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Abstract

Models are often misspecified in practice, making model criticism a key part of Bayesian analysis.
It is important to detect not only when a model is wrong, but which aspects are wrong, and to do so
in a computationally convenient and statistically rigorous way. We introduce a novel method for model
criticism based on the fact that if the parameters are drawn from the prior, and the dataset is generated
according to the assumed likelihood, then a sample from the posterior will be distributed according to
the prior. Thus, departures from the assumed likelihood or prior can be detected by testing whether a
posterior sample could plausibly have been generated by the prior. Building upon this idea, we propose
to reparametrize all random elements of the likelihood and prior in terms of independent uniform random
variables, or u-values. This makes it possible to aggregate across arbitrary subsets of the u-values for
data points and parameters to test for model departures using classical hypothesis tests for dependence or
non-uniformity. We demonstrate empirically how this method of uniform parametrization checks (UPCs)

facilitates model criticism in several examples, and we develop supporting theoretical results.

1 Introduction

Bayesian statistics proceeds by defining a model—consisting of a prior and likelihood—and drawing posterior
inferences based on the assumption that this model is correct. However, if the model is not correct then the
resulting inferences may be misleading. In practice, it can be difficult to know whether a model is sufficiently
accurate to provide reliable inferences and, if not, which aspects of the model need improvement. The task
of detecting a model’s inadequacies is called “model criticism” (Box, 1980; Gelman et al., 2013; Blei, 2014).

While many methods have been proposed for Bayesian model criticism (see Section 3), posterior predictive
checks (PPCs) are currently the most commonly used technique. PPCs compare the observed value of a
test statistic—or more generally, a test quantity that may depend on the data and parameters—to its

distribution under the posterior predictive (Guttman, 1967; Rubin, 1984; Meng, 1994; Gelman et al., 2013).
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However, it is well known that the \p-values" produced by PPCs are not valid, in the sense that they are not
uniformly distributed under the null hypothesis that the model is correct, even asymptotically (Bayarri and
Berger, 1999, 2000; Robins et al., 2000). Valid PPC p-values can be obtained by using a partial posterior or
conditional predictive (Bayarri and Berger, 1999, 2000), however, these may be hard to implement in many
models. Alternatively, Moran et al. (2019) and Li and Huggins (2022) propose using data splitting to obtain
valid PPC p-values, however, this (i) entails a loss of information since the split-data posterior does not use
the full dataset, and (ii) typically involves several posterior inference runs over various splits. Furthermore,
an even more fundamental di culty of using PPCs is that they require one to design test quantities to detect
the various types of misspeci cation of concern in the model at hand. There are in nitely many possible test
guantities, and choosing which ones to consider requires (i) con dence about the kinds of misspeci cation
that may be present and (ii) statistical insight into what makes a good PPC test quantity, including subtle
considerations of su ciency and ancillarity (Gelman et al., 2013; Mimno et al., 2015; Bolsinova and Tijmstra,
2016). This puts a major burden on the analyst, hindering the adoption of PPCs in practice.

In this paper, we introduce a novel method for model criticism that overcomes these limitations. The
method is inspired by the observation that if the parameters are drawn from the prior, a datasetY j
is drawn according to the assumed likelihood, and® j Y is drawn from the posterior, then the marginal
distribution of € (integrating out andY)) is equal to the prior. Thus, if a posterior sample could not plausibly
have been generated by the prior, then this indicates misspeci cation of some part of the model likelihood
or prior (Gelman et al., 2013, Section 6.4). Building upon this basic idea, we propose to reparametrize all
random elements in the modellincluding data and parameters|in terms of independent and identically
distributed uniform random variables (\u-values") on the unit interval. Then, under the null that the
model is correct, a posterior sample of the u-values is exactly distributed as i.i.d. uniform. This enables
one to easily perform hypothesis tests probing for misspeci cation of various parts of the model simply by
testing for departures from independence and uniformity of the u-values in various ways. It is important
to emphasize that multiple posterior samples given the same dataset wilhot be independent, because the
dataset introduces dependence across samples. Thus, to use multiple posterior samples|for example, from
a Markov chain Monte Carlo (MCMC) run|we use a p-value aggregation technique for dependent p-values.

The proposed method, referred to as \uniform parametrization checks" (UPCs), shares a number of
attractive features with PPCs. Like PPCs, UPCs help reveal not only whether a model is wrong, but which
parts are wrong, and how to improve it. Also like PPCs, UPCs are computationally tractable and easy to
implement, requiring only one posterior inference run (for example, using MCMC) that yields samples from
the standard posterior given the observed data. And like PPCs, UPCs are applicable to a very wide range

of models.



Additionally, UPCs have several advantages compared to PPCs. First, UPCs yield uniform p-values under
the null that the model is correct, since|up to posterior inference approximations|the posterior u-values are
exactly i.i.d. uniform when the model is correct. Thus, Type | error rate is correctly controlled|regardless of
the dataset size|and one can even perform iterative model building in a principled way via alpha spending.
Second, there are natural default choices of UPC tests that apply to any model, and it is usually intuitively
clear how to design new customized tests. Third, in contrast to PPCs, which only provide model criticism
based on a collection of selected statistics, UPCs provide a more comprehensive understanding of where a
model is going wrong, since we know the exact joint distribution of all u-values under the null.

The paper is organized as follows. In Section 2, we introduce the UPC methodology. Section 3 briey
reviews previous work, and in Section 4, we establish theoretical properties of UPCs. In Section 5, we
demonstrate the UPC method in several examples involving real and simulated data. Finally, Section 6

concludes with a brief discussion and directions for future work.

2 Methodology

Suppose is a prior distribution on the parameter and P is a hypothesized distribution of the dataset
Y given . Letting and Y P given , this de nes a joint distribution on parameters and data,
(;Y ), which we refer to as thehypothesized modelAssume we can write (;Y ) = g(U) where g is a known

function and U Uniformp (0;1), that is, U = (Uy;:::;Up) and Uyp;:::;Up ii.d.  Uniform(0;1). Most

u-values For simplicity, we abuse terminology slightly by referring to P as the likelihood.

To perform model criticism, we view the hypothesized model as the null hypothesis. To test for departures
from this hypothesis, we sample from the posterior ofU, that is, from the conditional distribution UjY
that arises from the joint distribution of ( U;Y) de ned by the assumptions that ( ;Y ) = g(U) and U
Uniformp (0; 1). Sampling from UjY can either be done by sampling jY and then Uj ;Y , or by directly
targeting UjY ; either option can often be implemented by taking an algorithm for sampling from jY and
making minor modi cations (see Section 2.6). Now, the key observation is that ifY is sampled from the

hypothesized model andU is sampled fromUjY, then U  Uniformp (0; 1) marginally, integrating out Y.



aspect of the model, that is, there is mismatch between the true distribution and some aspect of the prior
or likelihood P . This enables one to perform model criticism in a simple yet powerful way by testing for

departures from uniformity or independence in various respects; see Section 2.1.

uY;::; 0l are iid. Uniform(0;1) for any given t, it does not hold that US"”  Uniform(0;1) i.i.d. for
all t and d. This is because the datasety creates dependence among the samplé$® :::::U()  If an
independent datasetY () were used to generate eact)(), then U ;:::; U™ would indeed be independent,

but this is not the case since we only observe one datasét. In Section 2.3, we describe how to combine

across samples.

Example 2.1. AR(1) model. Consider an autoregression model wheré/; = "3 andY; = Y; 1+ " for
i =2;::;n, where"y;:::;", ii.d. N (0;1), with prior Uniform(  0:5; 0:5) and Exponential(1)
independently. Then we can write (; ;Y 1;:::5;Yn) = d(Up;:::;Uzen), where Ug; it U ilind.

Uniform(0;1), by setting = F *(U1), =F Y(Uy), "i = YUg), Yo = "1,and Y = Y; 1+ ",
for i = 2;:::;n, where F , F, and denote the cumulative distribution functions (CDFs) of the

Uniform(  0:5; 0:5), Exponential(1), and N (0; 1) distributions, respectively, andd; =2 + i.

2.1 Choice of tests

In terms of model criticism, one advantage of using a uniform parametrization is that it greatly simpli es the
construction of tests. In particular, since any subset of u-values is i.i.d. uniform under the null hypothesis
that the model is correct, (i) the u-values can be grouped in various ways and (ii) the same tests can be

applied to any model. Some natural choices of test are as follows. In each case, the test is performed on the

1. Testing for extreme values. Outliers or poor choices of prior can often be detected by looking at
individual u-values. For instance, in the AR(1) example, if U, is very close to 1 then this indicates
that the inferred value of is much larger than expected under the Exponential(1) prior. To test for

extreme values, we use 2miflUg; 1 Ugg as a p-value; note that this is Uniform(0; 1) under the null.

2. Testing for non-uniformity. Misspeci cation of model distributions can often be detected by testing for
non-uniformity of a relevant subset of u-values. In the AR(1) example, if the empirical distribution of
is signi cantly non-uniform (where d; = 2+ i), then this suggests possible misspeci cation

n

of either the normal distribution or the rst-order linear assumption encoded in the equation Y; =



Yi 1+ "i. To test for non-uniformity, we use the Anderson{Darling test with Uniform(0 ;1) as the

null hypothesis (Anderson and Darling, 1954), but any goodness-of- t test could be used.

3. Testing for internal dependence. Structural misspeci cation can sometimes be detected by testing for
dependence between relevant subsets of u-values. For instance, in the AR(1) example, dependence
betweenUy, and Uy 42 (for i =1;:::;n  2) suggests that higher-order dependence is present, rather
than just the rst-order dependence assumed in the AR(1) model. To test for internal dependence

between sets of u-values, we use Hoe ding's test (Hoe ding, 1948).

4. Testing for external dependence Missing structural features can sometimes be detected by testing for

dependence with external variables such as covariates. In the AR(1) example, dependence betwedn

or a trend. More generally, if X; is a covariate, then dependence betweekly, and X; suggests the
presence of unmodeled dependence on the covariate. To test for dependence (i) between two continuous
variables, we use Hoe ding's test (Hoe ding, 1948); (ii) between continuous and binary variables, we
use the Mann{Whitney U test (Mann and Whitney, 1947); and (iii) between continuous and non-binary

discrete variables, we use the Kruskal{Wallis H test (Kruskal and Wallis, 1952).

See Section 5 for detailed illustrations, and see Section 5.4 in particular for the AR(1) example. Typically,
one will want to perform a number of tests, so it is necessary to adjust for multiple testing, for instance,

using the Bonferroni, Holm, or Benjamini{Hochberg procedures; see Section 2.4.

2.2 Choice of uniform parametrization

An attractive feature of UPCs is the intuitive way in which a test can connect with the type of misspeci cation
indicated, however, the choice of parametrization plays an important role in this connection. There are many
possible ways to uniformly parametrize a given model, since there is not a unique choice of functignsuch
that ( ;Y ) = g(U). To see why, note that there are many distribution-preserving operations onU, such
as mappingUq to 1 Uy as a simple example. Usually, though, the model speci cation will suggest a
natural way of de ning g by following the generative process that de nes the model; see Example 2.1 and
more examples in Section 5. It is less clear how to choose when there are constraints on or Y. For
handling constraints, we generally recommend de ning a u-value for each interpretable univariate quantity
and then mapping these through a function that enforces the constraint, rather than de ning u-values for
only a subset of variables and then setting the remaining variables to satisfy the constraint. For example,

. . - . P :
in regression models, it is common to have constraints of the form jJ:l j = 0, for which we suggest



P
dening ~j = F; ‘Yyand ;j =~ % J-J:l ~, for appropriately chosen CDFsF;. While this leads to

non-identi ability of these u-values, it improves their interpretability.

2.3 Combining multiple posterior samples

integrating out Y. Thus, one cannot simply pool all of the u-values together to perform tests.
To understand why, consider the posterior of the parameter in the AR(1) model in Example 2.1,
given a random datasetY generated according to the hypothesized model for {Y ). When the number

of data points n is large, the posterior of will tend to be concentrated. Likewise, the posterior of the

be clustered together, and thus, for any given datasely’, their empirical distribution will clearly not be close

to uniform. This is not a contradiction: Each Uf) is marginally Uniform(0; 1) when integrating out Y, but

and 5.5 for illustrations of this e ect in examples.

We use the following approach to combine posterior samples in a valid way for any given test. For each

t=1;:::;T, we perform the test on the posterior sampleU® = (U{";:::;U{") to obtain a p-value p®.
Under the null that the model is correct, we know U{t); G U,(Dt) i.i.d.  Uniform(0; 1), so a valid test will
produce a uniformly distributed p-value p{)  Uniform(0;1). Then, we combine the p-valuesp® ;:::;p(T)

using the Cauchy combination method for dependent p-values (Liu and Xie, 2020). Speci cally, we compute

1 X
Pp=1 Foauy T tan (05 pY) ; 2.1)
t=1

where Fcaycny IS the CDF of the Cauchy distribution. We then compare the aggregated p-valuep to a pre-
speci ed level to decide whether to reject the null that the model is correct. Although p is not uniformly
distributed on all of (0; 1) under the null, empirically we ndthat P(p 6 ) for 2 (0;0:05). Thus, for
practically relevant values of , the Type | error is near the target level. Several methods for aggregating
dependent p-values have been proposed|for instance, the method of Gasparin et al. (2024) yields similar
results on the examples we consider|but overall we nd that the Cauchy combination method tends to

exhibit the greatest power while still controlling Type | error rate.



2.4 Performing multiple tests

To perform multiple di erent UPC tests, we apply the p-value aggregation technique in Section 2.3 for each

Holm procedures (Holm, 1979). One can control false discovery rate (FDR) with the procedure of Benjamini
and Hochberg (1995) in the case of independent tests, which holds when the tests are computed from disjoint
sets of u-values; more generally, the procedure of Benjamini and Yekutieli (2001) can be used in the case of
dependent tests.

Furthermore, UPCs can be used to iteratively criticize and improve the model (Box, 1980; Blei, 2014) in
a principled way that controls Type | error. Speci cally, one can use alpha spending in which the rejection
m=1 m.Where
is the overall FWER that one wishes to permit. We illustrate with a logistic regression model in Section 5.3.

Similarly, alpha investing can be used to control FDR for a sequence of tests (Foster and Stine, 2008).

2.5 Interpretation of tests

When there is an explicit generative description of the model, de ning (;Y ) = g(U) accordingly provides a
natural correspondence between the entries df and the entries of and Y, which aids in the interpretation of

the u-values and tests. As described in Section 2.1, a rejection of the null under a test for extreme values, non-
uniformity, internal dependence, or external dependence suggests a possible issue with the corresponding part
of the model from which the tested u-values arise. However, the interpretation is not always straightforward,
since misspeci cation of one part of a model can lead to departures from i.i.d. uniformity of u-values in other
parts of the model.

For instance, in the AR(1) example, suppose the true distribution of"1;:::;", is Cauchy rather than
N (0;1). Then a posterior sample of the u-values corresponding td1;:::;"n will exhibit non-uniformity,
and outliers with u-values close to 0 or 1 will likely be observed. However, will also tend to be wildly
overestimated, causing the u-value to be very close to 1. Thus, there is not always a direct link between
departure from i.i.d. uniformity of u-values and misspeci cation of the corresponding part of the model.
Nonetheless, empirically we nd that the strongest departures from i.i.d. uniformity tend to correspond to

the aspects of the model that are misspeci ed.

2.6 Computation of u-values

In this section, we assume the following condition on the de nition of the function g.



Condition 2.2. = gp(Urk) and Y = g4(Uk +1:p; ) for some K and some functionsg, and gy.

When this holds, we refer toU;.x as the parameter u-valuesand Uk +1: p as the data u-values Sampling
the parameter u-values fromU;.¢ jY can either be done directly with standard Bayesian techniques or by post-
processing from samples of; see Section 2.6.1 for details. Sampling the data u-values frotdg +1. p j U1k ;Y

requires post-processing; see Section 2.6.2. In the AR(1) model (Example 2.1); and U, are the parameter

2.6.1 Computation of parameter u-values

One method of samplingU1.¢ jY is simply to reparametrize { that is, to view U;.x  Uniformg (0; 1) as the
prior and Y jU;.x as de ning the likelihood. Letting L( ;Y) denote the likelihood function of P for data Y,

the posterior is then (uyk jY)/L (gp(urk);Y) since the prior is uniform. Thus, when using algorithms
based directly on the target density, such as Hamiltonian Monte Carlo as in Stan and PyMC (Carpenter
et al.,, 2017b; Abril-Pla et al., 2023) or Langevin algorithms (Roberts and Tweedie, 1996), it is trivial to
modify an MCMC sampler targeting jY to instead target U;.x jY. For instance, in the AR(1) example,
the posterior of the parameter u-values is (uy;uz jY)/ Q?:l N(Y jF Yu)Y 1; F (up)?), if we de ne

Yo =0.

Sometimes this reparametrization approach might be undesirable, for instance, if the model is not con-
ducive to sampling based on evaluation of the posterior density or if one wishes to use an existing MCMC
algorithm for sampling jY. In such cases, one can rst samplejY and then sampleU;.cj;Y in a post-
processing step. Recall thatU;.¢ Uniformg (0; 1) and, in this section, we assume = ¢y(Uyik). The
simplest situation is when g, is an invertible function, in which case we can deterministically transform each
posterior sample of into a sample of the parameter u-values viaUi.x = g, 1(). This is the case in the
AR(1) model in Example 2.1, for whichU; = F ( )and U, = F ().

Often, however, = g,(Uyk) is not invertible, such as when there are discrete latent variables or
identi ability constraints. Then one can stochastically generate the parameter u-values from the conditional
distribution Uy.¢ ;Y . This is straightforward when the non-invertibility is solely due to discreteness of one
or more entries of , since thenUy.x j ; Y is uniformly distributed subject to the constraint that = g,(Upk ).

A common situation is that = ( 1;:::; k) and there are functionsg;;:::; g« such that ; = g;(U;) and

et al. (2009). We use this technigque for the component assignment variables in the mixture model in



Section 5.3. More generally, wherg, is non-invertible due to more than just discreteness of latent variables,
care must be taken to determine valid conditional distributions for U;.x j ;Y ; see Chang and Pollard (1997)

for a general framework for conditioning.

2.6.2 Computation of data u-values

Computing the data u-values is very similar to computing the parameter u-values. First, ifY = g4(Uk +1:0; )
is invertible (as a function from Uk +1.p to Y) for all , then we can simply transform the data into the data
u-values via Uk +1.p = Q4 L(y; ) for any given posterior sample of . Again, this is the case in the AR(1)
model, where we have =(; )and Ugq = (Yi Yi )= fori=1;:::;n,whereYp=0anddj =2+ i.

On the other hand, if gq is not invertible, then just like in the case of the parameter u-values, we

sample from Ux+1:p J ;Y;U1x. Similar to before, a common situation is that for some ordering of
the univariate entries of the data, say, Y = (Y1;:::;Yyn), there are functions gk +1;:::; 0k +n Such that
Yi = Ok+i(Ye;::53Yi 1;Ug+i; ) fori=1;:::;n, whereK + n = D. Then we can sample from the joint

Example 2.3 (Bernoulli model). As a simple example, consider an i.i.d. Bernoulli model where is a

discrete random variable such thatP( =1=4)= P( =3=4)=0:5,and Yy;:::;Y,j iid.  Bernoulli( ).

We can write this model asUy;:::;Un+y id.d. Uniform(0;1), = g1(Uy) =1 =4)+(1=2)1(U; > 0:5), and

Yi = g+1(Ui+1; )= 1(Ujsy > 1 ) fori=1;:::;n. Then, given dataY = (Yz;:::;Yy) and a posterior

sample of , we can sample the parameter u-valu&;j ;Y by drawingU;  Uniform(fu 2 (0;1) : gi(u) = @),

that is, Uy  Uniform(0;0:5) if =1=4and U; Uniform(0:5;1) if = 3=4. Likewise, we can sample the
data u-valuesU,.n+1j;Y; Uy by drawing Uj+1 Uniform(fu 2 (0;1) : gi+1 (u; ) = Y;jg) independently for

i=1;:::;n,thatis, Uy+;  Uniform(0;1 ) if Y; =0 and Ujs;  Uniform(1  ; 1)if Y; =1.

3 Previous work

The observation that each posterior draw is marginally distributed according the prior is a simple consequence

of the de nition of the joint distribution of the parameters and the data. This fact has previously been used

to assess the validity of posterior sampling algorithms using simulation-based calibration (SBC) (Geweke,

2004; Cook et al., 2006; Talts et al., 2018; Modak et al., 2023). Speci cally, these authors propose to generate
simulated datasets from the hypothesized model, perform posterior inference for each simulated dataset, and
compare the resulting approximate posteriors to the prior. Since, in this case, the datasets are known to

be drawn from the model, any discrepancy between the posteriors and the prior is attributable to errors in



the posterior approximation algorithm. This is fundamentally di erent from our proposed method, since (i)
they are not performing model criticism, (ii) they simulate datasets from the hypothesized model, and (iii)
they run the posterior inference algorithm many times, once for each dataset. Talts et al. (2018) refer to the
marginal distribution of , integrating out the data distribution, as the \data-averaged posterior".

There is an extensive literature on Bayesian model criticism, also referred to as model checking. The
dominant approach is based on posterior predictive checks (PPCs), rstintroduced by Guttman (1967). The
modern formulation of PPCs was developed by Rubin (1984), generalized by Meng (1994) to include test
guantities that are functions of the data and parameters, and further developed by Gelman et al. (1996) on
more complex models. Issues with the lack of uniformity of PPC p-values were demonstrated by Bayarri and
Berger (1999, 2000) and Robins et al. (2000), who considered techniques for obtaining asymptotically valid
PPC p-values using partial posterior or conditional predictive approaches. Valid PPC p-values can also be
obtained by splitting the data, as shown by Moran et al. (2019) and Li and Huggins (2022). While we require
p-values to be uniform under the null by de nition, there is not universal agreement on this de nition; see
Gelman (2023) for other perspectives. The PPC approach has several limitations that are resolved by UPCs,
as discussed in the introduction.

To our knowledge, the nearest precedent to our proposed method appears in Section 6.4 of Gelman et al.
(2013) on \Graphical Posterior Predictive Checks", in which parameters of a certain hierarchical model were
given Beta(2; 2) priors, and Gelman et al. (2013) visually compare a posterior sample of these parameters to
the Beta(2; 2) prior, noting that the prior clearly does not match the posterior samples. This example was
the initial seed of the idea which eventually led to our proposed methodology. Johnson (2007) and Yuan
and Johnson (2012) develop a related method based on the use of pivotal discrepancy measures (PDMs),
which are test quantities T(Y; ) whose distribution is invariant to the value of whenY is distributed
according to the hypothesized model with parameter ; also see Gosselin (2011) and Zhang (2014), who
consider sampled posterior p-values (SPPs) based on a particular class of PDMs. PDMs are used for model
criticism by comparing this invariant distribution to the distribution of T(Y?; ™), where Y© is the observed
data and ~is drawn from the posterior givenY°. Like UPCs, PDMs only require posterior sampling given the
observed data and the null distribution is known exactly, but similar to PPCs, the burden is on the analyst
to design PDMs that simultaneously have the required invariance property and are useful for detecting
misspeci cation in a given model. For continuous data, each data u-value can be viewed as a PDM of the
form T(y; )= P(Y; 6 yi j ). However, not all UPCs are PDMs, and not all PDMs are UPCs.

Johnson (2004) proposes another related idea, using what we refer to as the data u-values to construct
a goodness-of- t test based on a chi-squared test statistic; however, Johnson (2004) does not consider pa-

rameter u-values or any other types of test, and in general, Johnson's test statistic needs to be calibrated by
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sampling from the posterior predictive and then from the resulting posteriors given these simulated datasets.
Furthermore, the associated theory is restricted to the asymptotic setting and requires regularity conditions.
Many other model checking methods have been proposed as well, for instance, based on simulation-based
approaches (Dey et al., 1998; Hjort et al., 2006), cross-validation (Gelfand et al., 1992; Marshall and Spiegel-
halter, 2003), and assessing within-model con ict (O'Hagan, 2003; Dahl et al., 2007), but these tend to be
either computationally intensive, model-speci c, or do not provide well-calibrated tests.

Model criticism methods make it possible to re ne a model by identifying and correcting its inadequacies.
Box (1980) proposed to iteratively perform model criticism and improvement, in a process dubbed \Box's
loop" by Blei (2014). Box (1980) employed what later became known as prior predictive checks (Meng,
1994), but the same iterative re nement process can be implemented with other model checks such as PPCs
(Belin and Rubin, 1995) or with our proposed UPC method, as we demonstrate in Section 5.3. Since UPCs
control Type | error rate, they provide a theoretically well-founded method for implementing Box's loop while
controlling the overall error rate (Section 2.4). Interestingly, Box (1980) and Gelfand et al. (1992) argue in
favor of using predictive distributions for model criticism rather than the posterior, since the posterior alone
cannot reveal any lack of t. While this may be true for the usual posterior on parameters, the posterior on u-
values provides additional context since (i) the u-values are on a model-based scale that captures information

about goodness-of- t, and (ii) the data u-values also provide more information than the posterior alone.

4 Theory
Let R- andY R" be measurable subsets; we use the Borel sigma-algebra on all topological spaces,
unless otherwise specied. Letg : (0;1)P ! Y be a measurable function, and dene (;Y) = g(U)

whereU  Uniformp (0;1), that is, U = (Uy;:::;Up) and Uy;:::;Up ii.d.  Uniform(0;1). Let denote
the resulting distribution of and let P denote the conditional distribution of Y j = . In this section, we
use boldface to denote the random vector and for particular values. All random elements are assumed
to be de ned on a common probability space ( ;A;P).

The interpretation is that and ( P : 2 ) represent the analyst's prior and likelihood, and ( ;Y) is
jointly distributed according to this hypothesized model for the parameter and datasetY. Write  ;, to
denote the posterior resulting from datasety, that is, the conditional distributionof  jY =y, andlet ;.
denote the conditional distribution of U j = ;Y = y. The conditional distributions for Yj , jY, and
Uj ;Y are guaranteed to exist almost everywhere due to the existence of regular conditional distributions
in standard Borel spaces (Durrett, 2019). We assume, further, that these conditional distributions exist for

all values of 2 and y 2 Y, and that the maps 7! P (A),y 7! ;y(B),and (;y) 7! .y (E) are

11



measurable for all measurableA Y ,B ,and E (0;1)°; these are very mild conditions in practice.
Now, we envision that the true distribution, which we refer to as nature's model arises from some
probability measures °and (P°: 2 )on and Y, respectively. Let ° CandY® POgiven °= |,
so that ( °;Y©) is jointly distributed according to nature's model; here, it is assumed that 7! P°(A) is
measurable for all measurableA Y . In practice, the observed dataset is generated from nature's model
asY? and one uses the hypothesized model to perform posterior inference using;y, setting y equal to Yp.
To represent this, we introduce a new random vector® with conditional distribution jy given YO =y,
Likewise, we introduce ® with conditional distribution  ;., given €= and Y° =y, where ;. is the
conditional distribution under the hypothesized model. Then, we have that (8; €, Y°) represents the true
joint distribution of the observed dataset Y° and posterior draws of parameters® and u-values® under the

hypothesized model given the observed dataset.

4.1 Uniformity and independence of the u-values

This section contains the properties justifying the UPC method. Our rst result, Theorem 4.1, provides the

primary basis for the UPC method. All proofs are provided in Section S1.
Theorem 4.1. SupposeY °© 2v. Then €2 and® 2 U, thatis, © and 8 Uniformp (0;1).

Here, 4 denotes equality in distribution. In other words, Theorem 4.1 says that if the marginal distribu-
tion of the dataset is the same under nature's model and the hypothesized model, then posterior draws of
the parameter and u-values are distributed according to their respective priors, integrating out the dataset.
In particular, if the model is correct then a draw from the posterior of the u-values is i.i.d. uniform. Thus,
if we can reject the hypothesis that the u-values are i.i.d. uniform, then this implies the model is incorrect.

Our next result shows that when the function g : (0; 1)° ! Y is bijective, the converse also holds.
Theorem 4.2. 1f 82 U and g is a bijection, then Y?° dv.

Therefore, wheng is bijective, 8 duisa necessary and su cient condition for the hypothesized model
to be correct, at least in the sense that it matches nature's model in terms of the marginal distribution of
the dataset. Thus, when performing UPCs in such cases, if our tests fail to reject the null hypothesis that
©  Uniformp (0;1) then|although we can never \accept" the null|this provides an indication that the
model appears to be reasonable. The next result justi es our approach to testing for dependence with external
variables X such as covariates. Although covariates are usually treated as xed non-random quantities, here

we treat them as random in order to have a formal notion of independence.

Theorem 4.3. If X is a random element such thatX ? Y° and (8;€)? X jYO, then(8;€) ? X.
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The interpretation of Theorem 4.3 is that if (i) nature's model is independent of X, that is, X ? YO,
and (ii) the hypothesized model does not useX when computing the posterior, that is, (8;€) 2 X j YO,
then the u-values 8 and parameter € are independent ofX . Roughly speaking, under the null hypothesis
that X is irrelevant, the u-values are independent ofX. Consequently, if we observe dependence between
X and the u-values, then this suggests thatX or some other related variable may need to be added to the

model.

4.2 ldenti ability of the u-values

The u-valuesU are not necessarily identi able, even if the parameter vector is identi able. For instance, if
there are discrete variables in the model, then it is clear that the u-values will not be uniquely determined.
Another common situation is when Condition 2.2 holds and the vector of parameter u-valuedJ;.¢ is in a
higher dimensional space than the parameter vector 2 R- (that is, K > L ), in which case the u-values
usually will not be uniquely determined; in practice this may occur when de ning values that satisfy
constraints. Likewise, the data u-values are not uniquely determined under similar circumstances.
However, if is identi able and the parameter u-values U;.x are uniquely determined by (which is
typically the case when all the entries of are continuous and there are no constraints on them), therlJ;.x
is identi able. If, further, the data u-values are uniquely determined by and the datasetY, then they are

identi able as well for any given dataset. The following theorem formally states these results.

Theorem 4.4. Assume is identiable, thatis, if 6 OthenP 6 Po. (i) If = g,(Upk) for some
one-to-one function g, and someK , then Uy, is identi able, in the sense that these u-values are uniquely
determined byP . (i) If ( ;Y)= g(U) for some one-to-one functiong, then all the u-valuesU = U;.p are

uniquely determined byP and Y.

5 Examples
We demonstrate the UPC methodology on examples involving a univariate normal model (Section 5.1),

Bernoulli trials (Section 5.2), logistic regression (Section 5.3), and an autoregression model (Section 5.4).

5.1 Normal model for Newcomb's speed of light data

We begin by considering Simon Newcomb's 66 measurements of the speed of light from 1882, a standard
example for model criticism methods (Gelman et al., 2013). As seen in Figure 5.1(a), Newcomb's data look

plausibly normal except for two outlying values in the left tail of the distribution. Following Gelman et al.
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(2013, Section 6.3), we consider modeling the data a%;;:::;Y, i.i.d. N (; 2), wheren =66. We use a
weakly informative Normal-InverseGamma prior: j 2 N ( o; 2= ¢)and 2 InvGamma( o; o), with
0=0, 0=1=10, ¢=2,and ¢ =300. We draw 500,000 samples from the posterior distribution, which

is also a Normal-InverseGamma distribution by conjugacy.

statistic. As shown in Figure 5.1(b), the observed value ofT is not representative of the posterior predictive
distribution, successfully detecting that there is an issue with the model. However, as we can see from
Figure 5.1(c), the distribution of PPC p-values is not uniform under the null that the model is correct, so
this is not a well-calibrated test. A deeper issue with this PPC is that this choice of T was apparently made
by looking at the data. Without looking at the data, it would be di cult to know whether use the maximum
instead of the minimum, or perhaps the interquartile range, or some other statistic.

To implement the UPC approach, we write 2 = F ,}(U), = o+ o 2 U),andY, = +

1(Ug,) where F - is the CDF of 2 (that is, the InvGamma( o; o) CDF), is the standard normal
CDF, and d, = 2+ i. For each posterior sample of (  ?) j Y1.n, we compute the u-values by inverting these
functions, that is, 8; = (( )= o), B =F:(2),and8 = (Vi )=).

As described in Section 2.1, we test for extreme values of and by computing p-values p =
2minf8;;1 ©;gand p = 2minf8,;1 8,9, and we test for non-uniformity of the data u-values
Bqy,;:::;8y, by performing an Anderson{Darling test to obtain a p-value Pgata unif - Aggregating across
posterior samples using the Cauchy combination method (Section 2.3), we obtaip =0:45,p =0:83, and
Pgata it = 1:60 10 4. This suggests no issues with the priors, but indicates that the normal model may
be misspeci ed.

To visualize what is happening, Figure 5.2 (top) shows the posterior distribution of each of these p-
values given the observed data. Figure 5.2 (bottom) shows several simulated null-distributed posteriors {
speci cally, each curve is produced by sampling; 2 and Y1;:::;Y, j ; 2 from the hypothesized model,
and computing the resulting posterior. The solid black lines in Figure 5.2 (bottom) show the average of the
null-distributed posteriors over 100,000 simulated datasets, which we know from Theorem 4.1 is uniform in
expectation. We see that the observed posteriors fop and p are representative of the null-distributed
posteriors, but the observed posterior forpyat -unit IS Much more concentrated near zero, which explains the
small value of Pyag . ynif -

To examine the data u-values in more detail, Figure 5.3 (top, left/middle) shows a histogram and the

P
empirical CDF Fg(u) = % in:1 1(8y, 6 u) of the data u-values for a single sample of ( 2) from the

n
posterior given the Newcomb data. We can see that these data u-values do not appear to be uniformly

distributed, particularly in comparison to the corresponding histogram and empirical CDF given a simulated
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Figure 5.1: Newcomb data and results using PPCs. (a) Histogram of Newcomb's speed of light data, relative

predictive, along with the observed value of T on the Newcomb data (vertical red dashed line). (c) Density
of the PPC p-values when sampling from the hypothesized model.

Figure 5.2: Results using UPCs on the Newcomb data. (Top) Posterior densities o , p , and Pyata :unif
given the Newcomb data. (Bottom) Samples of the posterior densities ob , p , and Pyata :unit given simulated
datasets from the hypothesized model. To aid visualization, each density is standardized to have a maximum
of 1, so that they are all visible in a single plot. The black lines show the average of these (unstandardized)
densities over 100,000 simulated datasets.

dataset from the hypothesized model (Figure 5.3; bottom, left/middle). To more clearly see the di erences
between the empirical CDF Fy(u) and the uniform CDF Fup:1y(u) = u, in Figure 5.3 (right), we plot
Fq(u) u for multiple posterior samples given the Newcomb data (top) and simulated data from the model
(bottom). For a CDF F, we refer to F(u) u as the corresponding \tited CDF." This illustrates that
the data u-values clearly do not appear to be uniformly distributed, which explains the small value of
Poata;unr = 1:60 10 *.

To evaluate the e ect of the prior on the UPC results, we compare three choices of prior: (1) the weakly
informative prior described above, in which ¢ =0, ¢=1=10, ¢=2,and (=300, (2) a data-dependent

1 1

_ _ P P _
prior, inwhich o=Y, g=n, g=n=2,and ¢="2 o, whereY = 1" Yiand "= 2" (Y Y)2

and (3) a poorly chosen informative prior based on previous data, in which ¢ = 179, o= n, o= n=2,
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