregressive model.

2.1.2 MCMC on the power posterior

Often, it is desirable to place conditionally conjugate priors on the parameters—for in-

stance, placing independent normal and inverse-Wishart priors on the mean and covari-
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ance of a normal distribution. In such cases, one can easily use Gibbs sampling on the
power posterior, because for each parameter given the others, we are back in the case of a
conjugate prior, and thus the full conditionals belong to the conjugate family (just as in
Equation 2.4). In Section 5, we use Gibbs sampling for robust inference in mixture models
by employing a conditional power posterior. More generally, samples can be drawn from
the power posterior by using Metropolis—Hastings MCMC, with the power likelihood in
place of the usual likelihood.

The mixing performance of MCMC with the power posterior will often be better than
with the standard posterior, since raising the likelihood to a fractional power (i.e., a power
between 0 and 1) has the effect of flattening it, enabling the sampler to more easily move
through the space, particularly when there are multiple modes and n is large. Indeed,
raising the likelihood to a fractional power—also known as tempering—is sometimes done

in more complex MCMC schemes in order to improve mixing.

3 Toy example: Perturbed Bernoulli trials

The purpose of this toy example is to illustrate the method in the simplest possible setting,
and to assess the accuracy of the power posterior approximation in a situation where the ex-
act c-posterior can be computed easily. Suppose Xy, ..., X, i.i.d. ~ Bernoulli(f) represent
the outcomes of n replicates of a laboratory experiment, and the team of experimenters
is interested in testing Ho : # = 1/2 versus Hy : 6 # 1/2. The standard Bayesian ap-
proach is to define a prior probability for each hypothesis, say, [I(Hy) = II(H;) = 1/2,
and define a prior density for 6 in the case of Hy, say, #|H; ~ Uniform(0,1). Infer-
ence then proceeds based on the posterior probabilities of the hypotheses, IT(Hg|x1.,) and
II(Hy|z1.,) = 1 = [I(Hp|z1.), where z1.,, = (x1,...,x,). If the observed data x4, ..., x, are
sampled i.i.d. from Bernoulli(6), then the posterior is guaranteed to converge to the correct
answer, that is, I(Ho|zy.,) =2 1(6 = 1/2) as n — oo.

In reality, however, it is likely that the observed data do not exactly follow the assumed



model. For instance, some of the experiments may have been conducted under slightly
different conditions than others (such as at different times or by different researchers), or
some of the outcomes may be corrupted due to human error in carrying out the experiment.

A natural choice of discrepancy is the relative entropy between the empirical distri-
butions of z1, and Xy, D(Pallpx) = i Pe(i) log(p.(i) /Px (i), where p,(1) = Z and
p2(0) =1 — Z in this example. This leads us to consider the following coarsened posterior

for inferences about Hy and Hj:
I1(Ho | D(.|lpx) < R), (3.1)

where R ~ Exp(a). How should we choose a? If we have no a priori knowledge of the size
of perturbation to expect, then we can use the calibration curve technique in Section 4.
Otherwise, in this example, we can interpret the neighborhood size r in terms of Euclidean
distance via the chi-squared approximation to relative entropy, D(pllq) ~ %Xz(p, q) (see
Prop. S5.1). In particular, when X ~ 1/2 we have D(p,||px) ~ 2| — X|?. Thus, if we
expect that the perturbation will shift the sample mean by no more than € or so when
Hp : 6 = 1/2 is true, then it makes sense to choose « so that ER ~ 2¢2. Since ER = 1/q,
this suggests using a = 1/(2?%).

In this toy example, the c-posterior in Equation 3.1 can be computed exactly (see
Supplement S7.1), however, in more complex cases, an approximation is needed. The

power likelihood approximation from Section 2.1, when applied to this example, yields
II(Ho | D(p.||px) < R) =~ 1/(1+ 2™ B(1 + n¢,z, 1+ né,(1 — z))) (3.2)

where (, = a/(a+n) and B(a,b) is the beta function (Supplement S7.1). Comparing this

to the standard posterior,
I(Hy | X1 = 21) = 1/(1+2"B(1 + nz, 1 +n(1 — 7)), (3.3)

note that the only difference is that n has been replaced by n¢,.
To illustrate numerically, suppose we would like to be robust to perturbations affecting

Z by roughly ¢ = 0.02 when Hg is true. As described above, this corresponds to a =
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Figure 2: Bernoulli example. Left: Results using a priori choice of @ = 1250, averaged over
1000 datasets, for #° = 0.51 and #° = 0.56. Center and right: « calibration curves for 6° €

{0.5,0.51,0.75}, and results using the data-driven choice of a = 2500 when 6° = 0.51.

1/(2-0.02%) = 1250. Now, suppose that in reality Hy is indeed true (i.e., the true distribution
is Py, = Bernoulli(f;) where 6; = 0.5), and the data are perturbed in such a way that
x1,...,%, behave like i.i.d. samples from Bernoulli(6°) where §° = 0.51 (i.e., the observed
data distribution is P, = Bernoulli(6°)). Figure 2 (top left) shows the probability of
Ho under the standard posterior, the exact c-posterior, and the approximate c-posterior
(Equations 3.3, 3.1, and 3.2, respectively), for increasing values of the sample size n.
When n is small, there is not enough power to distinguish between 0.5 and 0.51, so the
standard posterior favors Hy at first (due to the Bartlett—Lindley effect), but as n increases,
eventually the posterior probability of Hy goes to 0. (So, when n is large, the standard
posterior is not robust to this perturbation.) The c-posterior behaves the same way as the
standard posterior when n is small, but as n increases, the c-posterior probability of Hy
remains high, as desired—thus, the c-posterior remains robust for large n. The approximate
c-posterior is so close to the exact c-posterior that the plots are visually indistinguishable.
What if the departure from Hj is significantly larger than our chosen tolerance of ¢ =
0.027 Does the c-posterior more strongly favor H; in such cases, as it should? Indeed, it
does. Figure 2 (bottom left) shows the results when §° = 0.56. In this case, the c-posterior

behaves more like the standard posterior, favoring H; when n is sufficiently large.
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4 Calibration curve technique for choosing «

If we have no a priori basis for choosing «, then the following graphical criterion can help
to make a data-driven choice. Let f(a) be a measure of fit to the data and let g(«) be a
measure of effective complexity—specifically, we use the posterior expected log likelihood
for f(«), and posterior expected model complexity for g(a). As « ranges from 0 to oo,
(g(a), f(a)) traces out a curve in R?, and the technique is to choose a point on this curve
that achieves a good fit with low complexity.

To illustrate on the toy Bernoulli example, we define f(a) = [ (log p(21.0]0)) 114 (d6]|z1.,)
to quantify fit to the data and g(«) = I, (Hy|z1.,) to quantify effective complexity, where
o (dO|21.) o p(21.,]0)T1(df) is the power posterior; see Supplement S7.1 for formulas.
Figure 2 shows the resulting calibration curves for three datasets of size n = 10°, generated
(i) when Hy is true and there is no perturbation (6° = 0.5), (ii) when Hy is true and there
is a small perturbation (#° = 0.51), and (iii) when H; is true and distance from 0.5 is
large (0° = 0.75). In each case, the curve goes from lower fit to higher fit as « increases.
The distinction between “small” and “large” distance depends on the choice of prior—e.g.,
0° = 0.51 is close to 0.5 relative to typical samples from our prior of #|H; ~ Uniform(0, 1).

The three calibration curves in Figure 2 illustrate common patterns. Case (i): When
there is no perturbation from Hy, the best fit is obtained with very low complexity at
the terminus a = oo. This suggests choosing o = oo, which would make the c-posterior
concentrate at the true value in this case. Case (ii): When there is a small perturbation
from Hy (6° = 0.51), the fit increases dramatically at first while maintaining low complexity,
then the curve reaches a cusp at o ~ 2500 and levels off, with more modest increases in
fit at the cost of greater complexity. This suggests choosing o &~ 2500. The curve sits near
the cusp for a large range of « values from around 1200 to 4000, e.g., the blue dot indicates
a = 1250, our a priori choice. Any value of « in this range yields similar results (e.g.,
see Figure 2 bottom right compared to top left). Case (iii): When the distance from Hj is

very large (0° = 0.75), there is no cusp in the curve, and a good fit can only be obtained
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at higher complexity. This curve suggests choosing o = oo, in which case the c-posterior
would concentrate at H;. This makes sense since the distance from Hj is so large that
explaining it by a perturbation is implausible. Thus, the calibration curve can help decide

how much coarsening is needed, if any.

5 Mixture models and clustering

Consider a finite mixture model, X1,..., X,|w,¢ iid. ~ S8 w;f, () with mixture
weights w, component parameters ¢, and family of component distributions (f, : ¢ €
®). For the prior, suppose w ~ Dirichlet(yy,...,7x) and ¢1,..., ¢k iid. ~ H. When
v = ¢/ K, this model approximates a Dirichlet process mixture as K — oo (Ishwaran and
Zarepour, 2002). Mixture models of this form are widely used for clustering.

However, this type of model is not robust to misspecification of the family of component
distributions. This has negative consequences in practice, since one might reasonably expect
the observed data xq,...,z, to come from a finite mixture, but it is usually unreasonable
to expect the component distributions to have a known parametric form. We illustrate how
coarsening enables one to perform inference in a way that is robust to misspecification of
the form of the component distributions.

We approximate the relative entropy c-posterior using the power posterior, defined
as To(w, ¢ | T1:) o< m(w, ) [T, (Zfil wifw(xj))cn where ¢, = a/(a+ n). The stan-
dard MCMC algorithms for mixture models use data augmentation with latent variables
21, ..., 2n € {1,..., K} indicating which component each datapoint comes from, but the
power likelihood rules out direct application of these algorithms. Antoniano-Villalobos and
Walker (2013) developed an auxiliary variable algorithm for mixture model power posteri-
ors, or reversible jump MCMC could be used (Green, 1995).

Here, we explore two algorithms: (a) a conditional coarsening algorithm and (b) an
importance sampling algorithm for the power posterior. The conditional coarsening algo-

rithm scales well, is easy to implement, and yields results similar to (but not exactly the
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same as) the power posterior. It is identical to the standard data augmentation algorithm

for mixtures, except that the updates to w and ¢ use a power likelihood.

Algorithm 5.1 (Conditional coarsening for mixture models).
o Input: x1,...,x,. Output: Samples of w, ¢, and component assignments zy, ..., 2.
e [nitialize w ~ Dirichlet(vy,...,vk) and ¢1, ..., ok i.i.d. ~ H.

e For iterationt=1,...,T:

1. Forj=1,...,n: sample z; ~ Categorical(w) where w; o< w; f,,(x;).
2. Sample w ~ Dirichlet(7y, ..., k) where % = v+ Cu Y7y (25 = ).
3. Fori=1,...,K: sample p; ~ q where q(v;) < 7(p;) szzj:i foi ()5, or make

some other update to @; that leaves q invariant.

See Supplement S7.2 for the motivation behind the algorithm. In some cases, Algo-
rithm 5.1 has difficulty escaping from local optima in which one cluster needs to be split
into two or more clusters. Therefore, we add the following step between steps 1 and 2,
to escape from these local optima during an initialization period that is discarded along
with the burn-in. Let S and Ty be positive integers. Define N;(2) = > 7 1(z; = 1) and
k(z) = S5, 1(N(2) > 0).

1.5. (Periodic random splits) If t < Ty and t is a multiple of S, then randomly split each

of the K — k(z) largest clusters into two clusters.

More precisely, let o such that N, (z) > -+ > N,,(z), and let K’ = k(z). Then, for
i=1,...,min{K’, K — K'}: for each j such that z; = 0;, update z; ~ Uniform{o;, o;+ k' }.
To evaluate how closely the conditional coarsening algorithm approximates the power

posterior, we also consider an importance sampling (IS) algorithm; see Supplement S7.2.

5.1 Simulation example: Perturbed mixture of Gaussians

To demonstrate robustness to the form of the component distributions, we apply a univari-

ate Gaussian mixture model to data from a perturbed Gaussian mixture. We generate the

14



Calibration of a (ko =2)

Data distribution (kg = 2) 1es
03 0 %
= g -1.9
> / Vi < a="T7%
Z =
02 W, Z o 20
2 / ]
01 7 ¥
’ R =
£ = \ g -22
00—= -3 -2 -1 0 1 2 3 4 2.0 25 30 35 40 45 5.0
x Eq (kg | data)
Standard posterior Conditional coarsening
03 /’ \ 03
\ -
£ 02 / \ 7N 202 T
2o / ’ \ =
= ’ \ Ve g
5} \ y \ o
o1 Vs S o1
- A AN .
AN P 4 ~ ,/ .
< ~_—” S = Sso
R =3 2 -1 0 1 2 3 4 002 ) ) -1 0 1 2 3 4
x x
1o Standard posterior (kg = 2) o Conditional coarsening (kg = 2)
= 08 —4— n=200 2 08 4 n=200
= —& n=1000 = —& n=1000
© 06 A A~ n=5000 © 06 4 n=5000
5 04 —¥— n=10000 % 04 —— n=10000
< —*— n=20000 < —— n.=20000
02 E 02
001 2 3 4 5 6 71 8 9 10 1 1 0001 2 35 4 5 6 7 8 9 10 1 12
koo (# of clusters with > 2% of points) koo, (# of clusters with > 2% of points)
(a) Demonstration on a perturbed mixture of kg = 2 Gaussians.
Data distribution (ko = 4) 1es Calibration of a (kg =4)
0.3 "n E\ -2.2
<
2 A < a=1995
= 02 — 24
4 ’ \\ é
"8 - / Y [
01 27> 4 \ 2 26
’ \ 3
v 4 4 k R A=
00 ! -2 0 2 [ 6 8 4 5 6 7 8
x Eq (kg | data)
Standard posterior Conditional coarsening
03 03
= >
02 =02
Z z
g N g
o1 \ ~ o1
-
- \ \
A \
0.0 = 0.0 -
L6 ~a 2 0 2 4 6 [ L6 ~a -2 0 2 4 6 8
x xr
0 Standard posterior (kg = 4) 10 Conditional coarsening (kg = 4)
S 08 = n=200 S o8
< —& n=1000 E
T 0.6 A~ n=>5000 T 0.6
X 0.4 —¥— n=10000 < 04
< —— n.=20000 <
T 02 £ 02
- . - .
0o 1 2 3 4 5 6 7 8 9 10 1 12 00 1 2 3 4 5 6 7 8 9 10 11 1

koo (# of clusters with > 2% of points)

koo, (# of clusters with > 2% of points)

(b) Demonstration on a perturbed mixture of ky = 4 Gaussians.

Figure 3: Top left: True density (dotted blue line) and perturbed density (red line). Top right:
Calibration curve for a. Middle: Mixture density (dotted black line) and components (solid
colors) for typical samples from the posterior. Bottom left: The standard posterior has too many

clusters as n increases. Bottom right: Coarsening yields a more accurate number of clusters.

15



observed data by starting with a true (idealized) distribution Py, = S°% woN (10i, 08:),
simulating a perturbation P, by taking a random draw of a Dirichlet process mixture with
base distribution Pp,, concentration parameter 500, and N (0, 0.25?) components, and then
sampling z1,...,z, i.i.d. ~ P,. We illustrate with two examples: (a) a two-component
mixture with gy = (=2,2), 09 = (.7,.8), and wy = (.5,.5), and (b) a four-component
mixture with g = (—3.5,0,3,6), 09 = (.8, .4,.5,.5), and wy = (.25, .3, .25, .2); see Figure 3.

For the model parameters, we use K =20, y; = -+ = 7 = 0.5/K, and define the prior
H on the component means and variances as y; ~ N (m, £~1) and 67 ~ InverseGamma(a, b)
independently with m = 0, £ = 1/5%, a = 1, and b = 1, where the component densities
are f,, ,2(v) = N(z|pi, 7). To implement Algorithm 5.1, we define ¢; = (u;,07) and for

step 3 of the algorithm, we use power-likelihood Gibbs updates to j; and o2, specifically:
3. Fori=1,...,K, sample

o 1 ~ N(m, 07 where £ = 0+ (,Ni(2) /02, 10 = (ml + ¢, D ey z;/02) /L, and

o 07 ~ InverseGamma(a,b) where a = a + $(,N;(z) and b=0b+ e ijzj:i(a:j — 1)

Recall that Ni(z) = 37, 1(z; = i). In each run of Algorithm 5.1, we use T = 10*
iterations with a burn-in period of Ty, = 1000. Periodic random splits (step 1.5) are
performed using S = 10 and Ti,;; = 500. Samples from the standard posterior are obtained
by setting ¢, to 1. For coarsening, we use ¢, = a/(a + n) with « chosen as follows.

In this type of model, posterior samples often have one or more tiny “extra” clusters. To
focus on the larger clusters, we use the statistic kog(2) = Zfil L1(N;(z) > 0.02n) (i.e., the
number of clusters with more than 2% of the points) to quantify the number of nonnegligible
clusters, for a given assignment vector z. To choose «, we plot the calibration curve
with f(a) = % o7 log p(@in|w®, M) to assess fit (where p(z;|w, p) = S wif, (x5))
and g(a) = % o7 ko (21)) to assess effective complexity, where (w®, ", 2()) for ¢ =
1,..., T are the posterior samples obtained using Algorithm 5.1, and 7 = {Tpum+1, ..., T}.

Figure 3(a,b) shows the calibration curves for the ky = 2 and kg = 4 examples, with

n = 10* data points. In both examples, there is a clear cusp at a point of good fit and low
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complexity. In the ky = 2 example, the curve is near the cusp when « is around 800 to
1000, and the tip is at a ~ 800; thus, we choose o = 800 in this example. In the ky = 4
example, a wide range of o values from 800 to 2000 are near the cusp, with the tip at
a =~ 2000; thus, we pick o = 2000 in this case.

To assess performance, for both the two- and four-component examples, for each n €
{200, 1000, 5000, 10000, 20000}, we generated five independent datasets of size n. On each
dataset, for the standard posterior and for conditional coarsening, Algorithm 5.1 was run
using the settings above. The IS algorithm was also run using the same settings, and
yielded results similar to conditional coarsening; see Supplement S7.2.

In each of Figure 3(a) and (b), the middle row shows the mixture density "1, w; fr02(2)
and the individual weighted components w; fui,of (x) for typical posterior samples when
n = 20000. Samples from the standard posterior more closely fit the perturbed distri-
bution P,, and they have several more nonnegligible components than the true mixture
Fy,. Meanwhile, typical samples using the coarsened approach more closely match the true
mixture P, in terms of the number of nonnegligible components, as well as the weights,
locations, and scales of the components.

The bottom row in each of Figure 3(a) and (b) shows the posterior on kyy (the number
of clusters containing more than 2% of the points), averaged over the five datasets. The
standard posterior tends to introduce more clusters as n increases, in order to fit the
observed data distribution P,. Meanwhile, the coarsened approach shows strong support
for the true number of nonnegligible clusters, no matter how large n becomes.

In summary, when there is a perturbation, the coarsened approach yields more accurate

inferences for the true (unperturbed) mixture parameters.

5.2 Application: Robust clustering for flow cytometry

Flow cytometry is a high-throughput technology for measuring the properties of individual

cells in a sample of biological material. Typically, in each sample, tens of thousands of
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individual cells are measured with respect to around 3 to 20 properties. In flow cytometry
data, cells from distinct populations tend to fall into clusters; see Figure 4. Discovery and
characterization of cell populations by clustering is one of the primary tasks performed with
this type of data. Traditionally, this clustering is performed manually by defining piece-
wise linear boundaries between regions; this is known as “gating”. Since manual gating is
labor intensive and subjective, several automated clustering algorithms have been devel-
oped, and the Flow Cytometry: Critical Assessment of Population Identification Methods
(FlowCAP) challenges were established to evaluate the performance of these methods on
benchmark datasets for which ground truth clusters have been determined by manual gat-
ing (Aghaeepour et al., 2013).

We consider 12 of these benchmark datasets, originally from a longitudinal study of
graft-versus-host disease (GvHD) in patients undergoing blood or marrow transplantation
(Brinkman et al., 2007). Each dataset corresponds to one blood draw from one patient.
The objective of the study was to understand how various cell populations differed between
patients who developed GvHD and patients who did not. Separating distinct populations
of cells is the first step in the analysis of these data.

The difficulty is that the populations are not well-approximated by any parametric dis-
tribution, and further, the number of populations is not known in advance. Consequently,
using a model such as a mixture of Gaussians yields poor results, since many Gaussians
are needed to fit each population; see Figure 4 (row 2). Some previous algorithms for flow
cytometry have dealt with this problem by performing a post hoc step in which multiple
clusters are grouped together (Finak et al., 2009; Aghaeepour et al., 2011). Ideally, one
would use a nonparametric model for each of the component distributions, but this would
be computationally intensive due to the large number of multivariate data points in each
sample.

We explore a coarsening approach to robust clustering for flow cytometry data, using a
multivariate Gaussian mixture model. For the model parameters, in the same notation as at

the beginning of Section 5, we use K = 20, vy, = --- = 7 = 0.5/ K, and component param-
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Figure 4: Flow cytometry clustering results on FlowCAP-I GvHD dataset #10 (n = 23377,
d = 4). The four dimensions are FL1.H, FL2.H, FL3.H, and FL4.H, which measure selected
antibodies; three two-dimensional projections are shown. Row 1: Expert manual gating identifies
three populations (clusters) of cells. Each point is one cell, and the colors indicate cluster labels,
with black indicating cells not labeled by the expert. Row 2: The standard posterior yields far too
many clusters — on this dataset, posterior samples typically have 13 clusters that contain more
than 2% of the points, each. Row 3: Conditional coarsening very closely matches the manual

ground truth (average F-measure = 0.998 in this case). In rows 2-3, the clusters shown are the
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Figure 5: Calibration of a on the training set (GvHD datasets 1-6). The average F-measure is

shown for each o and each dataset. The black dotted line is the overall average for each «.

eter priors p; ~ N (m, L™') and A; ~ Wishart(V,v) independently, where the component
densities are f,, a,(r) = N (2|u;, A;") for z € R We set the hyperparameters in a data-
dependent way: given input data zi,...,z, € R?, we choose prior mean m = %Z?Zl xj,
prior precision matrix L = (1 > iy (@ —m)(z; — m)T)fl, degrees of freedom v = d, and

scale matrix V' = L/v. Algorithm 5.1 is implemented by defining ¢; = (u;, A;) and using

power-likelihood Gibbs updates to u; and A; for step 3 of the algorithm:

3. Fori=1,..., K, sample

o ui ~N(m, LY where L = L+ (,N;(2)A;, = LY (Lm + G A S jioymi T5), and

o A; ~ Wishart(V, 7)) where 7 = v+, Ni(2), V-1 = V-1 4¢, D ey (T — 1) (2 — ;)T

In each iteration of the algorithm, we compute z; = argmax; w; fy, a,(z;) for j =1,...,n,
the most likely component assignments based on the parameter values at that iteration.

In each run of Algorithm 5.1, we use T" = 4000, Ti,,n = 2000, S = 10, and T}, = 400.
Setting ¢, to 1 yields the standard posterior, and for coarsening we use ¢, = o/(a+n). To
choose a, we split the data into a training set (datasets 1-6) and a test set (datasets 7-12).
The performance metric used in FlowCAP-I is F-measure, a similarity score between any
two partitions A and B of {1,..., N}, defined as

Al 2/ANB|

FAB) = 2 B T+

AeA
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Table 1: Average F-measures on the flow cytometry test set (GvHD datasets 7-12).

7 8 9 10 11 12

Standard | 0.532 | 0.478 | 0.619 | 0.453 | 0.542 | 0.585

Coarsened | 0.667 | 0.875 | 0.931 | 0.998 | 0.989 | 0.993

For a range of a values, for each training dataset, we run Algorithm 5.1 and at each iteration
we compute F'(A, B) with A as the manual ground truth and B as the partition induced by
z*. In each dataset, a small fraction of cells were not labeled by the human expert; these
unlabeled cells are included when running the algorithm, and excluded when computing
the F-measure. Figure 5 shows the average F-measure for each of these runs, excluding
burn-in. Averaging over the six training datasets, the best performance is obtained at
a = 200; thus, we set o = 200 to evaluate performance on the test datasets.

Table 1 shows the average F-measures on the test set (datasets 7-12), using the same
algorithm settings as above, comparing z* against ground truth as before. The standard
posterior performs very poorly, whereas the coarsening results are comparable to the best
performance obtained by algorithms tailored to flow cytometry clustering (Aghaeepour
et al., 2013). Of datasets 712, coarsening has the most difficulty on 7, but interestingly,
if we increase a to 500, then the F-measure increases to 0.937 and the resulting cluster
assignments closely resemble the ground truth; see Figure 6. This suggests that even better

performance may be possible with an improved method of choosing « for each dataset.

6 Autoregressive models of unknown order

In this section, we apply the c-posterior to perform inference for the order of an autoregres-
sive model in a way that is robust to misspecification of the structure of the model, such
as time-varying noise. This demonstrates how the robustified marginal likelihood can be
computed in closed form when using conjugate priors, and provides some insight into why

coarsening works. Consider an AR(k) model, that is, a kth-order autoregressive model:
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Figure 6: Flow cytometry clustering results on FlowCAP-I GvHD dataset #7 (n = 13773, d = 4).

Row 1: Ground truth clusters from expert labeling. Row 2: Standard posterior.

Rows 3-4:

Conditional coarsening with a € {200, 500}. See the text and Figure 4 for more information.
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X, = Zif:l 0, X; ¢+ & fort = 1,...,n, where 1,...,&, i.id. ~ N(0,0%) and X; = 0
for t < 0. Let m(k) be a prior on the order k, let 6y, ...,0;|k i.i.d. ~ N(0,02), and for
simplicity, assume o? is known.

To obtain robustness to perturbations that are small with respect to relative entropy
rate, we employ a c-posterior for time-series (see Supplement S6.1 for details). Since 0|k
has been given a conjugate prior, we can analytically compute the resulting marginal power

likelihood as described in Section 2.1.1 with power ¢, = a/(a + n),
Lo(k;21p) == / p(1:0]0, k)" (0|k)do
Rk

n Cn
— / (HN(th ’ Z?Zleziﬁt—z, 02)> N(9 | 0>Ugfk><k)d9
RE

t=1
eXP(%Q%UTAflv) 2
il e [0 )

where A = (,M + 03 sk, Myj = >0 2z j/o?, vi = > 1 xm;/o?, and 2, = 0 for
t < 0. This, in turn, can be used to compute a robustified posterior on the model order k,
defined as 7, (k|x1.) X Lao(k; x1.0)7(k).

To demonstrate empirically, we generate data from a process that is close to AR(4) but

exhibits time-varying noise that cannot be captured by the model:

4
Ty = Z Opxi_p + ¢ + %sint (6.1)
=1

where 6 = (1/4,1/4,—-1/4,1/4), &, i.i.d. ~ N(0,1), and z; = 0 for ¢ < 0. We apply the
model above to such data, and compare the standard Bayesian approach to the coarsened
approach. For the model parameters, we set 0% = 1 to match the true value, we set o2 = 1,
and we use a Geometric(0.1) prior on k (i.e., m(k) = 0.9%0.1 for k € {0,1,2,...}).

To choose «, we use the calibration technique described in Section 4. Specifically, for
a range of a values, we compute f(a) = >, (logp(1.4|k))ma(k|21.,) as a measure of fit
to the data (noting that log p(x1.,|k) = log Leo(k; 1.4)), and g(a) = >, kma(k|z1,) as a
measure of effective complexity. Figure 7 (top right) shows the resulting calibration curve,

for a dataset of size n = 10%. The fit increases sharply until a cusp is reached at o ~ 250,
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Figure 7: Autoregression example. Row 1 (left): Data from the perturbed AR(4) process in

Equation 6.1. Row 1 (right): a calibration curve, when n = 10*. Row 2: Posterior distributions

on k. Note that the standard posterior significantly overestimates k as n grows, whereas the

c-posterior strongly favors the true value of k. Rows 3-5: Log marginal likelihood of AR(k) model

(standard and coarsened) for k = 0,1,...,20, on increasing amounts of data from this process.

whereupon the curve levels off; in fact, a wide range of « values from around 200 to 600

are very near the cusp. This suggests choosing a = 250.

Figure 7 (rows 2-5) compares the standard posterior to the c-posterior with o = 250,

as n increases. Due to the misspecification, the standard posterior puts its mass on values

of k much greater than the true value of 4, when n gets sufficiently large. Meanwhile, the
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c-posterior stabilizes to a distribution on & favoring £k = 4. When n < «, the standard and
coarsened approaches yield similar results, but as n grows larger they differ markedly.
This pattern is typical of the log marginal likelihood when comparing models of in-
creasing complexity. From the Laplace approximation, we see that more complex models
are penalized via a term of the form —%tk log n where t; is the dimension of the parameter
for model k (see Supplement S4), e.g., tx = k for the AR(k) model above. This penalty is
visible in the linear decline exhibited in the n = 100 plot. As n increases, this complexity
penalty increases proportionally to only logn, and thus it becomes overwhelmed by the
main term of order n involving the log likelihood at the maximum likelihood estimator
within model k. When n is sufficiently large, the following pattern emerges, as seen in
the n = 10000 plot for the standard approach: for model complexity values k that are too
small, there is a clear lack of fit, and as k increases the log marginal likelihood increases
rapidly until the model can fairly closely approximate the data distribution, at which point
it plateaus, increasing only slightly after that as only fine grain improvements can be made.
From this perspective, the reason why the coarsened marginal likelihood “works” is
that when n is large, it maintains a balance between the model complexity penalty and the

main log-likelihood term.

7 Discussion

The c-posterior approach has a number of appealing features. It has a compelling
justification—it is valid Bayesian inference based on limited information. The interpre-
tation is conceptually clear—one does inference with the same model, but conditioned on
a different event than usual. As shown in Supplement S3, the c-posterior inherits the
continuity properties of the chosen discrepancy, and thus, exhibits robustness to small

perturbations. In this section, we address several frequently asked questions.
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Concentration versus calibration

It is important to note that, unlike the standard posterior, the c-posterior does not con-
centrate as n — oo. This is appropriate and desirable, since if there is a perturbation then
some uncertainty always remains about the true (idealized) distribution, no matter how
much data are observed. Thus, in practice, the best one can do is appropriately quantify
uncertainty about the true distribution, which is precisely what the c-posterior is designed
to do, by allowing for perturbations.

However, if too much coarsening is applied (e.g., if «v is too small), then (1) model com-
plexity estimates under the c-posterior will tend to be biased downward, and (2) posterior
credible sets will be overly large, since the c-posterior will not be sufficiently concentrated.
These are the main disadvantages of using a c-posterior.

Thus, it is necessary to appropriately calibrate the amount of coarsening to match the
size of the perturbation. If the model is exactly correct, then any amount of coarsening
would be disadvantageous. However, in practice, the model is almost always wrong, so

some amount of coarsening would probably be beneficial in most applications.

Bias

For any given level of model complexity, parameter estimates under the c-posterior have
very similar bias to standard posterior estimates, as long as the prior is not overly strong.
For instance, in regression problems, the c-posterior mean of the regression function tends
to be very close to the standard posterior mean function — the c-posterior is just less
concentrated about this function.

Meanwhile, the bias of model complexity estimates can be considerably improved under
the c-posterior. This is illustrated by the mixture model example and the autoregression
example, in which the bias of the posterior mean of k is massively reduced by using a

c-posterior rather than the standard posterior.
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Not equivalent to renormalized tempering or overdispersion

The power posterior is not equivalent to the posterior under a model with density
f(x]0,¢) < po(x)¢ (where o indicates proportionality with respect to z) since the nor-
malization constant of f involves 6, whereas the power likelihood does not contain this
normalization constant. Using a model based on f would not be expected to provide the
same robustness properties as the power posterior, since it simply amounts to a model with

one additional parameter, (.

Measurement error

A frequently asked question is whether the problems addressed by the c-posterior could
instead be handled using measurement error methods.

The term “measurement error” usually refers to the situation in which the covariates
in a regression model are observed with error (Carroll et al., 2006). This represents one
particular kind of perturbation, and it is usually dealt with by changing the model appro-
priately in order to make it correctly specified. We are concerned with the broader class
of misspecification problems in general — not just covariate error, and not just regression
models. Further, in many situations it is impractical to correct the model, and these are
the situations our method is intended to address.

Alternatively, sometimes “measurement error” is used to refer to an augmentation of
the model to account for additional error/noise/uncertainty in the observed data, beyond
what is already included in the original model. There are essentially two ways of doing this,
the first of which does not solve the fundamental problem addressed by the c-posterior,
and the second of which tends to be computationally expensive:

1. Error model. One could assume a model for the distribution of z;|X; (in the
notation of Section 2), for example, Gaussian or some other error distribution. However,
this simply amounts to convolving the original model distribution P with the chosen error

distribution, leading to a new model that has a few more parameters but is just as bound
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to be misspecified as the original model. For instance, if one is using a Gaussian mixture
model, and then introduces an additional Gaussian error distribution for z;|X;, the result
is simply a new Gaussian mixture model with inflated variances, which is likely to suffer
from the same misspecification issues as the original model. Even if one nonparametrically
models the error distribution for x;|X;, this is still more restrictive than our approach
of allowing for a distributional perturbation from the original model, rather than just a
convolution of it.

2. Joint error model. The second approach would be to jointly model the distribution
of 21.,| X1.n. In principle, this can work, but the choice of distribution for xy.,|X;., cannot
be something simple, otherwise this ends up suffering from the same issue as modeling
x;]X;. In order for this approach to work well, the distribution of x;.,|X., needs to allow
for distributional perturbations even as n — o0o; essentially, it needs to be a nonparametric
model for the empirical distribution f’zlm given PXM (see Figure 1). But this seems just as
computationally burdensome as using a nonparametric model for P, given Fy,, and then

modeling x4, ..., z, as i.i.d. from P,.

Separation of the amount of coarsening from the choice of prior

A question that may be asked is whether there is a duality between coarsening and using
a robust prior. In particular, would less coarsening be required if one used a more robust
prior? The answer is “no” for two reasons, one technical and one conceptual.

The technical reason is that the likelihood overwhelms the prior as the sample size
increases. Thus, no matter what prior is selected, a perturbation involving the likelihood
will require the same amount of coarsening. A robust prior provides robustness to the
choice of prior, but not robustness to the choice of likelihood. For example, in variable
selection linear regression models, we have observed that using a mixture of g priors (a
leading example of a robust prior) is still just as sensitive to perturbations as using a more
informative prior. Coarsening addresses the problem by dealing with the likelihood directly.

Confusion over a perceived duality may arise due to a misinterpreted analogy with
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penalized regression methods. In penalized regression, there is a duality between the reg-
ularization coefficient of the penalty term and the weight given to the log likelihood term,
since both terms can be multiplied by a constant without affecting the optimizing value. In
contrast, when constructing a posterior distribution rather than computing an optimum,
the concentration of the distribution is affected if one multiplies both terms (in this case,
the log likelihood and the log prior) by a constant. Thus, adjusting the strength of the
prior is not equivalent to adjusting the strength of the likelihood. The analogy does hold
in one respect, which is that reducing the strength of the likelihood (as in coarsening) is
akin to increasing the regularization coefficient in penalized regression.

There is also a conceptual reason for separation between the choice of prior and the
amount of coarsening. In many applications, the parameters represent a true state of
nature that has a meaning and existence completely separate from any likelihood. The
prior represents our prior beliefs about this true state, regardless of any data generating
mechanism or misspecification thereof. For instance, suppose @ is the height of a particular
person. The prior distribution represents our uncertainty in 6 before we have any idea what
type of data may be received, and thus, before any likelihood is specified. Then, various
data on the person’s height may be received — such as self-reported height, measurement
with a scale, parents’ heights, or estimation from a photograph — which can be used to
form a posterior by assuming a likelihood. The amount of coarsening required pertains to
the amount of misspecification of the assumed likelihood (or equivalently, the magnitude

of the perturbation), which is completely unrelated to the prior beliefs.

Overfitting

In the coarsening approach, we can choose the discrepancy function and « in addition to the
likelihood and prior, and one may wonder whether this could lead to overfitting. Usually,
having more choices makes a method more flexible. However, coarsening can be viewed
as a form of regularization, so in fact, it reduces overfitting and makes the results less

sensitive to modeling choices. To make a very rough analogy to penalized regression, the
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choices involved in coarsening (namely, the discrepancy and «) are analogous to the form
of regularization penalty (e.g., ridge, lasso, elastic net) and the regularization parameter,
A. The point of coarsening is that it reduces sensitivity to model assumptions, by allowing
for perturbations of the model. The discrepancy and « simply specify in what way you

want to reduce sensitivity (i.e., what kind of perturbations you want robustness against).

8 Conclusion

The c-posterior approach seems promising as a general method of robust Bayesian inference.
There are several directions that would be interesting to pursue in future work. Instead
of using a single « for the entire likelihood, one could potentially use different amounts of
coarsening on different parts of the likelihood, since some parts may be more misspecified
than others. Further investigation of the accuracy of the power posterior approximation is
needed, both theoretically and empirically. Additionally, it would be beneficial if precise
guarantees could be provided regarding frequentist coverage properties of the c-posterior
when there is a perturbation. Finally, it would be interesting to explore coarsening in

frequentist procedures, since the scope of application is not limited to Bayesian inference.
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Supplementary material for “Robust
Bayesian inference via coarsening”’

S1 Previous work

The c-posterior is mathematically equivalent to the posterior approximation resulting from
approximate Bayesian computation (ABC) (Tavaré et al., 1997; Marjoram et al., 2003;
Beaumont et al., 2002; Wilkinson, 2013). However, our motivation is completely different
from that of ABC—we are concerned with robustness to perturbations, whereas ABC is
concerned with inference in models with intractable likelihoods. Generally speaking, we
assume the likelihood can be computed easily, which makes our inferences much more
computationally efficient.

The c-posterior can also be viewed as conditioning on partial information, a technique
that is often used to improve robustness (Doksum and Lo, 1990; Pettitt, 1983; Hoff, 2007;
Dunson and Taylor, 2005; Lewis et al., 2014); also see Cox (1975). Usually, however,
this is done by conditioning on some insufficient statistic; for example, Doksum and Lo
(1990) perform robust Bayesian inference for a location parameter by conditioning only
on the sample median, rather than the whole sample. Our approach of conditioning on a
distributional neighborhood is quite different.

Gibbs posteriors have recently been introduced as a general framework for updating
prior beliefs using a generalized “likelihood” (Jiang and Tanner, 2008; Zhang, 2006b; Li
et al., 2014; Holmes et al., 2016). Under certain conditions (see Supplement S3.1), when
n is large the c-posterior is approximately proportional to exp(—ad(Py, me))w(e), which
can be viewed as a Gibbs posterior with “risk” d(Py, P,, ). In research involving Gibbs
posteriors, an issue of current interest is how to choose « so that the concentration of
the posterior is appropriately calibrated. The connection between Gibbs posteriors and

c-posteriors may provide insight into this calibration problem.
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A number of researchers have used the technique of raising the likelihood to a frac-
tional power. Usually, this is done for reasons completely unrelated to robustness, such
as marginal likelihood approximation (Friel and Pettitt, 2008), improved MCMC mix-
ing (Geyer, 1991), consistency in nonparametric models (Walker and Hjort, 2001; Zhang,
2006a), discounting historical data (Ibrahim and Chen, 2000; Smith, 1981), or objective
Bayesian model selection (O’Hagan, 1995). However, recently, the robustness properties of
power likelihoods have been noticed: Griinwald and van Ommen (2014) provide an in-depth
study of a simulation example in which a power posterior exhibits improved robustness to
misspecification, and they propose a method for choosing the power; also see Royall and
Tsou (2003) and Ghosh and Sudderth (2012). In all such previous work, a fixed power is
used, rather than a power tending to 0 as n — co. It seems that neither the form of power
likelihood we use, nor the theoretical motivation for it, have appeared in any prior work.

Most of the previous work on Bayesian robustness has been concerned with robustness
to the choice of prior, rather than robustness to the form of the likelihood. Robustness
to the prior is often formulated from a decision-theoretic perspective in which one chooses
a decision rule that minimizes the worst-case Bayes risk over some set of priors; this is
known as the I'-minimax approach (Berger, 1985; Berger and Berliner, 1986). In a similar
vein, minimax decision-theoretic approaches for robustness to the likelihood have also been
explored: Hansen and Sargent (2001) propose choosing a decision rule that minimizes
worst-case expected loss over a set of data distributions within a neighborhood of some
point estimate; also see Whittle (1990) and Watson and Holmes (2016). These decision-
theoretic approaches are appealing, but are quite different from what we propose.

Conceptually, the existing methods that seem most similar to the idea of the c-posterior
are goodness-of-fit tests that assess whether the data distribution is close to the set of
model distributions (Rudas et al., 1994; Goutis and Robert, 1998; Carota et al., 1996;
Dette and Munk, 2003; Liu and Lindsay, 2009), however, the methods used previously are
very different from ours. Related to such work is the model credibility index of Lindsay and

Liu (2009), which has heavily influenced our thinking in the development of the c-posterior.
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S2 Further discussion

In this section, we address additional frequently asked questions.

Strategies for choosing the amount of coarsening

There are several possible strategies for choosing «.

e Strategy #1: Calibration curve. Plot (g(a), f(a))) as « ranges from 0 to oo, where
f(a) is a measure of fit to the data and g(«) is a measure of effective complexity;
then choose o at a point where the curve achieves good fit at low complexity. See

Section 4 for details. This strategy is illustrated in Sections 3, 5.1, and 6.

o Strategy #2: A priori knowledge. Set the mean neighborhood size ER = 1/« accord-
ing to the expected size of the perturbation. To help quantify a priori knowledge in
terms of neighborhood size R, it is possible in some cases to roughly translate intu-
itive notions like Euclidean distance into relative entropy. This strategy is illustrated

in Section 3.

o Strateqy #3: Inference. If the chosen discrepancy d,,(Xi.,,Z1.,) can be easily com-
puted, then one can attempt to infer a by comparing the observed data xi.,, to
idealized data Xi., generated by an inferred model. This strategy is best suited to
situations in which the model cannot approximate the perturbation. The reason we
do not apply this strategy to the examples in this paper is that the relative entropy
is difficult to estimate for continuous distributions due to the f Do log p, term, which
requires a density estimate; this is computationally and statistically inefficient except

in very low dimensional cases.

o Strategy #4: Sensitivity analysis. Consider a range of o values, for sensitivity analysis

or exploratory analysis.

In Strategy #2, a useful rule of thumb is to set & = N in order to be robust to perturba-

tions that would require at least N samples to distinguish. Recall that the power posterior
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can be interpreted as adjusting the sample size from n to n(,, in terms of concentration
of the posterior. Thus, since n(,, — « as n — oo, choosing & = N can be interpreted as
saying that we want the posterior to be only as concentrated as when N samples or fewer

are available.

What type of deviations does coarsening tolerate?

The type of deviations tolerated by the c-posterior depends on the choice of discrepancy
d,(+,-) between distributions, and the size of deviation tolerated is governed by the prior
on R. For instance, choosing d,(-,-) to be Wasserstein distance yields a c-posterior that
is robust to deviations from the model that are small in Wasserstein distance — i.e.,
any perturbation that is small in Wasserstein distance results in a small change to the
c-posterior. Meanwhile, if we choose relative entropy (i.e., Kullback—Leibler divergence),
then any perturbation that is small in Kullback-Leibler divergence results in a small change
to the c-posterior.

For the simulations, we used examples in which the perturbation is small with respect to
the chosen discrepancy, in order to illustrate robustness of the c-posterior to such perturba-
tions. One could choose any perturbation that is small with respect to a given discrepancy,

and the corresponding c-posterior would be robust to it (Section S3.3).

Bayesian updating

It is important to note that c-posteriors do not follow the standard rule for Bayesian
updating—that is, if one multiplies the c-posterior for a subset of the data times the
c-likelihood for the rest of the data, this is not proportional to the c-posterior for the
whole data set, in general. Interestingly, however, there is a more general rule for rational
Bayesian belief revision, known as Jeffrey conditionalization (Diaconis and Zabell, 1982;
Jeffrey, 1965; Joyce, 2008). Jeffrey conditionalization handles cases in which one is only

given partial information, which is precisely the situation dealt with by the c-posterior.
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Likelihood principle

A potential philosophical criticism of c-posteriors is that they do not, in general, adhere to
the likelihood principle. However, many important statistical methods violate the likelihood
principle, so the practical relevance of this point is dubious. Curiously, the power posterior

does adhere to the likelihood principle.

Data augmentation issues

Generally speaking, it is straightforward to use MCMC for sampling from the power pos-
terior. However, there is a subtle point that should be carefully observed. Often, latent
variables are introduced into an MCMC scheme in order to facilitate moves or to improve
mixing, and sometimes, such latent variables do not work in the same way for the power
posterior. For example, in a mixture model, say, Zfil w; f, (), latent variables 2, ..., 2,
indicating which component each datapoint comes from are often introduced so that the
full conditional distributions for w, ¢, and z take nice and simple forms. However, when
using the power posterior, the likelihood is [[j_, (Zfil w; f@i(xj))cn, and it seems that
introducing z1, .. ., z, no longer leads to nice full conditionals. Algorithm 5.1 is designed to
approximate the power posterior via an algorithm that closely resembles the standard data
augmentation approach involving z1, ..., z,. Alternatively, in some cases it may be possible

to use a different set of latent variables; see Antoniano-Villalobos and Walker (2013) for

the case of mixtures.

S3 Theory

In this section, we establish the asymptotic form of c-posteriors as n — oo (Section S3.1),
the limit as the distribution of R converges to 0, with n fixed (Section S3.2), and the
robustness properties of c-posteriors (Section S3.3). Let X and © be standard Borel spaces,
and let M denote the space of probability measures on X', equipped with the weak topology.
Let {Fy: 0 € ©} C M be a family of probability measures on X’ such that 6 — Py(A) is
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measurable for all measurable subsets A C X'. Let Il be a prior measure on O, and let

0~ T,
Xi,...,X,|0iid. ~ Py, and

R ~ H, independently of 8, X1.,,,

where H is a distribution on [0,00). We use (bold) @ for the random variable, and 6 for
particular values. Define G(r) = P(R > r). Suppose the observed data x1,...,z, € X
behave like i.i.d. samples from some P, € M. Let d : M x M — [0,0¢], and for n €
{1,2,...}, let d, : X" x &A™ — [0,00]. It is assumed that 6 — d(P, P) is measurable for

all P € M, and d,,(,-) is measurable for each n.

S3.1 Large-sample asymptotics of the c-posterior

The c-posterior takes a simple form as n — oo, under mild regularity conditions. The
following basic lemma captures the underlying principle at work in establishing both the

asymptotic form of the c-posterior (Theorem S3.3) and its robustness (Theorem S3.8).

Lemma S3.1. If U,U,,V,W € RU {cc} are random variables such that U, > U,

n—r00
P(U=V)=0,P(U < V) >0, and E|W| < oo, then E(W | U, < V) — B(W | U < V).
Proof. Since P(U = V) = 0, we have 1(U,, < V) == 1(U < V), and thus, also W1(U,, <
V) 22 W1 (U < V). Hence, by the dominated convergence theorem (Breiman, 1968, 2.44),
P(U, <V)— PU < V) and

E(WL(U, <V)) — E(W1(U < V))

since 0 < 1(+) <1, |WL(U, < V)| < |W|, and E|W| < co. By assumption, P(U < V) > 0,
hence P(U,, < V') > 0 for all n sufficiently large, and

EW1(U, <V)) CE(WL(U <V))

E p—
Wil <V) = =@y om B <V)

=EW|U < V).
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The following condition is necessary to avoid certain pathologies; it is always satisfied
when d(Py, P,) < oo with positive probability and R has a density with respect to Lebesgue
measure that is positive on [0,00), for instance. We use = to denote convergence with

respect to the weak topology.
Condition S3.2. Assume P(d(Pp, P,) = R) =0 and P(d(Fy, P,) < R) > 0.

Theorem S3.3. If d,(X1., T1.n) —— d(Py, P,) and Condition S3.2 is satisfied, then
n—oo

T1(d0 | do(X1, 210) < B) == 11(d0 | d(Py, P,) < R) o< G(d(Py, P,))T1(d6),  (S3.1)

n—oo
and in fact,

Eh(0)G (d(Pp, P,))

E(h(O) | do(Xim, x1:) < R) —— E(h(0) | d(FPy, P,) < R) = S3.2
() | daXra10) < R) o BNO) | d(Fa, ) < 1) = S Tl (592)
for any h € L*(IT), i.e., any measurable h : © — R such that [ |h(0)|I1(dF) < co.

Proof. We apply Lemma S3.1 with U = d(FPy, P,), U, = dp(Xim, 1), V = R, and W =
h(6). By assumption, U, = U, P(U = V) =0, P(U < V) > 0, and E|W| < co. Hence,
by Lemma S3.1,

EW1(U < V))

EW|U,<V)—EW|U<V)=

P(U < V)
_E(WEL(U < V)|W,U))  EWG(U))
-~ E(PWU<V|U) EGU)

since V' L U, W by construction. This establishes Equation S3.2, and since in particular

this holds for any bounded continuous h, Equation S3.1 follows. n

A case of particular interest arises when R ~ Exp(a), since then G(r) = e™*" and
the resulting asymptotic c-posterior is proportional to exp(—ad(Fy, P,))II(df), by Theo-

rem $3.3. This is asymptotically equivalent to exp(—ad(Py, Py, ))II(dA), provided that

d(Py, P,, ) 225 d(Py, P,), which is precisely the form of a Gibbs posterior as discussed in
Section S1. If R = ry a.s. for some ry > 0, then G(r) = 1(r < r¢), and by Theorem S3.3
the asymptotic c-posterior is proportional to 1(d(Fy, P,) < ro)IL(df), i.e., it is zero outside

the radius ry “neighborhood” of P, and reverts to the prior inside.
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The following corollary establishes the asymptotic form of the relative entropy c-

posterior.

Corollary S3.4. Suppose P, has density p,, Py has density pg for each 0, and d,,( X1, T1.n)
is an almost-surely consistent estimator of D(p,||pe), i.e., dn(Xim, Z1m) —> D(pollpe). If

d(Py, P,) = D(po||pe) and Condition S3.2 is satisfied, then Equations S3.1 and S3.2 hold.
We also obtain the following interesting corollary. Recall that pm:n = % o O

Corollary S3.5. Suppose d : M x M — [0, 00| has the property that d(P,,Q,) — d(P, Q)
whenever P, = P and Q,, = Q. If Condition S3.2 is satisfied, then Equations S3.1 and
$3.2 hold when d,(X1.n, ¥1.) = d(Px, ., Ps,..).

Proof. Since X3,...,X,|0 iid. ~ Py and z1,...,z, behaves like an i.i.d. sequence from
P,, then Py, =% Py and P, = P, (Dudley, 2002, Theorem 11.4.1). Hence,
dp (X1, 1) =2 d(Py, P,), and Theorem S3.3 applies. O

S3.2 Small-sample behavior of the c-posterior

When n is small, the c-posterior tends to be well-approximated by the standard poste-
rior. To study this, we consider a different asymptotic regime—namely, the limit as the
distribution of R converges to 0 in a certain sense, while holding n fixed.

We continue to assume the setup from the beginning of Section S3. Further, suppose
each Py has a density py with respect to some common measure A\ on X. Let E(xy.,) =
{(5y,---,s,) : 0 €S,} where S, is the set of permutations of (1,...,n) and zy,...,z, €

X are the observed data.

Theorem S3.6. There exists ¢, € (0,00) depending on X, X, 1., d,, and G—but not

depending on 8—such that
Cq ]P)(dn<X1:n7 xl:n) < R/C( | 0) m) 1:[1?9(37@)7

if either of the following two cases hold:
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1. (Discrete case) Suppose X is countable and X\ is counting measure.  Suppose

dn (2.0, 1) = 0 if and only if 2., € E(x1.,). Assume G(0) > 0.

2. (Continuous case) Suppose X = R™ for some m, and X is Lebesque measure on X.

Assume pg is continuous at each of x1,...,x,. Assume d, ()., T1.,) = dn(2), 21.0)
for all ), € X", 0 € S, (i.e., d, (2., T1.n) 1S invariant to the order of x,...,x} ).
Suppose that for any sequence xﬂ,xﬂ, ... € X", we have dn(a:glfr)”:clzn) — 0 if and

only if minyeg, > -, ||x((,]f) —z]|> = 0 as k — oo. Assume that G(r) > 0 for all

€ [0,00), and that there ezists v € (0,1) such that G(r)/G(yr) — 0 as r — oo.

Proof. (Discrete case) By the dominated convergence theorem,

n

1/G(0) N N 1/G(0) ad (2 2
—|5($1:n)‘ ]P’(d (Xim, 21m) < R/ "9) |5(:c1 )l $,MZ€X” G(ady (7)., 1:n))gp0( ;)
. 1/G(0)
a0 ’g<x1:n)| 625(:901 G Hpg Hpe wz

(Continuous case) Let us abbreviate z = z1, and &€ = &(x1.,). For y € X™, denote
B.(y) ={z € X" : 3" |lyi — zi|]* < r*}, ie., the Euclidean ball of radius r in R™".
Choose r € (0,00) small enough that for any y,z € £ such that y # z, we have B,.(y) N
B,(z) = @. Define X = (Xm0 Uyee B,(y)) U B,(z), and give X the Euclidean metric.
Define a Borel measure A on X by MA) = MA) + (|€] = DAA N B,(x)). Let Z, =
fBT(I) G(ad,(z', x))d\(z'). Then

i=1
as @ — o0; (a) is by Equation 2.1; (b) is since there are |£| distinct permutations of

xy,...,z, and the integrand is invariant to these permutations; (c) is by Lemma S3.7

applied to X, \, f(z') = d,(2',2), and h(z') = T[], pe(}). O

Lemma S3.7. Let X be a metric space, and let X be a Borel measure on X. Let f :

X — [0,00] be measurable. Suppose there is a point xo € X such that for any sequence
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x1,To, ... € X, we have f(x,) — 0 if and only if v, — xo. Let h : X — [0,00) such that
h € LY(\) and h is continuous at xg. Assume 0 < N(B,(z9)) < oo for all r € (0,00).
Suppose G(r) = P(R > r) for some random variable R on [0,00) such that G(r) > 0 for
all v € [0,00), and suppose there exists v € (0,1) such that G(r)/G(yr) — 0 as r — oo.

Then for any r € (0, 00),

as o — 00, where Z( fBr (z0) (x))d\(x).

Here, B,(xg) := {z € X : dx(x,x0) < r}, where dy is the metric of X. Note that
the condition on f implies, in particular, that (a) f(z) = 0 if and only if 2 = zo, (b) f is

continuous at zg, and (c) for any r > 0, inf{f(z) : € B,(z()°} > 0.

Proof. Let us abbreviate B, = B,.(zg). Let ¢ > 0. Using the continuity of h at xq, choose
d € (0,7) such that for all x € By, h(xg) —e < h(z) < h(xy) + . Let @ > 0. Then

L ajlT T = L ajl\xT T Za—(é)L ajl\T T
7 | Clerem@n - o [ Glaf @i 7205 |, casepnan

By our choice of 9,

h(xo) < 7.0 /135 G(af(x))h(z)d\ < h(zg) + ¢

So, if we can show that -~ fBC x))h(z)d\ — 0 and Z,(5)/Za(r) — 1 as a — oo,
then the result will follow since € > 0 is arbitrary. Let § = min{1, inf{f(x) : x € B§}}, and
note that 0 < 8 < co. By the continuity of f at xg, choose p € (0,4) such that f(z) < By
for all z € B,. Then

G(aB) [pe h(x)dN  G(ap) [, h(z)dX
7.0 /gG(af(x))h(x)d/\S T, G(oii(:c))d)\ < é(i?@%)\((BZ)

as a — 00. Similarly,

0<

ZQ(T) fB \B f( ))
Z.0) L, Glaf)d
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S3.3 Robustness of the c-posterior

The definition of robustness, roughly speaking, is that small changes to the distribution
of the data result in small changes to the resulting inferences. This can be formalized by
requiring that the outcome of an inference procedure be continuous as a function of P,,
asymptotically, with respect to some topology (the weak topology being a standard choice)
(Huber, 2004). The lack of robustness of the standard posterior can be seen as a lack of
continuity with respect to P,, asymptotically (see Section S4).

We show in the following theorem that the asymptotic c-posterior inherits the continuity
properties of whatever discrepancy d(-,-) is used to define it. Consequently, the c-posterior
is robust to perturbations to P, that are small with respect to d(-,-). In the terminology
of Section 2, if the observed data distribution P, is close to the idealized distribution F,,
then the c-posterior will be close to what it would be if P, = Fp,.

To interpret the theorem, recall that on any metric space, a function f(z) is continuous
if and only if z,, — x implies f(z,,) — f(z). Thus, to show continuity as a function
of P, (in some topology), one must show that if P,, — P,, then the resulting sequence
of asymptotic c-posteriors converges as well. In fact, if d(-,-) is continuous (in this same
topology), then the theorem shows a bit more than that, since then P, — P, implies

d(Py, Py,) — d(Py, P,).

Theorem S3.8. If P, P,... € M such that d(Py, P,,) — d(Py, P,) as m — oo for II-
almost all 0 € ©, and Condition S3.2 is satisfied, then for any h € L*(IT),

B(1(6) | d(Fo, By) < B) — E(h(9) | d(F, P) < )
as m — oo, and in particular, I1(d6 | d(Py, Py,) < R) = I (df | d(Ps, P,) < R).
Proof. Apply Lemma S3.1 with U = d(P, P,), U, = d(Ps, P), V = R,and W = h(0). O

Theorem S3.8 implies that the c-posterior is robust in the context of model selec-

tion/inference, since if h(f) = 1(6 € O;) where Oy represents model k (see Section S4),
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then I1(©y, | d(Fy, P) < R) — I1(Oy | d(Ps, P,) < R) as m — oo, under the assumptions
of the theorem.

The statement of the theorem concerns the asymptotic c-posterior, rather than the
finite-sample c-posterior, because the characterization of robustness in terms of continuity
only makes sense asymptotically. A similar result can be proved in the finite-sample case,
but this would be uninteresting since usually the standard posterior is also continuous (but
perhaps highly sensitive) with respect to a finite sample. What would be more interesting
in the finite-sample case would be to quantify or bound the change in posterior expectations

of interest, as a function of the size of the perturbation.

S4 Lack of robustness of the standard posterior

Standard model selection methods do not address the model misspecification/perturbation
problem, because they choose the model that is nearest in Kullback-Leibler divergence to
the observed data distribution, when n is sufficiently large. We focus here on Bayesian
model averaging, but similar arguments apply to AIC and BIC, for example.

When n is large, the standard posterior can be strongly affected by small changes to
the observed data distribution P,, particularly when performing model selection/inference
(see Section S4.1), while c-posteriors are robust to small changes in P, (as shown in Sec-
tion S3.3). To see roughly why the standard posterior is not robust, note that if P, and P

have densities p, and py, respectively, and the prior II has density 7, then
7(0 | X1 = 1) O €xp (Z logpe(xi)>ﬁ(9) = exp (n[p, log pg)7(6)
i=1

ox exp(—nD(p,||pe))m(0),

where = denotes agreement to first order in the exponent (in other words, a, = b, if
(1/n)log(a,/b,) — 0). Due to the n in the exponent, even a slight change to p, can
dramatically change the posterior. On the other hand, by comparison, the relative entropy

c-posterior with R ~ Exp(«) is asymptotically proportional to exp(—aD(p,||ps))m(0), and
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consequently, it remains stable in the limit as n — oo (Section S3).

S4.1 Model selection sensitivity

The standard posterior is particularly susceptible to robustness issues when applied to
model selection /inference. Suppose that for each k in some countable index set, we have a
model My, = {Py : 6 € O}, where Oy, is a t;-dimensional Euclidean space. Let 7(k) be a
prior on the model index k, and for each k, let 7, be a probability density with respect to
Lebesgue measure on Oy; this induces a prior II on the disjoint union © = (J,, ©y.

It is well-known that, under mild regularity conditions, the marginal likelihood

p(z1nlk) = f@ (21.,]0)7(0)dO has the asymptotic representation

(10|07 1 (0F) <27T>tk/2
| det H(65; p,)|/? :

p(xlnv{:) ~
as n — 00, where 0 = argmaxycg, pP(71,|0) is the maximum likelihood estimator for
model k, 0; = argming.g_D(po||pe) is the minimal Kullback-Leibler (KL) point within
model k, and H(0;p,) = — [p,(Vilogps). Here, a, ~ b, means a,/b, — 1. Letting

fa(k) = —Llog p(x1.,]07), this implies that
P($1n|k) ~ Cke_nfn(k)n_tk/2 (84]_)

for a constant c, not depending on n or zy.,,. Typically, f.(k) — f(k) := D(pollps;) —
[ pologp,. Note that f(k') < f(k) if and only if model &' is closer to p, than model k
in terms of minimal KL divergence; also, note that the marginal likelihood automatically
penalizes more complex models via the n=t%/2 factor.

Given such an asymptotic representation, it is easy to see that for any k, if there
exists k" such that f(k') < f(k), then w(k|xy.,) — 0 as n — oo. Consequently, even the
slightest change to p, can result in major shifts in the posterior on k, when n is large.
For instance, it often happens that the models are nested, e.g., M; C My C --- and
t; <ty < ---. This is the case, for example, when M, consists of k-component mixtures,

or kth-order autoregressive models; variable selection is slightly more complicated but
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ultimately similar. If the collection of models is correctly specified with respect to p,, then
there is some minimal k" such that D(po||ps:,) = 0, and thus 7(k|z1.,) — 0 for all & < &’
(and typically, the posterior on k will concentrate at this k’). However, even the slightest
perturbation to p, will usually result in either (a) an increase in this minimal &', or (b)
a situation where infy D(po||ps:) is not attained at any k, causing the posterior on k to
diverge, in the sense that m(k|zy.,) — 0 for all k. Hence, model selection/inference with

the standard posterior is not robust.

S5 Power posterior approximation

In this section, we provide further explanation of the power posterior approximation to
the relative entropy c-posterior. As shown in Section S3.1, if d,(X71.,, %1.,) 1S a consistent
estimator of D(p,||py), and R ~ Exp(«), then asymptotically as n — oo, the c-posterior

based on d,,(X1., Z1.,) is proportional to

exp(—aD(pol|ps)) m(0) o< exp(a [p, log p) (0)
~ exp (a3 logpo(en)) w(0) = 7(0) [ pota)””

under mild regularity conditions. Thus, the power posterior approximation in Equation 2.2
is good when n > «, since then (, ~ a/n.

Meanwhile, by Theorem S3.6, when « > n the c-posterior is well-approximated by the
standard posterior, under regularity conditions. Thus, since (,, = 1 when o > n, the power
posterior approximation is also good when n is much smaller than «. This makes intuitive
sense since the distribution of R is strongly concentrated near 0 when « > n, and thus,
for an appropriate choice of d,,, conditioning on d,,(Xi.,,Z1.,) < R is roughly the same as
conditioning on the event that X;., and xy., have the same empirical distribution.

What about the intermediate regime where n and « are comparable in magnitude? The
point of choosing ¢, = a/(a+ n) is that it smoothly transitions through this intermediate

regime; for this reason we refer to it as the power interpolation formula. This particular for-
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mula for ¢, is obtained by analyzing the special case where the sample space X has finitely
many elements. When |X| < oo, a natural choice of d,,(X1.,, T1.5,) 18 sSimply D (Pay.,, |Px1.0)s
that is, the relative entropy of the empirical densities. If, further, R ~ Exp(«), then by an

approximation detailed in Section S5.1,

77(0 | dn(Xl:nyxlzn) < R) 8 P(dn(Xllml'lin) <R | 0) 71-(9)
= E(exp(_aD<f)$1:n”ﬁX1:n)) | ‘9) 7T(9)
|xX|—1

~ (nn/a) > exp(=nCuD(pa., [|Ips)) 7(0) (S5.1)

n

x (0) Hpg(x,;)C"

i=1

where o indicates proportionality with respect to 6, and ¢, = a/(a + n).

S5.1 Justification of Equation S5.1
Let Ay ={peR": Y . p; =1, p; >0 Vi}. Let s € Ay. We argue that if X;,..., X, iid. ~
s and §; = %Z?:l]l(Xi =j) for j=1,... k, then for p € Ay near s,

Eexp(—aD(p]8)) ~ (nC./a) = exp(—n(,D(plls)), (55.2)

where ¢, = (1/n)/(1/n + 1/a). We use bold here to denote random variables. For z € R,
define C(z) € R4 such that C(x);; = ;1(i = j) — x;x;, and denote ' = (z1,...,T4_1).

First, for ¢ € Ay near p,

D(pllq) = $x*(p,q) = :(0' — )" Cd) (' — ) (85.3)

by Propositions S5.1 and S5.2 below. By the central limit theorem, s is approximately
N (s,C(s)/n) distributed. Therefore, letting g ~ N (s,C(s)/n) and C = C(s'),
Eexp(—aD(p||s)) = Eexp(—aD(plq))1(q € Ay)
@ . g EPVAN e T W A
~ EeXp( ;W =)y q))
= (20) 7 C/al [ NI ClalN (4] C )iy
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2 (2m)F|C/al PN WS, (1/a +1/n)C)

1/a En 1 “1/ INT v—1 /
:(m) exp (= 3(1/a+1/n)7'(p = &)TCH (W — &)

2 (nCa/0) 5 exp(—nCaD(p]s)),

~

Q

where (a) is by Equation S5.3 along with the approximation C(q') =~ C(s’), (b) uses the
convolution formula for independent normals, and (c) is again by Equation S5.3. This
yields Equation S5.2.

It is well-known that chi-squared distance is a second-order Taylor approximation to
relative entropy (Cover and Thomas, 2006, Lemma 17.3.3); for completeness, we include

the proof.

Proposition S5.1. For p,q € Ay, D(pllg) = 3x*(p.q) + o(|lp — ¢l|*) as p — q, where

D(pllg) = >, pilog(ps/ai) and x*(p,q) = >_,(pi — @:)*/¢:-

Proof. Fix b > 0, and define f(a) = alog(a/b) for a > 0. Then by Taylor’s theorem,

fla) = f(b) + f'(b)(a—1b)+ 5/"(b)(a—b)*+ o(|a — bJ?)
_ (a_b)+%(a_bb> +olla —b2)

as a — b. It follows that
: pi I (pi — @)
) pi 10gj => i—a)+ 5 y ” “—+o(lp—al*) = x>, q) + o(llp — al*)
i=1 t i i v

K3 3

as p — q. ]

The following result expresses the chi-squared distance x?(p, ¢) in terms of the (k — 1)-
dimensional Mahalanobis distance for Z" when Z ~ Multinomial(1, ¢). For interpretation,

note that C' below equals Cov(Z’) when Z ~ Multinomial(1, q).

Proposition S5.2. For any p,q € A, X*(p,q) = (0 — ¢)'C7Hp — ¢') where C €

RE=DxE=D sych that Cy; = q;1(i = j) — qiq;-
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Proof. By the Sherman-Morrison formula for rank-one updates, C~! = (diag(q’) —
¢'¢")7t = diag(¢') ™' + (1/qx)117 where 1 = (1,...,1)", hence
~1

W - drcw —q) =3 & ;'q¢)2 o (Z: —a))

N

%

and M pi—a) = (1 —pe) — (1 — &) = & — i O

S6 Extensions

S6.1 Time-series c-posterior based on relative entropy rate

Suppose the sequence of observed data (z1,...,xz,) is a partial sample from a stationary
and ergodic process with distribution P,, and suppose the model {F, : § € O} consists
of stationary finite-order Markov processes. Assume that for some sigma-finite measure
pwon X, for all n € {1,2,...} and all § € O, the finite-dimensional distributions have
densities p,(z1,...,x,) and py(x1,...,x,) with respect to the product measure u", and
assume Ep |log p,(X1.n)| < 0o and Ep, | log pe(Xi.,)| < 00.

A natural way of assessing the discrepancy between the processes P, and Py is by the

relative entropy rate (Gray, 1990),
o1
D<PO||P9) - nh—>nolo E-D(po(xl:n)np@(xl:n))-

Suppose dp,(X1.n, T1.,) is an a.s.-consistent estimator of D(P,||F) when (X1, Xo,...) ~ By
and (z1,xs,...) ~ P, and consider the c-posterior H(d@ | dn( Xy T1) < R), with R ~

Exp(a). Then by Lemma S3.1, the asymptotic c-posterior is
1(d9 | D(P|Ps) < R) ox exp(—aD(P, | Py))TI(d6).
If Py is kth-order Markov, then

D(P,||Py) = —H(P,) — Ep, log po(Xy+1| X1, ..., Xi)
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where H(P,) is the entropy rate of P,, which we assume is finite (Gray, 1990, Lemma 2.4.3).

Further, when (z1,zs,...) ~ P,,
1 n
- Z log pg(i|1, ..., 7o) —— Ep, log po(Xp1| X1, .o, Xi)
=1

with probability 1, by the ergodic theorem (Breiman, 1968, 6.28). This leads to the ap-

proximation

Haw|¢xXMWMmy<R)%ema(—ng[—7afw-%}:kgpﬂﬂmh”.J%4ﬂ>num
i=1

n

o I1(df) Hpg(a:i\:cl, D

i=1
using the power interpolation formula (, = a/(a + n) to scale appropriately for small n.
Thus, as in the i.i.d. case, the end result is an approximation obtained by simply raising
the likelihood to the power (,. In Section 6, we apply this to perform robust inference for

the order of an autoregressive model.

S6.2 Regression c-posterior based on conditional relative entropy

In regression, one observes covariates/predictors x,...,x, associated with target values
Y1, - -+ Yn, and models the conditional distribution of y given . As in the i.i.d. setting, in or-
der to construct a c-posterior allowing for perturbations/misspecification, let us assume that
Yi|z; is drawn from the model py(y|z) for i = 1,...,n, and that the observed values y;.,, are
a slightly perturbed version of Y., in the sense that d,(Y1.,, y1.x|71.n) < R for some mea-
sure of discrepancy d,(-,|-). Suppose that, in fact, the observed data (x1,41), ..., (Tn, Yn)
behave like i.i.d. samples from some p,(z,y). For notational clarity, let us assume that
these densities on x and y are with respect to measures that we will denote by dx and dy,
respectively.

A natural choice of discrepancy between the conditional distributions p,(y|z) and

pe(y|z) is the conditional relative entropy,

m:/m@wm%M”ww
pe(y|$)
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and in turn, an a.s.-consistent estimator of this quantity is a sensible choice for d, (-, |-).

Then, by Lemma S3.1, the resulting c-posterior converges to a nice asymptotic form:

H(d@ | dp(Yiin, Y1:n|T10) < R) = I1(df | Dy < R) x exp(—aDy)I1(d0)
scexp (o [ i) logpa(yle) do ) 1(d6)
if we take R ~ Exp(a) as usual. To obtain an approximation that is applicable for smaller

n as well, we apply the same power interpolation formula as before, replacing o by ng,.

Along with an empirical approximation to the integral, this suggests using

I(dO | dp(Yiin, Y1:n|T1:n) < R) X exp (anz 10gpe(yi\xi))ﬂ(d9)
= 11(d6) | [ po(yilas) .
=1

Consequently, once again, we arrive at a power posterior approximation to the c-posterior,

allowing us to bypass the computation of d,,(-,|-).

S7 Additional details on the examples

S7.1 Bernoulli example details
S7.1.1 Computation of the exact c-posterior

Letting Z = 1(D(p.||px) < R), by Bayes’ theorem we have that for h € {Ho, H; },

(a)

H(h|Z = 1) o P(Z = R)I(h) & B(Z = 1|h)

b C ~ ~

LE(P(Z = 1|Xpn, h) | ) © E(exp(—aD(p.[px)) | h)
where (a) is since II(h) = 1/2, (b) is by the law of iterated expectations, and (c¢) by
the fact that P(R > r) = exp(—ar). This is easily computed exactly, since, letting S =

Sor . Xi =npx (1), we have S|Hy ~ Binomial(n,1/2) and S|H; ~ BetaBinomial(n, 1,1) =
Uniform{0,1,...,n}.
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S7.1.2 Formulas for the power posterior and the calibration curve

The power posterior on (h, ), for h € {Hg,H;} and 6 € (0, 1), is

Ta(h, 0|21:) = c7(h,0) HPO(%)C =cn(h)m(0|h) QSC(l — 9)(n—8)C

i=1
where py(z) = 6%(1 — 0)'"1(x € {0,1}), ¢ = a/(a+n), and s = > | x;. If h = Hy, then

6 = 1/2 with probability 1, so integrating over 6 yields
I, (Ho|w1.n) = eTI(Hp)(1/2)%¢(1 — 1/2)("79)¢ = ¢ (1/2)"¢+1.
Meanwhile, if h = Hy, then m(6|h) = Uniform(#|0, 1), so

1
o (Hy|a10) = cII(Hy) / 6(1 = 0)"%df = c 3B(s¢ + 1, (n — 5)¢ + 1),
0

Therefore, 11, (Ho|z1.,) = 1/ (142" B(s¢+1, (n—s){+1)), which establishes Equation 3.2.
For the « calibration curve, we need the expected log likelihood under the power poste-
rior, and it turns out that this can also be computed analytically. Note that . (6|Hy, x1.,) o

m(O[H;) 65°(1 — 0)("=9)¢  Beta(f|A, B) where A = s¢ +1 and B = (n— s)¢ + 1. Therefore,

/ (10g p(116)) T (d6]120) = Ea (3, log po(as) | 21,)

=E, <Ea(slog9 + (n—s)log(l —0) | H,x1.,)

xl:n)

= (nlog %)Ha(Hofﬂﬂlzn) + (5 G(A, B) + (n — S)G(B7A))Ha(H1’x1:n)7

where G(a,b) = [(log)Beta(f]a,b)dd = (a) — ¢(a+b), with ¢(-) denoting the digamma

function.

S7.2 Mixture model details
S7.2.1 Motivation behind the conditional coarsening algorithm

Here, we explain why Algorithm 5.1 behaves similarly to (but not exactly the same as)
sampling from the power posterior. Suppose the power ¢ € (0,1) is such that n¢ is an

integer, say, m = n(. Recall that using the power posterior can be thought of as reducing
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the sample size to m = n(, in terms of the concentration of the posterior. In fact, the power
posterior is proportional to the geometric mean of all the posteriors based on subsets of
size m, that is, letting S = {A C{l,....,n}: Al = m}, we have

[ ~(0lea)*! o T (plaalo)n(©)) "™ = x(0) [T T p(asl0)"* (s71)

AesS Aes AeS jeA

= () [ L a6/ = (6 Hpme

where N; = #{A € S : j € A}; the last step holds since |S| = (:1) and N; = (:;__11), hence
N;/|S| = m/n = ¢ for all j.

Now, if A is uniformly drawn from S, then 7(6|x4) provides a noisy approximation
to the power posterior. So one could simply choose a random subset A of size m, and
apply the standard Gibbs sampling algorithm as though = 4 were all of the data, i.e., apply
Algorithm 5.1 with input data x4 = (z; : j € A) and with ¢, set to 1. However, this would
be more noisy than the power posterior, since the power posterior uses all of the available
data, rather than just a fraction of it.

To obtain a better approximation, we propose to aggregate over all A € S when per-
forming the parameter updates in the Gibbs sampling algorithm. Specifically, update the
assignment variables z1,. .., %, in the usual way (by sampling z; ~ Categorical(w) where
W; X w; fp; (), but then update the mixture parameters (w, ) using the geometric mean
of all the full conditional distributions based on subsets A € S, i.e., update w and ¢ using

/18I By the same logic as in

the distribution defined by q(w, ) oc [ cq m(w, 0|74, 24)
Equation S7.1, this is equivalent to g(w, ) oc m(w, ¢) [[}_, (w, Je-, (xj))c. Thus, we arrive
at the w and ¢ update steps in Algorithm 5.1 by sampling from ¢(w, ¢), or more precisely,

by making moves that preserve q(w, ¢).

S7.2.2 Importance sampling algorithm

To evaluate how well the conditional coarsening algorithm approximates the power poste-

rior, we consider the following importance sampling (IS) algorithm. Uniformly at random,
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Figure S1: Top: Using the IS algorithm, the c-posterior favors the true number of nonnegligible
clusters in the both examples. Bottom: Mixture density (dotted black line) and components

(solid colors) for prototypical samples from the c-posterior, in each example, when n = 20000.

choose a subset A C {1,...,n} of size m, where m is the nearest integer to n¢,. Run
Algorithm 5.1 with input data x4 = (z; : j € A) and with ¢, set to 1, in order to draw
MCMC samples from 7(w, |z 4), i.e., the standard posterior for this subset of points. Then,
reweight the MCMC samples using importance sampling weights with the power posterior
To(w, p|x1.,) as the target distribution and 7(w, p|z4) as the proposal distribution. Note
that the normalizing constants do not need to be evaluated for importance sampling.
This IS algorithm is guaranteed to converge to the power posterior, however, it does not
scale well since 7(w, p|x4) does not always remain sufficiently close to the power posterior
as the sample size and dimensionality grow, causing the effective sample size to degrade.
Nonetheless, it allows us to compare results with the conditional coarsening algorithm
in limited cases where the effective sample size is acceptable. Figure S1 shows the IS
algorithm results on the perturbed univariate Gaussian mixture examples from Section 5.1.
To facilitate comparison, we use the same values of a as in Section 5.1, namely, a = 800
for the kg = 2 example and a = 2000 for the ky = 4 example. The IS algorithm results
are quite similar to the conditional coarsening algorithm results (compare with Figure 3),

except that the conditional coarsening results tend to be slightly more concentrated.

522



References

Antoniano-Villalobos, I. and Walker, S. G. Bayesian nonparametric inference for the power
likelihood. Journal of Computational and Graphical Statistics, 22(4):801-813, 2013.

Beaumont, M. A., Zhang, W., and Balding, D. J. Approximate Bayesian computation in
population genetics. Genetics, 162(4):2025-2035, 2002.

Berger, J. and Berliner, L. M. Robust Bayes and empirical Bayes analysis with e-
contaminated priors. The Annals of Statistics, pages 461486, 1986.

Berger, J. O. Statistical Decision Theory and Bayesian Analysis. Springer-Verlag New
York Inc., 1985.

Breiman, L. Probability. Addison—Wesley, 1968.

Carota, C., Parmigiani, G., and Polson, N. G. Diagnostic measures for model criticism.
Journal of the American Statistical Association, 91(434):753-762, 1996.

Cover, T. M. and Thomas, J. A. Elements of Information Theory. John Wiley & Sons,
2006.

Cox, D. R. Partial likelihood. Biometrika, 62(2):269-276, 1975.

Dette, H. and Munk, A. Some methodological aspects of validation of models in nonpara-
metric regression. Statistica Neerlandica, 57(2):207-244, 2003.

Diaconis, P. and Zabell, S. L. Updating subjective probability. Journal of the American
Statistical Association, 77(380):822-830, 1982.

Doksum, K. A. and Lo, A. Y. Consistent and robust Bayes procedures for location based
on partial information. The Annals of Statistics, 18(1):443-453, 1990.

Dudley, R. M. Real Analysis and Probability. Cambridge University Press, 2002.

Dunson, D. B. and Taylor, J. A. Approximate Bayesian inference for quantiles. Nonpara-
metric Statistics, 17(3):385-400, 2005.

Friel, N. and Pettitt, A. N. Marginal likelihood estimation via power posteriors. Journal
of the Royal Statistical Society: Series B (Methodological), 70(3):589-607, 2008.

Geyer, C. J. Markov chain Monte Carlo maximum likelihood. In Computing Science and
Statistics: Proceedings of the 23rd Symposium on the Interface, pages 156-163. Interface
Foundation, 1991.

Ghosh, S. and Sudderth, E. B. Nonparametric learning for layered segmentation of natural
images. In IEEE Conference on Computer Vision and Pattern Recognition (CVPR),
pages 2272-2279. IEEE, 2012.

523



Goutis, C. and Robert, C. P. Model choice in generalised linear models: A Bayesian
approach via Kullback-Leibler projections. Biometrika, 85(1):29-37, 1998.

Gray, R. M. Entropy and Information Theory. Springer Science+Business Media, 1990.

Griinwald, P. and van Ommen, T. Inconsistency of Bayesian inference for misspecified
linear models, and a proposal for repairing it. arXiw:1412.3730, 2014.

Hansen, L. P. and Sargent, T. J. Robust control and model uncertainty. The American
Economic Review, 91(2):60-66, 2001.

Hoff, P. D. Extending the rank likelihood for semiparametric copula estimation. The
Annals of Applied Statistics, 1(1):265-283, 2007.

Holmes, C. C., Bissiri, P. G., and Walker, S. G. A general framework for updating belief
distributions. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
78(5):1103-1130, 2016.

Huber, P. J. Robust Statistics. John Wiley & Sons, 2004.

Ibrahim, J. G. and Chen, M.-H. Power prior distributions for regression models. Statistical
Science, 15(1):46-60, 2000.

Jeffrey, R. C. The Logic of Decision. McGraw—Hill Book Co. Inc., New York, 1965.

Jiang, W. and Tanner, M. A. Gibbs posterior for variable selection in high-dimensional
classification and data mining. The Annals of Statistics, 36(5):2207-2231, 2008.

Joyce, J. Bayes’ theorem. In Zalta, E. N., editor, The Stanford Encyclopedia of Philosophy.
Fall 2008 edition, 2008.

Lewis, J. R., MacEachern, S. N., and Lee, Y. Bayesian restricted likelihood methods.
Technical report 878, 2014.

Li, C., Jiang, W., and Tanner, M. A. General inequalities for Gibbs posterior with nonad-
ditive empirical risk. Econometric Theory, 30(06):1247-1271, 2014.

Lindsay, B. and Liu, J. Model assessment tools for a model false world. Statistical Science,
24(3):303-318, 20009.

Liu, J. and Lindsay, B. G. Building and using semiparametric tolerance regions for para-
metric multinomial models. The Annals of Statistics, 37(6A):3644-3659, 2009.

Marjoram, P., Molitor, J., Plagnol, V., and Tavaré, S. Markov chain Monte Carlo without
likelihoods. Proceedings of the National Academy of Sciences, 100(26):15324-15328, 2003.

O’Hagan, A. Fractional Bayes factors for model comparison. Journal of the Royal Statistical
Society: Series B (Methodological), 57(1):99-138, 1995.

524



Pettitt, A. Likelihood based inference using signed ranks for matched pairs. Journal of the
Royal Statistical Society: Series B (Statistical Methodology), 45(2):287-296, 1983.

Royall, R. and Tsou, T.-S. Interpreting statistical evidence by using imperfect models:
robust adjusted likelihood functions. Journal of the Royal Statistical Society: Series B
(Statistical Methodology), 65(2):391-404, 2003.

Rudas, T., Clogg, C. C., and Lindsay, B. G. A new index of fit based on mixture methods
for the analysis of contingency tables. Journal of the Royal Statistical Society: Series B
(Methodological), 56(4):623-639, 1994.

Smith, J. Q. The multiparameter steady model. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 43(2):256-260, 1981.

Tavaré, S., Balding, D. J., Griffiths, R. C., and Donnelly, P. Inferring coalescence times
from DNA sequence data. Genetics, 145(2):505-518, 1997.

Walker, S. and Hjort, N. L. On Bayesian consistency. Journal of the Royal Statistical
Society: Series B (Statistical Methodology), 63(4):811-821, 2001.

Watson, J. and Holmes, C. Approximate models and robust decisions. Statistical Science,
31(4):465-489, 2016.

Whittle, P. Risk-sensitive Optimal Control. John Wiley & Sons, Ltd., 1990.

Wilkinson, R. D. Approximate Bayesian computation (ABC) gives exact results under the
assumption of model error. Statistical Applications in Genetics and Molecular Biology,
12(2):129-141, 2013.

Zhang, T. From e-entropy to KL-entropy: Analysis of minimum information complexity
density estimation. The Annals of Statistics, 34(5):2180-2210, 2006a.

Zhang, T. Information-theoretic upper and lower bounds for statistical estimation. Infor-
mation Theory, IEEE Transactions on, 52(4):1307-1321, 2006b.

525



	Introduction
	Method
	Relative entropy c-posteriors
	Power posterior with conjugate priors
	MCMC on the power posterior


	Toy example: Perturbed Bernoulli trials
	Calibration curve technique for choosing 
	Mixture models and clustering
	Simulation example: Perturbed mixture of Gaussians
	Application: Robust clustering for flow cytometry

	Autoregressive models of unknown order
	Discussion
	Conclusion
	Previous work
	Further discussion
	Theory
	Large-sample asymptotics of the c-posterior
	Small-sample behavior of the c-posterior
	Robustness of the c-posterior

	Lack of robustness of the standard posterior
	Model selection sensitivity

	Power posterior approximation
	Justification of Equation S5.1

	Extensions
	Time-series c-posterior based on relative entropy rate
	Regression c-posterior based on conditional relative entropy

	Additional details on the examples
	Bernoulli example details
	Computation of the exact c-posterior
	Formulas for the power posterior and the calibration curve

	Mixture model details
	Motivation behind the conditional coarsening algorithm
	Importance sampling algorithm



