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CHAPTER ONE

Introduction



Nonparametric Bayesian models have found an extraordinarily wide range of appli-
cations, including astronomy, meteorology, epidemiology, gene expression profiling,
haplotype inference, medical image analysis, survival analysis, econometrics, phylo-
genetics, species delimitation, computer vision, classification, document modeling,

cognitive science, natural language processing, and perhaps more.

Many nonparametric Bayesian models can be viewed as an infinite-dimensional
limit of a family of finite-dimensional models. However, another way to construct a
flexible Bayesian model is to put a prior on the dimension — that is, to use a variable-
dimension model — for example, putting a prior on the number of components in
a finite mixture. This thesis (a) analyzes some of the differences and similarities
between the nonparametric and variable-dimension approaches, using theory and
empirical studies, (b) develops new inference algorithms for these models, and (c)

proposes new variable-dimension models and explores their properties.

Primarily, we focus on the Dirichlet process mixture (DPM) and a variable-
dimensional alternative that we refer to as the mixture of finite mixtures (MFM)
model. One of the main differences between DPMs and MFMs is the behavior of the
posterior on the number of clusters. In Chapter 2, we use a simple example to show
that, on data from a finite mixture, the DPM posterior on the number of clusters
may fail to concentrate at the true number of components. Further, in Chapter 3,
we generalize this inconsistency result to a large class of nonparametric mixtures,
including DPMs and Pitman—Yor process mixtures over a wide range of families of
component distributions. On the other hand, it is known that the MFM posterior
on the number of components concentrates at the true number, assuming the data
comes from a finite mixture with the same family of component distributions as that
used in the model (Nobile, 1994). (Note: The material in Chapters 2 and 3 appears

in Miller and Harrison (2013a) and Miller and Harrison (2013b), respectively, so



there is some overlap in their introductions and definitions; on the other hand, this

has the benefit of making these two chapters self-contained.)

In Chapter 4, we study the properties of the MFM model, finding that it has many
of the same attractive features as the DPM: a simple partition distribution, restau-
rant process, random discrete measure representation, and in certain special cases,
a simple stick-breaking representation, as well as similar exchangeability properties.
As a result, many of the same approximate inference algorithms used for nonpara-
metric mixtures can be easily adapted to the MFM. We discuss some of the existing
literature on asymptotic results regarding consistency and rates of convergence for
the MFM and DPM, for estimating the density, the mixing distribution, and the

number of components. We also derive some asymptotic properties of the MFM.

Chapter 5 is an empirical study of the posterior behavior of the MFM model,
compared with the DPM. We demonstrate similarities and differences with regard
to density estimation, clustering, and the posteriors on the number of clusters and
components. These experiments use univariate normal mixtures and bivariate skew-

normal mixtures on a variety of real and simulated data sets.

In Chapter 6, we propose two new variable-dimension models, and derive some of
their basic properties. For modeling data in separate but related groups, we propose
the hierarchical mixture of finite mixtures (HMFM) as an alternative to the hierar-
chical Dirichlet process (HDP) mixture model. For modeling latent binary features,
we propose the mixture of finite feature models (MFFM) as an alternative to the
Indian buffet process (IBP). As with the MFM, these variable-dimension models ex-
hibit some of the same appealing characteristics as their nonparametric counterparts,
in particular, simple distributions on discrete structures, exchangeability properties,

and representation via combinatorial stochastic processes.



CHAPTER TWwO

A simple example of Dirichlet
process mixture inconsistency for

the number of components



For data assumed to come from a finite mixture with an unknown number of com-
ponents, it has become common to use Dirichlet process mixtures (DPMs) not only
for density estimation, but also for inferences about the number of components.
The typical approach is to use the posterior distribution on the number of clusters
— that is, the posterior on the number of components represented in the observed
data. However, it turns out that this posterior is not consistent — it does not con-
centrate at the true number of components. In this chapter!, we give an elementary
proof of this inconsistency in what is perhaps the simplest possible setting: a DPM
with normal components of unit variance, applied to data from a “mixture” with
one standard normal component. Further, we show that this example exhibits se-
vere inconsistency: instead of going to 1, the posterior probability that there is one

cluster converges (in probability) to 0.

2.1 Introduction

It is well-known that Dirichlet process mixtures (DPMs) of normals are consistent for
the density — that is, given data from a sufficiently regular density py the posterior
converges to the point mass at py (see Ghosal (2010) for details and references).
However, it is easy to see that this does not necessarily imply consistency for the
number of components, since for example, a good estimate of the density might

include superfluous components having vanishingly small weight.

Despite the fact that a DPM has infinitely many components with probability 1,
it has become common to apply DPMs to data assumed to come from finitely many

components or “populations”, and to apply the posterior on the number of clus-

!The material in this chapter appeared in the proceedings of the NIPS 2013 conference; see
Miller and Harrison (2013a).



ters (in other words, the number of components used in the process of generating
the observed data) for inferences about the true number of components; see Huelsen-
beck and Andolfatto (2007), Medvedovic and Sivaganesan (2002), Otranto and Gallo
(2002), Xing et al. (2006), Fearnhead (2004) for a few prominent examples. Of course,
if the data-generating process very closely resembles the DPM model, then it makes
sense to use this posterior for inferences about the number of clusters (but beware
of misspecification; see Section 2.2). However, in the examples cited, the authors
evaluated the performance of their methods on data simulated from a fixed finite
number of components or populations, suggesting that they found this to be more

realistic than a DPM for their applications.

Therefore, it is important to understand the behavior of this posterior when the
data comes from a finite mixture — in particular, does it concentrate at the true
number of components? In this chapter, we give a simple example in which a DPM
is applied to data from a finite mixture and the posterior distribution on the number
of clusters does not concentrate at the true number of components. In fact, DPMs
exhibit this type of inconsistency under very general conditions (see Chapter 3) —
however, the aim of this chapter is brevity and clarity. To that end, we focus our
attention on a special case that is as simple as possible: a “standard normal DPM”,
that is, a DPM using univariate normal components of unit variance, with a standard

normal base measure (prior on component means).

The rest of the chapter is organized as follows. In Section 2.2, we address several
pertinent questions and consider some suggestive experimental evidence. In Section
2.3, we formally define the DPM model under consideration. In Section 2.4, we give
an elementary proof of inconsistency in the case of a standard normal DPM on data
from one component, and in Section 2.5, we show that on standard normal data, a

standard normal DPM is in fact severely inconsistent.
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Figure 2.1: Prior (red x) and estimated posterior (blue o) of the number of clusters in
the observed data, for a univariate normal DPM on n i.i.d. samples from (a) N'(0,1),
and (b) >37__, tN(4k,3). The DPM had concentration parameter & = 1 and a
Normal-Gamma base measure on the mean and precision: A(u | 0,1/cA\)Gamma( |
a,b) with a = 1, b = 0.1, and ¢ = 0.001. Estimates were made using a collapsed
Gibbs sampler (MacEachern, 1994), with 10* burn-in sweeps and 10° sample sweeps;
traceplots and running averages were used as convergence diagnostics. Each plot
shown is an average over 5 independent runs.

2.2 Discussion

It should be emphasized that these results do not diminish, in any way, the utility of
Dirichlet process mixtures as a flexible prior on densities, i.e., for Bayesian density
estimation. In addition to their widespread success in empirical studies, DPMs
are backed by theoretical guarantees showing that in many cases the posterior on
the density concentrates at the true density at the minimax-optimal rate, up to a

logarithmic factor (see Ghosal (2010) and references therein).

Many researchers (e.g. West et al. (1994), Onogi et al. (2011), among others)

have empirically observed that the DPM posterior on the number of clusters tends to



overestimate the number of components, in the sense that it tends to put its mass on
a range of values greater or equal to the true number. Figure 2.1 illustrates this effect
for univariate normals, and similar experiments with different families of component
distributions yield similar results. Thus, while our theoretical results in Sections 2.4
and 2.5 (and in Chapter 3) are asymptotic in nature, experimental evidence suggests

that the issue is present even in small samples.

It is natural to think that this overestimation is due to the fact that the prior
on the number of clusters diverges as n — oo, at a logn rate. However, this does
not seem to be the main issue — rather, the problem is that DPMs strongly prefer
having some tiny clusters and will introduce extra clusters even when they are not

needed (see Chapter 3 for an intuitive explanation of why this is the case).

In fact, many researchers have observed the presence of tiny extra clusters (e.g.
West et al. (1994), Onogi et al. (2011)), but the reason for this has not previously
been well understood, often being incorrectly attributed to the difficulty of detecting
components with small weight. These tiny extra clusters are rather inconvenient,
especially in clustering applications, and are often dealt with in an ad hoc way by
simply removing them. It might be possible to consistently estimate the number of

components in this way, but this remains an open question.

A more natural solution is the following: if the number of components is un-
known, put a prior on the number of components. For example, draw the number of
components k from a probability mass function p(k) on {1,2,...} with p(k) > 0 for
all k, draw mixing weights m = (mq,...,m) (given k), draw component parameters
01,...,0;1ii.d. (given k and 7) from an appropriate prior, and draw X;, Xs, ... i.i.d.
(given k, 7, and 0y.;,) from the resulting mixture. This approach has been widely used

(Nobile, 1994, Richardson and Green, 1997, Green and Richardson, 2001, Nobile and



Fearnside, 2007). Under certain conditions, the posterior on the density has been
shown to concentrate at the true density at the minimax-optimal rate, up to a loga-
rithmic factor, for any sufficiently regular true density (Kruijer et al., 2010). Strictly
speaking, as defined, such a model is not identifiable, but it is fairly straightforward
to modify it to be identifiable by choosing one representative from each equivalence
class. Subject to a modification of this sort, it can be shown (see Nobile (1994)) that
under very general conditions, when the data is from a finite mixture of the chosen
family, such models are (a.e.) consistent for the number of components, the mixing
weights, the component parameters, and the density. Also see McCullagh and Yang

(2008) for an interesting discussion about estimating the number of components.

However, as a practical matter, when dealing with real-world data, one would not
expect to find data coming exactly from a finite mixture of a known family (except,
perhaps, in rare circumstances). Unfortunately, even for a model as in the preceding
paragraph, the posterior on the number of components will typically be highly sensi-
tive to misspecification, and it seems likely that in order to obtain robust estimators,
the problem itself may need to be reformulated. We urge researchers interested in
the number of components to be wary of this robustness issue, and to think carefully
about whether they really need to estimate the number of components, or whether

some other measure of heterogeneity will suffice.

2.3 Setup

In this section, we define the Dirichlet process mixture model under consideration.



10

2.3.1 Dirichlet process mixture model

The DPM model was introduced by Ferguson (1983) and Lo (1984) for the pur-
pose of Bayesian density estimation, and was made practical through the efforts of
several authors (see Escobar and West (1998) and references therein); for a more
complete list of references, see Chapter 3. In this chapter, we will use p(+) to denote
probabilities under the DPM model (as opposed to other probability distributions
that will be considered). The core of the DPM is the so-called Chinese restaurant
process (CRP), which defines a certain probability distribution on partitions. Given
ne{l,2,...} and t € {1,...,n}, let A (n) denote the set of all ordered partitions

(A1,...,As) of {1,...,n} into t nonempty sets. In other words,
t
Ai(n) = {(Al, o Ay) DAy Agare disjoint, UAi ={1,...,n}, A >1 ‘v’i}.
i=1
The CRP with concentration parameter a@ > 0 defines a probability mass function

on A(n) = J;_; Ai(n) by setting

«

t t
— J— 1)
p(A) O E(|A2| 1)'

for A € A;(n), where o™ = a(a+1)--- (a+n — 1). Note that since ¢ is a function
of A, we have p(A) = p(A,t). (It is more common to see this distribution defined
in terms of unordered partitions {A;, ..., A;}, in which case the ¢! does not appear
in the denominator — however, for our purposes it is more convenient to use the
distribution on ordered partitions (A1, ..., A;) obtained by uniformly permuting the

parts. This does not affect the prior or posterior on t.)
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Consider the hierarchical model

p(A) = p(4) =~ TT0AL - 1)L (23.1)

p(brs | At) = HW(@-), and

i=1
t

p(xlin ‘ 91:t>A7t) = H H pGi(xj)’

i=1 jEA;

where 7(f) is a prior on component parameters § € O, and {py : § € O} is a
parametrized family of distributions on = € X for the components. Typically, X C
R? and © C R* for some d and k. Here, 21, = (z1,...,7,) with z; € X, and
014 = (6,...,0,) with 6; € ©. This hierarchical model is referred to as a Dirichlet

process mizture (DPM) model.

The prior on the number of clusters ¢ under this model is p,,(t) = >_ 4 4,(n) P(4, 1)
We use T, (rather than T") to denote the random variable representing the number of
clusters, as a reminder that its distribution depends on n. Note that we distinguish
between the terms “component” and “cluster”: a component is part of a mixture
distribution (e.g. a mixture Y m;py, has components py,, s, , - - . ), while a cluster
is the set of indices of data points coming from a given component (e.g. in the DPM

model above, Ay, ..., A; are the clusters).

Since we are concerned with the posterior distribution p(7,, = ¢ | z1.,) on the

number of clusters, we will be especially interested in the marginal distribution on
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(1.n, 1), given by

p<x1:n7Tn = t) = Z p(xlzrwelzt?A’t) del:t
A€Ai(n)

= > p(@ﬁ/(ﬂl?ei(%))ﬂ(ei)d@i

A€eAi(n) JEA;

= Y p4) Hm(xAi) (2.3.2)

AeAi(n)

where for any subset of indices S C {1,...,n}, we denote g = (z; : j € S) and let

m(zg) denote the single-cluster marginal of zg,

m(zs) = / (H pe(xj)) 7(0) df. (2.3.3)

jeSs
2.3.2 Specialization to the standard normal case

In this chapter, for brevity and clarity, we focus on the univariate normal case with

unit variance, with a standard normal prior on means — that is, for x € R and

0 €R,

po(x) =N(z|6,1) =

exp(—3(z — 6)*), and

1
V2T
l92).

w(0) = N'(6]0,1) = \/127 exp(— L

It is a straightforward calculation to show that the single-cluster marginal is then

m(r1,) = \/nl——l—lpo(xm) exp (%n —1|— 1 (Z a;j>2>, (2.3.4)
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where po(z1.,) = po(x1) -+ po(z,) (and po is the N(0,1) density). When py(x) and

7(0) are as above, we refer to the resulting DPM as a standard normal DPM.

2.4 Simple example of inconsistency

In this section, we prove the following result, exhibiting a simple example in which
a DPM is inconsistent for the number of components: even when the true number
of components is 1 (e.g. N(u, 1) data), the posterior probability of T,, = 1 does not
converge to 1. Interestingly, the result applies even when Xi, X5, ... are identically
equal to a constant ¢ € R. To keep it simple, we set @ = 1; for more general results,

see Chapter 3.

Theorem 2.4.1. If X, Xy, ... € R are i.i.d. from any distribution with E|X;| < oo,
then with probability 1, under the standard normal DPM with o = 1 as defined above,

p(T, = 1| X1.,) does not converge to 1 as n — co.

Proof. Let n € {2,3,...}. Let zy,...,2, € R, A € Ay(n), and a; = |A;| for
i=1,2. Define s, =37 xj and s4, = >, x; for i = 1,2. Using Equation 2.3.4

and noting that 1/(n + 1) < 1/(n +2) + 1/n?, we have

. 1 2 1 52 152
VAT e (55 <o (5 Yo (553).

§n—i—1 §n+

The second factor equals exp(57;), where Z,, = %Z?:l z;. By the convexity of

T 22,

< Sn >2<a1+1< SA, >2+a2+1< S A, >2
n+2/ ~ n+2\a; +1 n+2\ay+1/ "’
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and thus, the first factor is less or equal to

1 5%, 1 7, ) m(xa,) m(za,)
- - — 1 1 .
P <2 aq + 1 + 2 a9 -+ 1 \/al + \/OJZ * pO(xlzn)

Hence,

m(z1.,) < Var +1as + 1 .
m(xA1> m(xAQ) - \/n—H

xp(372). (2.4.1)

2%n
Consequently, we have

P(T1n, T = 2) () m(za,) m(za,)

= np(A)

p(xlznyTn = ]-) AEAs(n) m<x1:n)
(b) vn+1 .
> np(A) xXp(—3575)

A e
A€ Az(n) VIAil+1/] Ao + 1

> n exp(—375)
191 2on
AeAz(n) ni2 ﬂ\/ﬁ
|[A1]=1
@ 1
> eXp(_%fi)a

where step (a) follows from applying Equation 2.3.2 to both numerator and de-
nominator, plus using Equation 2.3.1 (with @ = 1) to see that p(A) = 1/n when
A= ({1,...,n}), step (b) follows from Equation 2.4.1 above, step (c) follows since
all the terms in the sum are nonnegative and p(A) = (n — 2)!/n!2! when |4;]| =1
(by Equation 2.3.1, with @ = 1), and step (d) follows since there are n partitions
A € Ay(n) such that |A;] = 1.

If X1, Xy,... € Rareiid. with p = EX| finite, then by the law of large numbers,
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X, = % 2?21 X, — p almost surely as n — oo. Therefore,

Xanzl X:anzl
p(Tn 1 | X1;n) _ C]i( 1: Z < p(_ 1 ) —
Zt:l p(Xlzan - t) p<X1:m Tn - 1) +p<X1:n7 Tn - 2)
1 as. 1
< — i 5 < L.
1+ s exp(—1X,) 1+ gzexp(—31)
Hence, almost surely, p(7,, = 1| X.,) does not converge to 1. O

2.5 Severe inconsistency

In the previous section, we showed that p(7,, = 1| Xi.,) does not converge to 1 for
a standard normal DPM on any data with finite mean. In this section, we prove
that in fact, it converges to 0 on standard normal data. This vividly illustrates that
improperly using DPMs in this way can lead to entirely misleading results. The key
step in the proof is an application of Hoeffding’s strong law of large numbers for

U-statistics.

Theorem 2.5.1. If X1, Xy, ... ~N(0,1) 4.i.d. then

p(Tn:1|X1:n)E>0 as m — o0

under the standard normal DPM with concentration parameter o = 1.

Proof. For t =1 and t = 2 define

Xim, Ty = 1)
t( b ) pO(Xlzn)
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Our method of proof is as follows. We will show that

RQ(XI:H) L o0

n—oo

(or in other words, for any B > 0 we have P(Ry(X1.,,) > B) — 1 as n — o0), and

we will show that R;(X3.,) is bounded in probability:
Ri(X1.m) = Op(1)

(or in other words, for any € > 0 there exists B. > 0 such that P(R;(X;.,) > B:) < ¢

for all n € {1,2,...}). Putting these two together, we will have

p<X1:n>Tn = 1) < p(XlznyTn = 1) _ Rl(Xlsn) Pr 0

p( | . ) Zt:l p(Xl:n7Tn - t) p(XltnyTn = 2) RQ(Xl:n) oo

First, let’s show that Ry(Xy.,,) — oo in probability. For S C {1,...,n} with

|S| > 1, define h(xg) by

m(xg) 2
28 - (b))

jes

where m is the single-cluster marginal as in Equations 2.3.3 and 2.3.4. Note that

when 1 < |S| <n—1, we have y/nh(zs) > 1. Note also that Eh(Xg) = 1 since

Eh(Xs) = /h(ms)po(xs) drg = /m(a;g) drg =1,

using the fact that m(xg) is a density with respect to Lebesgue measure. For k €

{1,...,n}, define the U-statistics

Us(X1m) = ﬁ S h(xXs)

k) |S|=k
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where the sum is over all S C {1,...,n} such that |S| = k. By Hoeffding’s strong

law of large numbers for U-statistics (Hoeffding, 1961),

Uk(Xlzn) L Eh(Xlk) =1

n—o0

for any k € {1,2,...}. Therefore, using Equations 2.3.1 and 2.3.2 we have that for

any K € {1,2,...} and any n > K,

where Hy is the K™ harmonic number, and the last inequality follows from the
standard bounds (Graham et al., 1989) on harmonic numbers: log K < Hi <

log K + 1. Hence, for any K,

log K

lim inf Ry(Xy.,) >

n—oo

almost surely,
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and it follows easily that

RQ(Xl;n) L Q.

n—oo

Convergence in probability is implied by almost sure convergence.

Now, let’s show that R;(X;.,) = Op(1). By Equations 2.3.1, 2.3.2, and 2.3.4, we

have

Xln,T = 1) m(Xln)
Po(X1m) \/_po Xin)

v ( (1 —~ )2 .
__vn Xl)>< (Z2/2
T exp on+1\/n Z exp(Z,,/2)

Ry(X1) = n¥/2 2t

where Z, = (1/y/n) >, Xi ~ N(0,1) for each n € {1,2,...}. Since Z, = Op(1)
then we conclude that R;(Xj.,) = Op(1). This completes the proof. O



CHAPTER THREE

Inconsistency of Pitman—Yor
process mixtures for the number

of components
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3.1 Introduction

In many applications, a finite mixture is a natural model, but it can be difficult to
choose an appropriate number of components. To circumvent this choice, investiga-
tors are increasingly turning to Dirichlet process mixtures (DPMs), and Pitman—Yor
process mixtures (PYMs), more generally. While these models may be well-suited for
Bayesian density estimation, some investigators are using them for inferences about
the number of components, by considering the posterior on the number of compo-
nents represented in the observed data. We show that this posterior is not consistent
— that is, on data from a finite mixture, it does not concentrate at the true number
of components. This result applies to a large class of nonparametric mixtures, in-
cluding DPMs and PYMs, over a wide variety of families of component distributions,
including essentially all discrete families, as well as continuous exponential families

satisfying mild regularity conditions (such as multivariate Gaussians).!

3.1.1 A motivating example

In population genetics, determining the “population structure” is an important step
in the analysis of sampled data. As an illustrative example, consider the impala, a
species of antelope in southern Africa. Impalas are divided into two subspecies: the
common impala occupying much of the eastern half of the region, and the black-faced
impala inhabiting a small area in the west. While common impalas are abundant,
the number of black-faced impalas has been decimated by drought, poaching, and
declining resources due to human and livestock expansion. To assist conservation

efforts, Lorenzen et al. (2006) collected samples from 216 impalas, and analyzed the

I The material in this chapter appears in a manuscript that has been submitted for publication;
see Miller and Harrison (2013b).
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genetic variation between/within the two subspecies.

A key part of their analysis consisted of inferring the population structure — that
is, partitioning the data into distinct populations, and in particular, determining how
many such populations there are. To infer the impala population structure, Lorenzen
et al. employed a widely-used tool called STRUCTURE (Pritchard et al., 2000) which,
in the simplest version, models the data as a finite mixture, with each component
in the mixture corresponding to a distinct population. STRUCTURE uses an ad hoc

method to choose the number of components, but this comes with no guarantees.

Seeking a more principled approach, Pella and Masuda (2006) proposed using
a Dirichlet process mixture (DPM). Now, in a DPM, the number of components is
infinite with probability 1, and thus the posterior on the number of components is
always, trivially, a point mass at infinity. Consequently, Pella and Masuda instead
employed the posterior on the number of clusters (that is, the number of compo-
nents used in generating the data observed so far) for inferences about the number
of components. (The terms “component” and “cluster” are often used interchange-
ably, but we make the following crucial distinction: a component is part of a mixture
distribution, while a cluster is the set of indices of datapoints coming from a given
component.) This DPM approach was implemented in a software tool called STRUC-
TURAMA (Huelsenbeck and Andolfatto, 2007), and demonstrated on the impala data

of Lorenzen et al.; see Figure 3.1(a).

STRUCTURAMA has gained acceptance within the population genetics commu-
nity, and has been used in studies of a variety of organisms, from apples and av-
ocados, to sardines and geckos (Richards et al., 2009, Chen et al., 2009, Gonzalez
and Zardoya, 2007, Leaché and Fujita, 2010). Studies such as these can carry signif-

icant weight, since they may be used by officials to make informed policy decisions
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Figure 3.1: Estimated DPM posterior distribution of the number of clusters: (a) For
the impala data of Lorenzen et al. (n = 216 datapoints). Our empirical results, shown
here, agree with those of Huelsenbeck and Andolfatto. (b) For bivariate Gaussian
data from a four-component mixture; see Figure 3.2. Each plot is the average over
10 independently-drawn datasets. (Lines drawn for visualization purposes only.)
(For (a) and (b), estimates were made via Gibbs sampling, with 10 burn-in sweeps
and 10° sample sweeps.)

regarding agriculture, conservation, and public health.

More generally, in a number of applications the same scenario has played out: a
finite mixture seems to be a natural model, but requires the user to choose the number
of components, while a Dirichlet process mixture offers a convenient way to avoid this
choice. For nonparametric Bayesian density estimation, DPMs are indeed attractive,
since the posterior on the density exhibits nice convergence properties; see Section
3.1.3. However, in several applications, investigators have drawn inferences from the
posterior on the number of clusters — not just the density — on the assumption that
this is informative about the number of components. Further examples include gene
expression profiling (Medvedovic and Sivaganesan, 2002), haplotype inference (Xing
et al., 2006), econometrics (Otranto and Gallo, 2002), and evaluation of inference
algorithms (Fearnhead, 2004). Of course, if the data-generating process is well-
modeled by a DPM (and in particular, there are infinitely many components), then
it is sensible to use this posterior for inference about the number of components
represented so far in the data — but that does not seem to be the perspective of

these investigators, since they measure performance on simulated data coming from
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Figure 3.2: A typical partition sampled from the posterior of a Dirichlet process
mixture of bivariate Gaussians, on simulated data from a four-component mixture.
Different clusters have different marker shapes (4, x, v, A,0,0) and different colors.
Note the tiny “extra” clusters (O and O), in addition to the four dominant clusters.

finitely many components or populations. (To be clear, we should note that although
several investigators have used DPMs in this way, most of those who are familiar

with nonparametric models are well aware that this usage is questionable.)

Therefore, it is important to understand the properties of this procedure. Sim-
ulation results give some cause for concern; for instance, Figures 3.1(b) and 3.2
display results for data from a mixture of two-dimensional Gaussians with four com-
ponents. Partitions sampled from the posterior often have tiny “extra” clusters, and
the posterior on the number of clusters does not appear to be concentrating as the
number of datapoints n increases. This raises a fundamental question that has not
been addressed in the literature: With enough data, will this posterior eventually

concentrate at the true number of components? In other words, is it consistent?
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3.1.2 Overview of results

In this chapter, we prove that under fairly general conditions, when using a Dirichlet
process mixture, the posterior on the number of clusters will not concentrate at any
finite value, and therefore will not be consistent for the number of components in a
finite mixture. In fact, our results apply to a large class of nonparametric mixtures
including DPMs, and Pitman—Yor process mixtures (PYMs) more generally, over a

wide variety of families of component distributions.

Before treating our general results and their prerequisite technicalities, we would
like to highlight a few interesting special cases that can be succinctly stated. The
terminology and notation used below will be made precise in later sections. To
reiterate, our results are considerably more general than the following corollary,

which is simply presented for the reader’s convenience.

Corollary 3.1.1. Consider a Pitman—Yor process mixture with component distribu-

tions from one of the following families:

(a) Normal(u, X)) (multivariate Gaussian),
(b) Exponential(6),

(¢) Gamma(a, b),

(d) Log-Normal(u, 0?), or

(e) Weibull(a, b) with fized shape a > 0,

along with a base measure that is a conjugate prior of the form in Section 3.5.2, or
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(f) any discrete family {Py} such that (,{z : Py(x) > 0} # @ (e.g., Poisson,

Geometric, Negative Binomial, Binomial, Multinomial, etc.),

along with any continuous base measure. Consider any t € {1,2,...}, except for
t = N in the case of a Pitman—Yor process with parameters o <0 and 9 = Nlo|. If
X1, Xo, ... are i.i.d. from a mizture with t components from the family used in the
model, then the posterior on the number of clusters T,, is not consistent fort, and in
fact,

limsup p(T,, =t | Xy,..., X,) <1

n—oo

with probability 1.

This is implied by Theorems 3.3.4, 3.4.1, and 3.6.2. These more general theorems
apply to a broad class of partition distributions, handling Pitman—Yor processes as
a special case, and they apply to many other families of component distributions:
Theorem 3.6.2 covers a large class of exponential families, and Theorem 3.4.1 covers
families satisfying a certain boundedness condition on the densities (including any
case in which the model and data distributions have one or more point masses in
common, as well as many location—scale families with scale bounded away from
zero). Dirichlet processes are subsumed as a further special case, being Pitman—Yor
processes with parameters ¢ = 0 and ¥ > 0. Also, the assumption of i.i.d. data from

a finite mixture is much stronger than what is required by these results.

Regarding the exception of t = N when o < 0 in Corollary 3.1.1: posterior con-
sistency at t = N is possible, however, this could only occur if the chosen parameter
N just happens to be equal to the actual number of components, t. On the other
hand, consistency at any ¢ can (in principle) be obtained by putting a prior on N;

see Section 3.1.3 below. In a similar vein, some investigators place a prior on the
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concentration parameter ¥ in a DPM, or allow ¢ to depend on n; we conjecture that
inconsistency can still occur in these cases, but in this work, we examine only the

case of fixed o and 9.

3.1.3 Discussion / related work

We would like to emphasize that this inconsistency should not be viewed as a defi-
ciency of Dirichlet process mixtures, but is simply due to a misapplication of them.
As flexible priors on densities, DPMs are superb, and there are strong results showing
that in many cases the posterior on the density converges in L to the true density at
the minimax-optimal rate, up to a logarithmic factor (see Scricciolo (2012), Ghosal
(2010) and references therein). Further, Nguyen (2013) has recently shown that the
posterior on the mixing distribution converges in the Wasserstein metric to the true
mixing distribution. However, these results do not necessarily imply consistency for
the number of components, since any mixture can be approximated arbitrarily well
in these metrics by another mixture with a larger number of components (for in-
stance, by making the weights of the extra components infinitesimally small). There
seems to be no prior work on consistency of DPMs (or PYMs) for the number of
components in a finite mixture (aside from Miller and Harrison (2013a) — appearing
here as Chapter 2 — in which we discuss the very special case of a DPM on data

from a univariate Gaussian “mixture” with one component of known variance).

In the context of “species sampling”, several authors have studied the Pitman—
Yor process posterior (see James (2008), Jang et al. (2010), Lijoi et al. (2007) and
references therein), but this is very different from our situation — in a species sam-
pling model, the observed data is drawn directly from a measure with a Pitman—Yor

process prior, while in a PYM model, the observed data is drawn from a mixture
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with such a measure as the mixing distribution.

Rousseau and Mengersen (2011) proved an interesting result on “overfitted” mix-
tures, in which data from a finite mixture is modeled by a finite mixture with too
many components. In cases where this approximates a DPM, their result implies
that the posterior weight of the extra components goes to zero. In a rough sense,
this is complementary to our results, which involve showing that there are always

some nonempty (but perhaps small) extra clusters.

Empirically, many investigators have noticed that the DPM posterior tends to
overestimate the number of components (e.g. West et al. (1994), Lartillot and
Philippe (2004), Onogi et al. (2011)), and such observations are consistent with
our theoretical results. This overestimation seems to occur because there are typ-
ically a few tiny “extra” clusters. Among researchers using DPMs for clustering,
this is an annoyance that is often dealt with by pruning such clusters — that is,
by simply ignoring them when calculating statistics such as the number of clusters.
It may be possible to obtain consistent estimators in this way, but this remains an

open question; Rousseau and Mengersen’s (2011) results may be applicable here.

Under the (strong) assumption that the family of component distributions is
correctly specified, one can obtain posterior consistency by simply putting a prior
on the number of components in a finite mixture (Nobile, 1994). (It turns out
that putting a prior on N in a PYM with ¢ < 0, ¥ = N|o| is a special case of
this (Gnedin and Pitman, 2006).) That said, it seems likely that such estimates
will be severely affected by misspecification of the model, which is inevitable in
most applications. Robustness to model misspecification seems essential for reliable
estimation of the number of components, for real-world data. Other approaches have

also been proposed for estimating the number of components (Henna, 1985, Keribin,
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2000, Leroux, 1992, Ishwaran et al., 2001, James et al., 2001, Henna, 2005), and
steps toward addressing the issue of robustness have been taken by Woo and Sriram

(2006, 2007).

3.1.4 Intuition for the result

To illustrate the intuition behind this inconsistency, consider a Dirichlet process
with concentration parameter ¢ = 1. (Similar reasoning applies for any Pitman—Yor
process with ¢ > 0, but the o < 0 case is somewhat different.) It is tempting to
think that the prior on the number of clusters is the culprit, since (as is well-known)
it diverges as n — oco. Surprisingly, this does not seem to be the main reason why

inconsistency occurs.

Instead, the right intuition comes from examining the prior on partitions, given
the number of clusters. The prior on ordered partitions A = (Ay,..., A;) is p(A4) =
(n! )~ [T, (a;—1)!, where ¢ is the number of parts (i.e. clusters) and a; = |A;| is the
size of the ith part. (The ¢! comes from uniformly permuting the parts; see Section
3.2.1.) Since there are n!/(ay!- - a;!) such partitions with part sizes (ai,...,a;), the
conditional distribution of the sizes (a1, ..., a;) given ¢ is proportional to a;* - - - a;*
(subject to the constraint that Y  a; = n). See Figure 3.3 for the case of ¢t = 2.

The key observation is that, for large n, this conditional distribution is heavily

concentrated in the “corners”, where one or more of the a;’s is small.

By pursuing this line of thought, one can show that the probability of drawing a
partition with ¢+ 1 parts and one or more of the a;’s equal to 1 is, at least, the same
order of magnitude (with respect to n) as the probability of drawing a partition with

t parts. This leads to the basic idea of the proof — if the likelihood of the data is
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Figure 3.3: The cumulative distribution function of the conditional distribution of a;
given that t = 2, for a Dirichlet process with ¥ = 1. As n increases, the distribution
becomes concentrated at the extremes.

also the same order of magnitude, then the posterior probability of £ + 1 will not be
too much smaller than that of . Roughly speaking, the posterior will always find it
reasonably attractive to split off one element as a singleton. Handling the likelihood

is the difficult part, and occupies the bulk of the proof.

3.1.5 Organization of this chapter

In Section 3.2, we define Gibbs partition mixture models, which includes Pitman—Yor
and Dirichlet process mixtures as special cases. In Section 3.3, we prove a general
inconsistency theorem for Gibbs partition mixtures satisfying certain conditions. In
Section 3.4, we apply the theorem to cases satisfying a certain boundedness condition
on the densities, including discrete families as a special case. In Section 3.5, we
introduce notation for exponential families and conjugate priors, and in Section
3.6, we apply the theorem to cases in which the mixture is over an exponential
family satisfying some regularity conditions. The remainder of the chapter proves
the key lemma used in this application. In Section 3.7, we obtain certain inequalities
involving the marginal density under an exponential family with conjugate prior.
In Section 3.8, we prove the key lemma of Section 3.6: an inequality involving the
marginal density of any sufficiently large subset of the data. Sections 3.9, 3.10, 3.11,

and 3.12 contain various supporting results.
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3.2 Model distribution

Our analysis involves two probability distributions: one which is defined by the
model, and another which gives rise to the data. In this section, we describe the

model distribution.

Building upon the Dirichlet process (Ferguson, 1973, Blackwell and MacQueen,
1973, Antoniak, 1974), Dirichlet process mixtures were first studied by Antoniak
(1974) (who also considered the mixtures of Dirichlet processes arising in the poste-
rior), Berry and Christensen (1979), Ferguson (1983), and Lo (1984), and were later
made practical through the efforts of a number of authors (Escobar, 1988, MacEach-
ern, 1994, Escobar and West, 1995, West, 1992, West et al., 1994, Neal, 1992, Liu,
1994, Bush and MacEachern, 1996, MacEachern and Miiller, 1998, MacEachern,
1998, Escobar and West, 1998, MacEachern et al., 1999, Neal, 2000). Pitman—Yor
process mixtures (Ishwaran and James, 2003) are a generalization of DPMs based on
the Pitman—Yor process (Perman et al., 1992, Pitman and Yor, 1997), also known
as the two-parameter Poisson—Dirichlet process. The model we consider is, in turn,
a generalization of PYMs based on the family of Gibbs partitions (Pitman, 2006,
Gnedin and Pitman, 2006).

3.2.1 Gibbs partitions

We will use p(-) to denote probabilities and probability densities under the model.
Our model specification begins with a distribution on partitions, or more precisely,
on ordered partitions. Given n € {1,2,...} and t € {1,...,n}, let A;(n) denote

the set of all ordered partitions (Ay,...,A;) of {1,...,n} into ¢ nonempty sets (or
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“parts”). In other words,

¢
Ai(n) = {(Al, A D Ag, L Ay are disjoint, UAi ={1,...,n}, |[A| >1 Vi}.
i=1
For each n € {1,2, ...}, consider a probability mass function (p.m.f.) on (J;_, A(n)

of the form

t

p(A) = v, () [ Jwa(l4:l) (3.2.1)

i=1

for A € Ai(n), where v, : {1,...,n} — [0,00) and w, : {1,...,n} — [0,00).
This induces a distribution on ¢ in the natural way, via p(t | A) = I(A € Ai(n)).
(Throughout, we use I to denote the indicator function: I(F) is 1 if E is true, and

0 otherwise.) It follows that p(A) = p(A,t) when A € A;(n).

Although it is more common to use a distribution on wnordered partitions
{Ay,..., A}, for our purposes it is more convenient to work with the corresponding
distribution on ordered partitions (A, ..., A;) obtained by uniformly permuting the
parts. This does not affect the distribution of ¢. Under this correspondence, any
p-m.f. as in Equation 3.2.1 corresponds to a member of the class of “exchangeable
partition probability functions”, or EPPFs (Pitman, 2006). In particular, for any
given n it yields an EPPF in “Gibbs form”, and a random partition from such an
EPPF is called a Gibbs partition (Pitman, 2006). (Note: We do not assume that, as
n varies, the sequence of p.m.f.s in Equation 3.2.1 necessarily satisfies the marginal-

ization property referred to as “consistency in distribution”.)

For example, to obtain the partition distribution for a Dirichlet process, we can
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choose

vn(t) = % and  wy(a) = (a—1)! (3.2.2)

where ¥ > 0 and @45 = x(z+0)(x+26) - - - (x+(n—1)J), with xo1s = 1 by convention.
(The ¢! in the denominator appears since we are working with ordered partitions.)
More generally, to obtain the partition distribution for a Pitman—Yor process, we

can choose

(19 + U)t—chr
(04 1)p—1p1 t!

v (t) = and  wy(a) = (1 —0)q—111 (3.2.3)

where either o € [0,1) and ¥ € (—0,00), or 0 € (—00,0) and ¥ = N|o| for some
N € {1,2,...} (Ishwaran and James, 2003). When ¢ = 0, this reduces to the
partition distribution of a Dirichlet process. When o < 0 and ¢ = N|o]|, it is the
partition distribution obtained by drawing ¢ = (q1,...,qy) from a symmetric N-
dimensional Dirichlet with parameters |o|, ..., |o|, sampling assignments 71, ..., Z,
i.i.d. from ¢, and removing any empty parts (Gnedin and Pitman, 2006). Thus, in

this latter case, t is always in {1,..., N}.
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3.2.2 Gibbs partition mixtures

Consider the hierarchical model

p(A,t) = p(A) = vn(t) H wa(|A:]), (3.2.4)

~+

P01y | At) = Hw(ei),

p(@rn | O, At) = ] 11 o),
i=1 jeA;
where 7 is a prior density on component parameters # € © C RF for some &, and
{pe : 0 € O} is a parametrized family of densities on z € X C R? for some d. Here,
Tim = (T1,...,2,) With x; € X, 014 = (01,...,0;) with §; € ©, and A € Ai(n).
Assume that 7 is a density with respect to Lebesgue measure, and that {ps : 0 € O}
are densities with respect to some sigma-finite Borel measure A on X, such that
(0,2) — pe(x) is measurable. (Of course, the distribution of x under py(z) may be

discrete, continuous, or neither, depending on the nature of \.)

For z1,...,x, € X and J C {1,...,n}, define the single-cluster marginal,

m(zy) = / (TLeotay)) =(6) do, (3.2.5)

© "jes
where z; = (x; : j € J), and assume m(x;) < co. By convention, m(x;) = 1 when
J = @. Note that m(x) is a density with respect to the product measure \* on X%,

where ¢ = |J|, and that m(x;) can (and often will) be positive outside the support

of M.

Definition 3.2.1. We refer to such a hierarchical model as a Gibbs partition mizture

model.
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(Note: This is, perhaps, a slight abuse of the term “Gibbs partition”, since we
allow v,, and w, to vary arbitrarily with n.) In particular, it is a Dirichlet process
maxture model when v, and w,, are as in Equation 3.2.2, or more generally, a Pitman—

Yor process mixture model when v,, and w,, are as in Equation 3.2.3.

We distinguish between the terms “component” and “cluster”: a component of
a mixture is one of the distributions used in it (e.g. py,), while a cluster is the set
of indices of datapoints coming from a given component (e.g. A;). The prior on
the number of clusters under such a model is p,(t) = >_ 4 4,(m) P(A). We use T,
rather than 7', to denote the random variable representing the number of clusters,

as a reminder that its distribution depends on n.

Since we are concerned with the posterior p(T,, = t | z1.,) on the number of

clusters, we will be especially interested in the marginal density of (z1.,,1), given by

p<x1:n7Tn = t) = Z p(xl:naelzuAat) del:t
A€Ai(n)

= > p(A)lj/<Hpe,.(fcj)>7T(9¢)d9¢

A€Ai(n) JEA;

= Y p(4) Hm(xAi). (3.2.6)

A€eAi(n)

As usual, the posterior p(7,, =t | x1.,) is not uniquely defined, since it can be
modified arbitrarily on any subset of X" having probability zero under the model

distribution. For definiteness, we will employ the usual version of this posterior,

p(xl:ran = t) _ p(xl:na Tn = t)
p($1:n) Z:/ozl p($1:n7 Tn = t/)

p(T =t 210m) =

whenever the denominator is nonzero, and p(7, = t | x1.,) = 0 otherwise (for
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notational convenience).

3.3 Inconsistency theorem

The essential ingredients in the main theorem are Conditions 3.3.1 and 3.3.2 below.
For each n € {1,2,...}, consider a partition distribution as in Equation 3.2.1. For

n >t > 1, define
wn(a)

n(t
Cw, = Mmax and ¢, (t) = U—(),
a€{2,..n} awy(a — 1) wy(1) v (t+1)

with the convention that 0/0 = 0 and y/0 = oo for y > 0.

Condition 3.3.1. Assume limsup,,_, ., ¢,, < 00 and limsup,,_,.. ¢, (t) < 0o, given

some particular t € {1,2,...}.

For Pitman—Yor processes, Condition 3.3.1 holds for all relevant values of ¢, by
Proposition 3.3.3 below. Now, consider a collection of single-cluster marginals m(+)

as in Equation 3.2.5. Given n >t > 1, zy,..., 2, € X, and ¢ € [0, 00), define

. 1
Sot(xl:na C) - Aénflltl(ln) E|SA($1:717 C)|

where Sa(x1.,,c) is the set of indices j € {1,...,n} such that the part A, containing

J satisfies m(z4,) < ecm(xa,;)m(z;).

Condition 3.3.2. Given a sequence of random variables X1, Xo,... € X, a collection

of single-cluster marginals m(-), and t € {1,2,...}, assume

sup liminf ¢y(X1.,,¢) > 0 with probability 1.

c€[0,00) T
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Note that Condition 3.3.1 involves only the partition distributions, while Condi-

tion 3.3.2 involves only the data distribution and the single-cluster marginals.
Proposition 3.3.3. Consider a Pitman—Yor process. If o € [0,1) and ¥ € (—o,00)

then Condition 3.5.1 holds for any t € {1,2,...}. If o € (—00,0) and ¥ = N|o|,

then it holds for any t € {1,2,...} except N.

Proof. This is a simple calculation. See Section 3.9. m

Theorem 3.3.4. Let X1, Xs,... € X be a sequence of random variables (not neces-
sarily i.1.d.). Consider a Gibbs partition mizture model. For any t € {1,2,...}, if

Conditions 3.3.1 and 3.3.2 hold, then

limsup p(T,, =t | X1.,) < 1 with probability 1.

n—o0

If, further, the sequence Xy, Xo, ... is i.i.d. from a mizxture with t components, then

with probability 1 the posterior of T,, (under the model) is not consistent for t.

Proof. This follows easily from Lemma 3.3.5 below. See Section 3.9. m
Lemma 3.3.5. Consider a Gibbs partition mixture model. Let n > t > 1,
X1y, Ty € X, and ¢ € [0,00). If i(x1m,¢) > t/n, ¢y, < 00, and ¢, (1) < o0,
then

Ot(l‘lz’mc)
Tn =t n S T o~
p( | o ) ]- + Ct(xl:na C)

where Cy(x1.n,¢) = tCCy,Co, (1)) (0e(T1m,¢) — t/n).

Proof. To simplify notation, let us denote ¢ = @i(z1.0,¢), C = Cy(x1.4,c), and
Sa = Sa(xim,c) for A € Ay(n). Given J C {1,...,n} such that |J| > 1, define

hy = wa([J]) m(z.).
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For A € Ai(n), let Ry = Sa (Ui:|Ai|:1 A@-), that is, R4 consists of those 7 € Sy

such that the size of the part A, containing j is greater than 1. Note that

[Ral > [Sal =t > np—1>0.

For any j € R4, the part A, containing j satisfies

ha, = wn(|Adl) m(2a,)
< Cu, |[Aef wn([Ad] = 1) wa (1) em(@a, ;) m(z;)

< nccey, ha,jh;.

(3.3.1)

(3.3.2)

Given j € Ry, define B(A, j) to be the element B of A;;1(n) such that B; = A; \ j

fori=1,...,t,and B, = {j} (that is, remove j from whatever part it belongs to,

and make {j} the (¢ + 1)*™® part). Define

Ya={B(A,j):j€ Ra}.

Now, using Equations 3.3.1 and 3.3.2, for any A € A;(n) we have

t 1 t
Hhm Imz Z hAthAi

(=1 jERANA, 1£L
t
1
< nw—tz > necw haghy [ ha,
(=1 jeRANAy i£L

ce t+1
| (T

gp JER, i=1

t+1

LY [HhBi}[(BeyA).

—t
¥ /n BeAiy1(n) =1

(3.3.3)
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For any B € A;11(n),
#{A € An): BeYa} <t, (3.3.4)

since there are only ¢ parts that B;,; could have come from. Therefore,

p(T1m, T = t) ®) Z Hm Ta,)

AeAi(n)

= > vn(t)HhAi

AeAi(n)

—~
=

t+1

chn
ey O DIED DR | | A HEES
AEAt (n) BEAy1(n) i=1
t+1

=i ® 3 [IInml#{acam: e

BeAt+1(n)

—~
I/\SL

t+1

(d)
S—CC“’“C;’”( t+1) ¥ [th]
—t/n BeAiri(n) i=1
t+1

1 CCy, Cy, (T
:goT/n() > P(B)il:[lm(wBi)

BeAi+1(n)

=C p(xlzn;Tn =t+ 1)7

where (a) is from Equation 3.2.6, (b) is from Equation 3.2.4 and the definition of h;

above, (c) follows from Equation 3.3.3; and (d) follows from Equation 3.3.4.

If p(T,, =t | x1.,) = 0, then trivially p(T,, =t | 1.,) < C/(C + 1). On the other

hand, if p(T,, =t | 1.,) > 0, then p(z1.,, T, = t) > 0, and therefore

p(xlznyTn = t)
Ty =t ] 1) = —
p( | L1 ) Zt’:l p(‘Tl;an — t/)
p(xl:naTn = t) < C 0

o p(xl:n>Tn = t) +p(gj1:naTn =t+ 1) o O+ 1
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3.4 Application to discrete or bounded cases

By Theorem 3.3.4, the following result implies inconsistency in a large class of PYM
models, including essentially all discrete cases (or more generally anything with at

least one point mass) and a number of continuous cases as well.

Theorem 3.4.1. Consider a family of densities {ps : 0 € ©} on X along with a prior
m on © and the resulting collection of single-cluster marginals m(-) as in Equation
3.2.5. Let X1, X,,... € X be a sequence of random variables (not necessarily i.i.d.).

If there exists U C X such that

1 n
(1) liminf — Z](Xj € U) > 0 with probability 1, and

n—oo N ~

(2) sup{pe(x) cx el 0e @} < 0o (where 0/0 =0, y/0 = oo fory >0),

m(z)

then Condition 3.3.2 holds for all t € {1,2,...}.

Proof. Suppose U C X satisfies (1) and (2), and let t € {1,2,...}. Define ¢ =

sup { 2@ cx €U, 0 €0} Let n>tandx,...,2, € X. Now, for any = € U and

m(z)

8 € ©, we have py(z) < cm(z). Hence, for any J C {1,...,n},if je€ Jand z; € U

then

m(zy) :/pg T, [ H po(z; } )dO < cm(z;)m(zy;). (3.4.1)

ie€J\j

Thus, letting R(x1.,) = {j e{l,...,n}:z; € U}, we have R(x1.,) C Sa(x1.p,c) for
any A € Ay(n), and hence, ¢;(21.0,¢) > 2|R(z1.)].
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Therefore, by (1), with probability 1,

1
liminf ¢;(Xi.,,¢) > liminf —|R(X1.,)| > 0. O

n—oo n—oo N

The preceding theorem covers a fairly wide range of cases; here are some exam-

ples. Consider a model with {py}, 7, A, and m(-), as in Section 3.2.

(i) Finite sample space. Suppose X is a finite set, A is counting measure, and
m(z) > 0 for all x € X. Then choosing U = X, conditions (1) and (2) of The-
orem 3.4.1 are trivially satisfied, regardless of the distribution of X, X5, ....
(Note that when A is counting measure, py(x) and m(z) are p.m.f.s on X.) It
is often easy to check that m(z) > 0 by using the fact that this is true when-
ever {6 € © : pg(x) > 0} has nonzero probability under 7. This case covers,
for instance, Multinomials (including Binomials), and the population genetics

model from Section 3.1.1.

We should mention a subtle point here: when X is finite, mixture identifia-
bility might only hold up to a certain maximum number of components (e.g.,
Teicher (1963), Proposition 4, showed this for Binomials), making consistency
impossible in general — however, consistency might still be possible within that
identifiable range. Regardless, our result shows that PYMs are not consistent
anyway.

Now, suppose P is a probability measure on X, and X, X, ... X P. Let us

abuse notation and write P(z) = P({z}) and A(x) = A\({z}) for x € X.

(ii) One or more point masses in common. If there exists zg € X such

that P(xzo) > 0, A(zg) > 0, and m(xy) > 0, then it is easy to verify that
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conditions (1) and (2) are satisfied with U = {zo}. (Note that A(zg) > 0

implies py(xg) < 1/A(xp) for any 6 € ©.)

Discrete families. Case (ii) essentially covers all discrete families — e.g.,
Poisson, Geometric, Negative Binomial, or any power-series distribution (see
Sapatinas (1995) for mixture identifiability of these) — provided that the data
is i.i.d.. For, suppose X is a countable set and A is counting measure. By
case (ii), the theorem applies if there is any zy € X such that m(zg) > 0 and
P(xg) > 0. If this is not so, the model is extremely misspecified, since then

the model distribution and the data distribution are mutually singular.

Continuous densities bounded on some non-null compact set. Suppose
there exists ¢ € (0,00) and U C X compact such that

(a) P(U) >0,

(b) x + pg(z) is continuous on U for all § € O, and

(c) po(z) € (0,c] forallz € U, 6 € ©.
Then condition (1) is satisfied due to item (a), and condition (2) follows eas-
ily from (b) and (c) since m(z) is continuous (by the dominated convergence
theorem) and positive on the compact set U, so inf,cpy m(x) > 0. This case
covers, for example, the following families (with any P):

(a) Exponential(f), X = (0, c0),

(b) Gamma(a,b), X = (0,00), with variance a/b* bounded away from zero,

(c) Normal(y,¥), X = R, (multivariate Gaussian) with det(¥) bounded

away from zero, and

(d) many location—scale families with scale bounded away from zero (for in-

stance, Laplace(u, o) or Cauchy(p, o), with 0 > ¢ > 0).
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The examples listed in item (iv) are indicative of a deficiency in Theorem 3.4.1:
condition (2) is not satisfied in some important cases, such as multivariate Gaussians
with unrestricted covariance. Showing that Condition 3.3.2 still holds, for many

exponential families at least, is the objective of the remainder of the chapter.

3.5 Exponential families and conjugate priors

3.5.1 Exponential families

In this section, we make the usual definitions for exponential families and state the
regularity conditions to be assumed. Consider an exponential family of the following
form. Fix a sigma-finite Borel measure A on X C R? such that A\(X) # 0, let
s : X — RF be Borel measurable, and for § € © C R¥, define a density py with

respect to A by setting

po(x) = exp(0's(x) — K(0))

where

k(0) = log/)(exp(@Ts(a;)) d\(z).

Let Py be the probability measure on X corresponding to py, that is, Py(E) =
[ po(z) dX(z) for E C X measurable. Any exponential family on R? can be written
in the form above by reparametrizing if necessary, and choosing A appropriately. We

will assume the following (very mild) regularity conditions.

Conditions 3.5.1. Assume the family {P, : 6 € ©} is:

(1) full, that is, © = {0 € R* : (0) < oo},
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(2) nonempty, that is, © # &,
(3) regular, that is, © is an open subset of R¥, and

(4) identifiable, that is, if 0 # 0" then Py # Py.

Most commonly-used exponential families satisfy Conditions 3.5.1, including mul-
tivariate Gaussian, Gamma, Poisson, Exponential, Geometric, and others. (A no-
table exception is the Inverse Gaussian, for which © is not open.) Let M denote the

moment space, that is,

M = {Eys(X): 0 € O}

where Ey denotes expectation under Py. Finiteness of these expectations is guaran-
teed, thus M C R¥; see Section 3.10 for this and other well-known properties that

we will use.

3.5.2 Conjugate priors

Given an exponential family { P} as above, let
2= {(g,u) EeRM, v>0st. &/ G/\/l},
and consider the family {m¢, : (§,v) € =} where
e (6) = exp (€70 — vn(6) — U(E.0)) 1(0 € ©)

is a density with respect to Lebesgue measure on R*. Here,

Y€ v) = log/ exp (€70 — vk(0)) df.

S}



44

In Section 3.10, we note a few basic properties of this family — in particular, it is a

conjugate prior for {Fp}.

Definition 3.5.2. We will say that an exponential family with conjugate prior is

well-behaved if it takes the form above, satisfies Conditions 3.5.1, and has (§,v) € Z.

3.6 Application to exponential families

In this section, we apply Theorem 3.3.4 to prove that in many cases, a PYM model
using a well-behaved exponential family with conjugate prior will exhibit inconsis-

tency for the number of components.

Conditions 3.6.1. Consider an exponential family with sufficient statistics function
s: X — R* and moment space M. Given a probability measure P on X, let X ~ P

and assume:

(1) Els(X)] < o0,
(2) P(s(X) e M) =1, and

(3) P(s(X) € L) =0 for any hyperplane L that does not intersect M.

Throughout, we use | - | to denote the Euclidean norm. Here, a hyperplane refers
to aset L = {z € R* : 2Ty = b} for some y € R* < {0}, b € R. In Theorem 3.6.2
below, it is assumed that the data comes from a distribution P satisfying Conditions
3.6.1. In Proposition 3.6.3, we give some simple conditions under which, if P is
a finite mixture from the exponential family under consideration, then Conditions

3.6.1 hold.
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The following theorem follows almost immediately from Lemma 3.8.4, the proof

of which will occupy most of the remainder of the chapter.

Theorem 3.6.2. Consider a well-behaved exponential family with conjugate prior

(as in Definition 3.5.2), along with the resulting collection of single-cluster marginals

m(-). Let P be a probability measure on X satisfying Conditions 3.6.1 (for the s and
iid

M from the exponential family under consideration), and let Xy, Xo,... ~ P. Then
Condition 3.3.2 holds for any t € {1,2,...}.

Proof. Let t € {1,2,...} and choose ¢ according to Lemma 3.8.4 with 5 = 1/t. We
will show that for any n > t, if the event of Lemma 3.8.4 holds, then ¢ (Xi.,,¢) >
1/(2t). Since with probability 1, this event holds for all n sufficiently large, it will

follow that with probability 1, liminf, ¢;(X1.,,¢) > 1/(2t) > 0.

So, let n > t and zy,...,x, € X, and assume the event of Lemma 3.8.4 holds.
Let A € Ai(n). There is at least one part A, such that |4,] > n/t = fn. Then,
by assumption there exists R4 C Ay such that |R4| > %]Ad and for any j € Ry,
m(za,) < cm(xa,;)m(x;). Thus, R4 C Sa(x1.p,c), hence |Sa(z1m,c)| > |Ra| >

$|A¢l = n/(2t). Since A € Ay(n) was arbitrary, ¢y(z1.,, c) > 1/(2t). O

This theorem implies inconsistency in several important cases. In particular, it
can be verified that each of the following is well-behaved (when put in canonical form
and given the conjugate prior in Section 3.5.2) and, using Proposition 3.6.3 below,

that if P is a finite mixture from the same family then P satisfies Conditions 3.6.1:

(a) Normal(u, ) (multivariate Gaussian),

(b) Exponential(f),
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(c) Gamma(a,b),
(d) Log-Normal(u,0?), and

(e) Weibull(a, b) with fixed shape a > 0.

Combined with the cases covered by Theorem 3.4.1, these results are fairly compre-

hensive.

Proposition 3.6.3. Consider an exponential family {Pp : 6 € O} satisfying Con-
ditions 3.5.1. If X ~ P = Y. miPsu for some 0(1),...,0(t) € © and some

1, ...,m > 0 such that 25:1 m; = 1, then

(1) E|s(X)| < 00, and

(2) P(s(X) € M) = 1.

If, further, the exponential family is continuous (that is, the underlying measure \ is
absolutely continuous with respect to Lebesgue measure on X ), X C R? is open and
connected, and the sufficient statistics function s : X — R¥ is real analytic (that is,

each coordinate function s, ..., sy is real analytic), then

(3) P(s(X) € L) =0 for any hyperplane L C R*.

Proof. See Section 3.9. []

Sometimes, Condition 3.6.1(3) will be satisfied even when Proposition 3.6.3 is
not applicable. In any particular case, it may be a simple matter to check this
condition by using the characterization of M as the interior of the closed convex

hull of support(As™!) (see Proposition 3.10.1(8) in Section 3.10).
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3.7 Marginal inequalities

Consider a well-behaved exponential family with conjugate prior (as in Definition
3.5.2). In this section, we use some simple bounds on the Laplace approximation
(see Section 3.11) to prove certain inequalities involving the marginal density (from

Equation 3.2.5),

e = [ (o) rest6) o

of 1., = (x1,...,2,), where x; € X. Of course, it is commonplace to apply the
Laplace approximation to m(Xy.,) when Xj,..., X, are i.i.d. random variables. In
contrast, our application of it is considerably more subtle. For our purposes, it is
necessary to show that the approximation is good not only in the i.i.d. case, but in

fact whenever the sufficient statistics are not too extreme.

We make extensive use of the exponential family properties in Section 3.10, often
without mention. We use f’ to denote the gradient and f” to denote the Hessian of

a (sufficiently smooth) function f : R¥ — R. For u € M, define

ful0) = 0" — K(6),

L(p) = sup (67 — x(9)),

9e®
0, = argmax (0" — r(6)),
e
and note that 6, = «'~'(u) (Proposition 3.10.1). L is known as the Legendre
transform of x. Note that L(u) = f.(0,), and £ is C* smooth on M (since

L(p) = 0ip — k(0,), 0, = &' (), and both & and £'~' are C* smooth). De-
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fine

_ £+ Z?:l s(z;)

vV+n

(3.7.1)

/’Lxlzn

(cf. Equation 3.10.1), and given z1,, such that p,, € M, define
M(t1n) = (v +n) " exp (v +n) L{ky,,),

where k is the dimension of the sufficient statistics function s : X — R¥. The first
of the two results of this section provides uniform bounds on m(xy.,)/m(x;.,). Here,
m(z1.,) is only intended to approximate m(xi.,) up to a multiplicative constant —
a better approximation could always be obtained via the usual asymptotic form of

the Laplace approximation.

Proposition 3.7.1. Consider a well-behaved exponential family with conjugate
prior. For any U C M compact, there exist C1,Cy € (0,00) such that for any
ne{l,2,...} and any x1,...,x, € X salisfying u,,, € U, we have

m(T1.y)

Cl S o S C'2~
m(Z1:n)

Proof. Assume U # @, since otherwise the result is trivial. Let

V=k"NU)={0,:neU}.

It is straightforward to show that there exists € € (0, 1) such that V. C © where

V.={0cRF . d(9,V) <el.

(Here, d(0,V) = infgey [0 — 0'|.) Note that V. is compact, since =1 is continuous.
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Given a symmetric matrix A, define A\.(A) and A*(A) to be the minimal and maximal
eigenvalues, respectively, and recall that \,, A\* are continuous functions of the entries
of A. Letting

a=min \,(£"(f)) and S =max\*(x"(0)),

0eVe 0cVe

we have 0 < a < f < oo since V. is compact and A.(k"(+)), A*(k”(+)) are continuous

and positive on ©. Letting

¥ = sup AL / exp(f.(0))do = sup e L) ¥ (p:1)
nelu S) pnelU

we have 0 < 7 < oo since U is compact, and both £ (as noted above) and ¥ (u, 1)

(by Proposition 3.10.2) are continuous on M. Define

I, 0) = fu(6,) = fu(0) = L(p) — 0"+ K (6)

for p € M, 6 € ©. For any pp € M, we have that h(y, ) > 0 whenever § € ©~.{6,},
and that h(u,0) is strictly convex in 0. Letting B.(6,) = {0 € R* : |0 — 0,| < ¢}, it

follows that

d:=1inf inf  A(p,0)=inf inf  h(p, 0, +cu)

neU €O~ B:(0,) HEU yeRk:|u|=1

is positive, as the minimum of a positive continuous function on a compact set.

Now, applying the Laplace approximation bounds in Corollary 3.11.2 with
a, f3,7,0,¢ as just defined, we obtain ¢1,co € (0,00) such that for any p € U we
have (taking £ =0, f = —f,, 0 =0,, A= alyxy, B = Blixk)

) f@ exp(t fu(0))do
1= t—Fk/2 eXp(tf#(gu))

< ¢
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for any ¢t > 1. We prove the result with C; = ¢; e ?&) for i = 1, 2.

Let n € {1,2,...} and x4, ..., 2, € X such that p,,, € U. Choose t = v + n.

By integrating Equation 3.10.1, we have

mlann) = [ exp (e, (0)) 40

S}

and meanwhile,

T?L(.I'lm) = tik/z exp (tfﬂzhn (eﬂm:n )) '

Thus, combining the preceding three displayed equations,

0< Cl — Cle_"/’(gvl’) S M S 02@_¢(£’V) = 02 <oo. [

The second result of this section is an inequality involving a product of marginals.

Proposition 3.7.2 (Splitting inequality). Consider a well-behaved exponential fam-
ily with conjugate prior. For any U C M compact there exists C' € (0,00) such that

we have the following:

Foranyn e {1,2,...}, if AC{l,...,n} and B={1,...,n} A are nonempty,

and 1, ...,x, € X satisfy ‘7}| >jeas(x;) €U and pig, € U, then

m(x1.,) <C <a_b>k/2

m(za)m(xg) ~ v+n

where a = v + |A| and b=v + |B].

Proof. Let U’ be the convex hull of U U {£/v}. Then U’ is compact (as the convex

hull of a compact set in R¥) and U’ € M (since U U {£/v} C M and M is convex).
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We show that the result holds with C' = Cyexp(Cy)/C?, where C,Cy € (0,00) are

obtained by applying Proposition 3.7.1 to U’, and

Co =vsup [(§/v —y)'L'(y)| + v sup |L(y)| < co. (3.7.2)

yelU’ yelU’

Since L is convex (being a Legendre transform) and smooth, then for any

Y, 2 € M we have

I S(L+ plz =) — £0) = (==L )

(by e.g. Rockafellar (1970) 23.1) and therefore for any p € (0,1),

L(y) < L1 = p)y+pz) —plz —y)' L' (y). (3.7.3)

Choosing y = pig,.., 2 = &/v, and p = v/(n + 2v), we have

26+ 2521 5(%5) _ apig, + gy
2U4+n a+b

(1—=py+pz= (3.7.4)

Note that fiz,, feps, fhay., € U’, by taking various convex combinations of &/v,

ﬁszA S(xj)a Hep € U'. Thus7

(V + n)‘C(:ua:Ln) = (CL + b)ﬁ(y) - Vﬁ(y)

—~

< (a+bB)L((1 - py+ p2) — (a+ b)p(z — y)"L(y) — vL(y)

Afly, + Ofly,
< (a—i—b)ﬁ(%) + Co

N

—~
=

(©)
< aL(pizy) + 0L (1) + Co,

where (a) is by Equation 3.7.3, (b) is by Equations 3.7.2 and 3.7.4, and (c) is by the



52

convexity of £. Hence, (v + n)*?m(x.,) < (ab)*?m(za)m(xp) exp(Cy), so by our

choice of C'; and Cs,

m(1.y,) < Com(z1.n,) < Csy eXp(Co)< ab )k/2

m(xa)m(zg) — C¥m(xa)m(zg) — C? n+v

3.8 Marginal inequality for subsets of the data

In this section, we prove Lemma 3.8.4, the key lemma used in the proof of Theorem

3.6.2. First, we need a few supporting results.

Given yi, ..., y, € R (for some ¢ > 0), 8 € (0,1], and U C RY, define

sy, U) = ] I(‘%Z@/j € U>,

Ac{1,...,n}: JEA
|A[>Bn

where as usual, I(F) is 1 if E is true, and 0 otherwise.

Lemma 3.8.1 (Capture lemma). Let V. C RF be open and convex. Let Q be a

probability measure on R* such that:

(1) E|Y| < 0o when Y ~ @,
2) Q(V) =1, and

(3) Q(L) =0 for any hyperplane L that does not intersect V.

iid

If Y1,Y5,... ~ Q, then for any B € (0,1] there exists U C V compact such that

Zs(Yim, U) 22851 as n — oo.
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Proof. The proof is rather long, but not terribly difficult; see Section 3.12. m

Proposition 3.8.2. Let Z1,Z,,... € R* be i.id.. If B € (0,1] and U C R* such
that P(Z; ¢ U) < B/2, then I(Yiin, [3,1]) == 1 as n — oo, where Y; = I(Z; € U).
Proof. By the law of large numbers, %Z?Zlf(Zj ¢ U) = P(Z; € U) < B/2.
Hence, with probability 1, for all n sufficiently large, > 1(Z; ¢ U) < 3/2 holds.

When it holds, we have that for any A C {1,...,n} such that |A| > fn,

1 1 1 &
— N1 ZeU)=1—— I(Z; ¢U)>1—— I(Z; ¢U)>1/2
|A\Z(j ) |A|Z<J¢ ) = an(ﬁz ) > 1/2,
JEA jeA =1
i.e. when it holds, we have Iﬁ(YM,[%,l}) = 1. Hence, I,B(Yi;n,[%,l]) as, | -

In the following, u, = (£ + s(x))/(v + 1), as in Equation 3.7.1.

Proposition 3.8.3. Consider a well-behaved exponential family with conjugate
prior. Let P be a probability measure on X such that P(s(X) € M) = 1 when

iid

X ~ P. Let X1,X5,...~ P. Then for any € (0,1] there exists U C M compact

such that Zg(Yi, [3,1]) 2251 as n — oo, where Y; = I(ux, € U).
Proof. Since M is open and convex, then for any y € M, z € M, and p € (0,1),
we have py + (1 — p)z € M (by e.g. Rockafellar (1970) 6.1). Taking z = £/v and
p = 1/(v+ 1), this implies that the set Uy = {(¢ +y)/(v + 1) : y € M} is contained
in M. Note that Uy is closed and P(ux € Up) = P(s(X) € M) = 1. Let 3 € (0,1],
and choose r € (0,00) such that P(|ux| > r) < /2. Letting U = {y € Uy : ly| <1},
we have that U C M, and U is compact. Further, P(ux & U) < /2, so by applying

Proposition 3.8.2 with Z; = jux,, we have Zz(Y1., [3,1]) 251 O
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Lemma 3.8.4. Consider a well-behaved exponential family with conjugate prior,
and the resulting collection of single-cluster marginals m(-). Let P be a probability
measure on X satisfying Conditions 3.6.1 (for the s and M from the exponential

2 P. Then for any B € (0,1] there

family under consideration), and let X1, X, ...
exists ¢ € (0,00) such that with probability 1, for all n sufficiently large, the following
event holds: for every subset J C {1,...,n} such that |J| > fBn, there exists K C J

such that |K| > 1|J| and for any j € K,

m(Xy) < em(Xy ;) m(X;).

Proof. Let p € (0,1]. Since M is open and convex, and Conditions 3.6.1 hold
by assumption, then by Lemma 3.8.1 (with V' = M) there exists U; C M compact
such that Zgo(s(X1.0), Ur) == 1 as n — oo, where s(X1.,) = (s(X1), ..., s(X,)). By
Proposition 3.8.3 above, there exists Uy C M compact such that Zs(Y1.,, [3,1]) == 1

as n — oo, where Y; = I(ux, € U;). Hence,

Zs/2(5(X1m), Ur) Tg(Yim, [3,1]) —— 1.

29
2 n—00

Choose C' € (0, 00) according to Proposition 3.7.2 applied to U := Uy U Uy. We will

prove the result with ¢ = (v41)*/2C. (Recall that k is the dimension of s : X — R¥.)

Let n large enough that fn > 2, and suppose that Zsz/s(s(X1.,),U1) = 1 and
Zs(Yin, [3,1]) = 1. Let J C {1,...,n} such that |J| > Bn. Then for any j € J,

29

since Zg/2(5(X1:),U1) = 1 and |J ~\ j| > |J|/2 > (B/2)n. Hence, for any j € K,
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where K = {j € J : ux, € U}, we have

v+ |J| -1 +1)
v+ |J|

m(X) <C (

m(X ;) m(X;) — )k/2 - C(V+1)k/2 .

by our choice of C' above, and

K|
= I,uX GU Y >1/2
171 |J| Z 2) ] Z

jeJ

since Z3(Yin, [3,1]) = 1 and |J| > fn. O

3.9 Miscellaneous proofs

Proof of Proposition 3.3.3. There are two cases: (A) o € [0,1) and ¥ > —o, or (B)

o0 <0 and ¥ = N|o|. In either case, o < 1, so

wy(a) :1—J+a—2gl—a+1
awy(a — 1)w,(1) a 2
whenever n > 2 and a € {2,...,n}, and hence limsup,, ¢, < 0.

For any n >t > 1, in case (A) we have

ve(t) t+1
v(t+1)  V+to’

and the same holds in case (B) if also ¢ < N. Meanwhile, whenever N <t < n in
case (B), v,(t)/v,(t + 1) = 0/0 = 0 by convention. Therefore, lim sup,, ¢, (t) < oo

in either case, for any ¢t € {1,2,...} except t = N in case (B). O
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Proof of Theorem 3.3.4. Let t € {1,2,...}, and assume Conditions 3.3.1 and 3.3.2
hold. Let 1, %, ... € X, and suppose sup ¢ o) lim inf,, p¢(r1.,, ¢) > 0 (which occurs
with probability 1). We show that this implies lim sup,, p(T,, =t | 1.,) < 1, proving

the theorem.

Let v € (0,00) such that limsup, ¢,, < a and limsup, ¢,, () < a. Choose
¢ € [0,00) and € € (0,1) such that liminf, ¢;(x1.,,¢) > €. Choose N > 2t/e large
enough that for any n > N we have ¢, < «, ¢,,(t) < «a, and ¢;(x1.,,¢) > €. Then
by Lemma 3.3.5, for any n > N,

Ci(z1:m, €) < 2tca’ /e
14 Cy(x1m,¢) — 14 2tca?/e’

p(Tn =t | Il:n) S

since @i (T1m,¢) —t/n >e—e/2 =¢/2 (and y — y/(1 + y) is monotone increasing
on [0,00)). Since this upper bound does not depend on n (and is less than 1), then

limsup, p(T,, =t | x1.,) < 1. O

Proof of Proposition 3.6.3. (1) For any # € © and any j € {1,...,k},
82

[ si@Pmta) dxw) = exp(=(6) g [ exp(@s(a)) dr(e) < o

(Hoffmann-Jgrgensen, 1994, 8.36.1). Since P has density f = Y m;pp) with respect

to A, then

ESj(X)Q = /Xs](x)Qf(x) d\(x) = Zm/ Sj(ZE)ng(i)(ZL‘) d\(z) < o0,

and hence
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(2) Note that Sp(s) C Sx(s) (in fact, they are equal since Py and A\ are mutually

absolutely continuous for any 6 € ©), and therefore

Sp(s) C Sx(s) € Cy(s) =M

by Proposition 3.10.1(8). Hence,

P(s(X) € M) > P(s(X) € Sp(s)) = Ps~*(support(Ps 1)) = 1.

(3) Suppose A is absolutely continuous with respect to Lebesgue measure, X' is
open and connected, and s is real analytic. Let L C R be a hyperplane, and write
L =1{z€ R : 2Ty =10} where y € R¥ < {0}, b € R. Define g : X — R by
g(x) = s(x)'y — b. Then g is real analytic on X, since a finite sum of real analytic
functions is real analytic. Since X is connected, it follows that either g is identically
zero, or the set V = {z € X : g(x) = 0} has Lebesgue measure zero (Krantz, 1992).

Now, g cannot be identically zero, since for any 6 € O, letting Z ~ P,, we have

0<y"w"(0)y =y (Covs(Z))y = Var(y's(Z)) = Var g(Z)

by Proposition 3.10.1(2) and (3). Consequently, V' must have Lebesgue measure
zero. Hence, P(V') = 0, since P is absolutely continuous with respect to A, and thus,

with respect to Lebesgue measure. Therefore,

P(s(X) € L) =P(g(X)=0)=PV)=0. O
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3.10 Exponential family properties

We note some well-known properties of exponential families satisfying Conditions
3.5.1. For a general reference on this material, see Hoffmann-Jgrgensen (1994). Let

Sy(s) = support(As1), that is,
Sx(s) = {z € R" : \(s7/(U)) # 0 for every neighborhood U of z}.

Let C\(s) be the closed convex hull of Sy(s) (that is, the intersection of all closed
convex sets containing it). Given U C RF  let U° denote its interior. Given a
(sufficiently smooth) function f : R* — R, we use f’ to denote its gradient, that is,

fl(x); = %(I), and f”(z) to denote its Hessian matrix, that is, f”(z);; = %(w).
7 z J

Proposition 3.10.1. If Conditions 3.5.1 are satisfied, then:

(1) & is C*° smooth and strictly convex on O,

(2) K'(0) =Es(X) and k"(0) = Cov s(X) when § € © and X ~ Py,
(3) K"(0) is symmetric positive definite for all § € O,

(4) K :© = M is a C* smooth bijection,

(5) K1 M — O is C™ smooth,

(6) © is open and convex,

(7) M is open and convex,

(8) M = C\(s)° and M = Cy(s), and

(9) K1 (u) = argmaxycq (0T n—r(0)) for all pw € M. The mazimizing 6 € © always

exists and is unique.
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Proof. These properties are all well-known. Let us abbreviate Hoffmann-Jgrgensen
(1994) as HJ. For (1), see HJ 8.36(1) and HJ 12.7.5. For (6),(2),(3), and (4), see HJ
8.36, 8.36.2-3, 12.7(2), and 12.7.11, respectively. Item (5) and openness in (7) follow,
using the inverse function theorem (Knapp, 2005, 3.21). Item (8) and convexity in
(7) follow, using HJ 8.36.15 and Rockafellar (1970) 6.2-3. Item (9) follows from HJ
8.36.15 and item (4). O

Given an exponential family with conjugate prior as in Section 3.5.2, the joint

density of zi,...,2, € X and 0 € R¥ is

po(1) -+ po(n) e, (0) (3.10.1)

= exp (v 1) (0, = 5(6)) ) exp(=1h(,)) 1(0 € ©)

where 1., = (§+3°7_, s(z;))/(v+n). The marginal density, defined as in Equation
3.2.5, is

@) = exp (V€ + 3 s(ay), v +n) = (&) (3.10.2)

when this quantity is well-defined.

Proposition 3.10.2. If Conditions 3.5.1 are satisfied, then:

(1) (&, v) is finite and C™ smooth on =,
(2) if s(x1),...,s(xn) € Sx(s) and (&,v) € E, then (§+ > s(x;), v+n) € Z,
(3) {me : (&, v) € Z} is a congugate family for {py : 6 € O}, and

(4) if s + X — R* is continuous, (£,v) € Z, and N(U) # 0 for any nonempty

U C X that is open in X, then m(x1.,) < oo for any xq,...,z, € X.
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Proof. (1) For finiteness, see Diaconis and Ylvisaker (1979), Theorem 1. Smoothness
holds for the same reason that s is smooth (Hoffmann-Jgrgensen, 1994, 8.36(1)).

(Note that = is open in R*¥*! since M is open in R*.)

(2) Since Cy(s) is convex, = 3" s(x;) € Ci(s). Since Cy(s) =M and M is open
and convex (3.10.1(7) and (8)), then ({+ )" s(x;))/(v+n) € M, as a (strict) convex
combination of 1 3 s(z;) € M and £/v € M (Rockafellar, 1970, 6.1).

iid

(3) Let (&,v) € 2,0 € ©. If Xy,...,X,, ~ Py then s(X3),...,s(X,) € Si(s)
almost surely, and thus (£ + ) s(X;), v+n) € E (a.s.) by (2). By Equations 3.10.1

and 3.10.2, the posterior is e s~ 5(x,), v4n-

J

(4) The assumptions imply {s(z) : z € X} C S)(s), and therefore, for any
T, ..., T, € X, we have (€4 ) s(x;), v+n) € = by (2). Thus, by (1) and Equation

3.10.2, m(z1.,) < 0. O

It is worth mentioning that while = C {(¢,v) € R*"!: (&, v) < oo}, it may be
a strict subset — often, = is not quite the full set of parameters on which 7, can

be defined.

3.11 Bounds on the Laplace approximation

Our proof uses the following simple bounds on the Laplace approximation. These
bounds are not fundamentally new, but the precise formulation we require does not
seem to appear in the literature, so we have included it for the reader’s convenience.
Lemma 3.11.1 is simply a multivariate version of the bounds given by De Bruijn

(1970), and Corollary 3.11.2 is a straightforward consequence, putting the lemma in
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a form most convenient for our purposes.

Given symmetric matrices A and B, let us write A < B to mean that B — A is
positive semidefinite. Given A € R¥** symmetric positive definite and ¢,t € (0, 00),
define

C(t,e, A) =P(|A7Y2Z] < eV't)

where Z ~ Normal(0, Ixj). Note that C(t,e, A) — 1 as t — oo. Let B.(z) = {z €

R* : |z — xg| < €} denote the closed ball of radius € > 0 at zy € RF.

Lemma 3.11.1. Let E C R* be open. Let f: E — R be C? smooth with f'(xo) =0

for some xy € E. Define

o(t) = [E exp(—tf()) de

for t € (0,00). Suppose ¢ € (0,00) such that B:(zo) C E, 0 < § < inf{f(z) —
f(zo) : x € EXB(x0)}, and A, B are symmetric positive definite matrices such that

AQ f"(x) < B for all x € B-(x0). Then for any 0 < s <t we have

C(t,e, B) - g(t) < Clte, 4) ( t >k/26—(t—5)568f(3:o)g(3)

|B|'/2 (27 [t)k2e—ti(w0) = | A[1/2 o
where |A| = | det A|.

Remark. In particular, these assumptions imply f is strictly convex on B.(zg) with

unique global minimum at z,. Note that the upper bound is trivial unless g(s) < co.

Proof. By Taylor’s theorem, for any = € B.(z() there exists z, on the line between

xo and x such that, letting y = x — x,

f(@) = flzo) + 4" f (o) + 34" " (2)y = f(w0) + 34" " (22)y-
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Since z, € B.(xp), and thus A Q f"(z,) < B,

syt Ay < f(x) — flzo) < 39" By.

Hence,

et f (o) / exp(—tf(x))dz < / exp(—%(x — xO)T(tA)(m — 1)) dx
Be(zo) B:(z0)

= (2m)*2|(tA) V2 P (|(tA) T2 Z] < e).

Along with a similar argument for the lower bound, this implies

2m\k2C(te,B) _ y1(ae) 2m\*/2C(t, e, A)
20) T 2 < et — < (Z22) Tt
( t ) B['2 = € /Be(:co) exp(—tf(z)) dr < ( P ) |A[1/?

Considering the rest of the integral, outside of B.(xy), we have

0< /E o )exp(—tf(:c)) dr < exp ( —(t—=3)(f(zo) + 5)) g(s).

Combining the preceding four inequalities yields the result. O]

The following corollary tailors the lemma to our purposes. Given a symmetric
positive definite matrix A € R¥** let \,(A) and A*(A) be the minimal and maximal
eigenvalues, respectively. By diagonalizing A, it is easy to check that A.(A)Ixxr <
A <IN (A)Ipur and N (A)F < |A] < X (A)*.

Corollary 3.11.2. For any «, 3,7,d,e € (0,00) there exist ¢c; = ¢1(5,¢) € (0,00)
and c3 = ca(a,v,9) € (0,00) such that if E, f,xo, A, B satisfy all the conditions of
Lemma 3.11.1 (for this choice of 0,¢) and additionally, o < A\.(A), 5 > X*(B), and

v > ef(xo)g(l), then
o < Jpexp(—tf(x)) dz
U= k2 exp(—tf(w0))

> G
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forallt > 1.

Proof. The first term in the upper bound of the lemma is C(t, e, A)/|A|'/? < 1/a*/?,
and with s = 1 the second term is less or equal to (t/27)*/2e=(=19~  which is
bounded above for ¢ € [1,00). For the lower bound, a straightforward calculation
(using 2"Bz < M (B)z'z < 2"z in the exponent inside the integral) shows that

C(t,e, B)/|B|Y? > P(|1Z] < ev/B)/B*? for t > 1. O

Although we do not need it (and thus, we omit the proof), the following corollary
gives the well-known asymptotic form of the Laplace approximation. (As usual,

g(t) ~ h(t) as t — oo means that g(t)/h(t) — 1.)

Corollary 3.11.3. Let E C R* be open. Let f : E — R be C? smooth such
that for some xy € E we have that f'(xq) = 0, f"(x¢) is positive definite, and
f(x) > f(xg) for all x € E~{xo}. Suppose there exists € > 0 such that B.(xy) C E
and inf{f(x) — f(xg) : x € E N\ Bo(x0)} is positive, and suppose there is some s > 0

such that fE e 3@ do < 0o. Then

2y Hesp( ()

Jyewictsents ~ (F)Spe

ast — 00.

3.12 Capture lemma

In this section, we prove Lemma 3.8.1, which is restated here for the reader’s conve-

nience.
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The following definitions are standard. Let S denote the unit sphere in R¥, that
is, S = {x € R* : |z| = 1}. We say that H C R¥ is a halfspace if H = {z € R* :
xTu < b}, where < is either < or <, for some u € S, b € R. We say that L C R*
is a hyperplane if L = {x € R* : 2Tu = b} for some u € S, b € R. Given U C R¥,
let OU denote the boundary of U, that is, OU = U ~ U°. So, for example, if H is
a halfspace, then 0H is a hyperplane. The following notation is also useful: given

r € R* we call the set R, = {ax : a > 0} the ray through x.

We give the central part of the proof first, postponing some plausible intermediate

results for the moment.

Lemma 3.12.1 (Capture lemma). Let V C R* be open and conver. Let P be a

probability measure on R* such that:

(1) E|X| < o0 when X ~ P,
(2) P(V)=1, and

(3) P(L) =0 for any hyperplane L that does not intersect V.

iid

If Xq,Xs,... ~ P, then for any B € (0,1] there exists U C V compact such that

Ts(X1m, U) 225 1 as n — oo.

Proof. Without loss of generality, we may assume 0 € V (since otherwise we can
translate to make it so, obtain U, and translate back). Let 5 € (0, 1]. By Proposition
3.12.3 below, for each u € § there is a closed halfspace H, such that 0 € H?, R,
intersects VN OH,, and Tg(X 1., H,) — 1 as n — oco. By Proposition 3.12.5 below,

there exist uq, ..., u, € S (for some r > 0) such that the set U = (),_, H,, is compact
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and U C V. Finally,

Xl na HIﬁ Xl ny u 1 D

n—)oo

The main idea of the lemma is exhibited in the following simpler case, which we

will use to prove Proposition 3.12.3.

Proposition 3.12.2. Let V = (—o0, ¢), where —oo < ¢ < 0o. Let P be a probability

measure on R such that:

(1) E|X| < o0 when X ~ P, and

(2) P(V)=1.
If Xi,X,,... S P, then for any f € (0,1] there exists b < c¢ such that

Zs(X1m, (—00,b]) =5 1 as n — oo.

Proof. Let f € (0,1]. By continuity from above, there exists a < ¢ such that
P(X > a) < B. If P(X > a) = 0 then the result is trivial, taking b = a. Suppose
P(X > a) > 0. Let b such that E(X | X > a) < b < ¢, which is always possible,
by a straightforward argument (using E|X| < oo in the ¢ = oo case). Let B, =

B, (Xy,..., X)) ={ie{l,...,n}: X; >a}. Then

1 1 1<

a.s. ]E(X I(X > a))

=EX|X b.
n—00 P(X > a) (X >a) <

Now, fix n € {1,2,...}, and suppose 0 < |B,| < fn and \B_lnl > ien, Xi < b, noting

that with probability 1, this happens for all n sufficiently large. We show that this
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implies Z3(X1.p,, (—00,b]) = 1. This will prove the result.

Let A C {1,...,n} such that |A| > fn. Let M = {m,...,ma} where 7 is
a permutation of {1,...,n} such that X, > --- > X, (that is, M C {1,...,n}
consists of the indices of |A| of the largest entries of (X,...,X,)). Then |M| =

|A| > Bn > |B,|, and it follows that B,, C M. Therefore,

|A\Z o= |M|

€A eM

as desired. O

The first of the two propositions used in Lemma 3.12.1 is the following.

Proposition 3.12.3. Let V and P satisfy the conditions of Lemma 3.12.1, and also

iid

assume 0 € V. If X1, Xs,... ~ P then for any f € (0,1] and any u € S there is a

closed halfspace H C R* such that

(1) 0e H",
(2) R, intersects VN OH, and

(3) Zs(X1m, H) 25 1 as n — oo.

Proof. Let § € (0,1] and u € S. Either (a) R, C V, or (b) R, intersects V.

(Case (a)) Suppose R, C V. Let Y; = Xu for i = 1,2,.... Then E|Y;| <
E|X;||u| = E|X;| < oo, and thus, by Proposition 3.12.2 (with ¢ = oco) there exists
b € R such that Zs(Yi.,, (—00,b]) =3 1. Let us choose this b to be positive, which
is always possible since Zg(Y1.,, (—00,b]) is nondecreasing as a function of b. Let

H = {x € R¥: 2Ty < b}. Then 0 € H®, since b > 0, and R, intersects V NOH at bu,
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since R, C V and bu"u = b. And since I_ill > iea Yi < bif and only if ﬁ >ienXi € H,

we have Zg(X1.,, H) == 1.

(Case (b)) Suppose R, intersects OV at some point z € R¥. Note that z # 0
since 0 € R,. Since V is convex, it has a supporting hyperplane at z, and thus, there
exist v € S and ¢ € R such that G = {r € R* : 2Tv < ¢} satisfies V C G and z € 9G
(Rockafellar, 1970, 11.2). Note that ¢ > 0 and VN OG = @ since 0 € V and V is

open. Letting Y; = XJv for i = 1,2,..., we have
PY;<c)=P(XJo<ec)=P(X;€G)>P(X;€V)=PV) =1,
and hence,
P(Y; > ¢c) =P, =c) =P(X]v=1c) =P(X; € 0G) = P(0G) = 0,

by our assumptions on P, since 0G is a hyperplane that does not intersect V. Con-
sequently, P(Y; < ¢) = 1. Also, as before, E|Y;| < co. Thus, by Proposition 3.12.2,
there exists b < ¢ such that Zs(Yi.,, (—00,b]) =2 1. Since ¢ > 0, we may choose
this b to be positive (as before). Letting H = {z € R* : 2Tv < b}, we have

Ts(X1m, H) == 1. Also, 0 € H® since b > 0.

Now, we must show that R, intersects V NOH. First, since z € R, means z = au
for some a > 0, and since z € 0G means z'v = ¢ > 0, we find that u™v > 0 and

z = cu/u'v. Therefore, letting y = bu/u’v, we have y € R, NV N IH, since

(i) b/u > 0, and thus y € R,,
(ii) y™v = b, and thus y € 0H,

(iii) 0 < b/u™v < ¢/u'v, and thus y is a (strict) convex combination of 0 € V' and
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z €V, hence y € V (Rockafellar, 1970, 6.1). ]

To prove Proposition 3.12.5, we need the following geometrically intuitive facts.

Proposition 3.12.4. Let V C R* be open and convex, with 0 € V. Let H be a

closed halfspace such that 0 € H°. Let T = {z/|x| : x € VNOH}. Then

(1) T is open in S,
(2) T={u e S: R, intersects VN OH}, and

(3) ifre H, x #0, and z/|x| € T, then x € V.

Proof. Write H = {z € RF : 270 < b}, withv € S, b> 0. Let Sy = {u € S: u'v >
0}. (1) Define f : 0H — S, by f(x) = x/|z|, noting that 0 & OH. It is easy to see
that f is a homeomorphism. Since V is open in R¥, then V N 9H is open in 0H.
Hence, T'= f(VNOH) is open in S, and since S, is open in S, then T is also open

in S. Items (2) and (3) are easily checked. O

Proposition 3.12.5. Let V C R¥ be open and convex, with 0 € V. If (H, : u € S)

1s a collection of closed halfspaces such that for allu € S,

(1) 0 € H and

(2) R, intersects V NOH,,

then there exist uy,...,u, € S (for some r > 0) such that the set U = (\,_, Hy, is

compact and U C V.
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Proof. For v € S, define T, = {z/|z| : © € VN OH,}. By part (1) of Proposition
3.12.4, T, is open in S, and by part (2), v € T, since R, intersects V N 0H,. Thus,
(T, : uw € S) is an open cover of S. Since S is compact, there is a finite subcover:
there exist uy,...,u, € S (for some r > 0) such that |J;_, T,,, D S, and in fact,
Uiy Tu, = S. Let U = (),._; Hy,- Then U is closed and convex (as an intersection
of closed, convex sets). Further, U C V since for any x € U, if z = 0 then z € V by
assumption, while if z # 0 then x/|z| € T,,, for some i € {1,...,r} and z € U C H,,,

so x € V by Proposition 3.12.4(3).

In order to show that U is compact, we just need to show it is bounded, since
we already know it is closed. Suppose not, and let zq,xs,... € U ~ {0} such that
|z,| = o0 as n — oo. Let v, = x,/|x,|. Since S is compact, then (v,) has a
convergent subsequence such that v,, — w for some v € §. Then for any a > 0,
we have av,, € U for all ¢ sufficiently large (since av,, is a convex combination of

0 € U and |z,

Un, = Tpn, € U whenever |z,,| > a). Since av,, — au, and U is
closed, then au € U. Thus, au € U for all a > 0, iie. R, C U. But u € T
for some j € {1,...,r}, so R, intersects 0H,, (by Proposition 3.12.4(2)), and thus
au ¢ H,; D U for all a > 0 sufficiently large. This is a contradiction. Therefore, U

is bounded. O
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4.1 Introduction

In this chapter, we explore the properties of a class of variable-dimension mixture
models that we refer to as mixtures of finite mixtures (MFMs), finding that in fact
they share many of the same attractive properties as Dirichlet process mixtures
(DPMs) — a simple partition distribution, restaurant process, random discrete mea-
sure interpretation, stick-breaking representation in some cases, and exchangeability
properties — and that many of the inference algorithms developed for DPMs can
be directly applied to MFMs as well. Also, as with DPMs, in some cases there are
theoretical guarantees on the posterior rate of convergence for density estimation

with MFMs.

Further, in Chapter 5, we empirically observe that the posterior properties of
MFMs and DPMs are remarkably similar in many ways. For instance, density es-
timates under the two models are usually nearly indistinguishable (which we might

expect since both models are consistent for the density).

Despite these similarities, there are at least two major differences between MFMs
and the usual nonparametric mixture models (e.g., DPMs and Pitman—Yor process

mixtures (PYMs)):

(1) The prior distribution of the number of clusters is very different. In an MFM,
one has complete control over the distribution of the number of components
— leading to control over the distribution of the number of clusters — and
(under the prior) as the sample size grows, the number of clusters converges
to a finite value with probability 1 (but has no a priori bound). In a DPM or

PYM (with discount parameter o € [0, 1)), the distribution of the number of
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clusters follows a particular parametric form, and (under the prior) the number

of clusters grows to infinity with probability 1.

(2) Given the number of clusters, the prior distribution of the cluster sizes is very
different. In particular (under the prior), in an MFM the sizes of the clusters
are all the same order of magnitude (asymptotically with respect to the number
of samples), while in a DPM or PYM (with o € [0, 1)) many of the clusters are

negligible in size relative to the largest clusters.

These differences in the priors carry over to differences in certain aspects of the
posteriors. Partitions sampled from the DPM posterior tend to have multiple small
transient clusters, which are not seen in samples from the MFM posterior; conse-
quently, the DPM posterior on the number of clusters tends to put more probability
mass on higher numbers of clusters than the MFM. Further, given the number of
clusters, the entropy of a partition sampled from the DPM posterior tends be lower

than one sampled from the MFM posterior.

One could argue that, compared to the DPM, the MFM is a more natural
Bayesian approach for a data distribution of unknown complexity (if something is
unknown, put a prior on it), and consequently, that it enjoys greater interpretability
and conceptual simplicity. Further, in an MFM, the parameter space is a countable
union of finite-dimensional spaces, while in a DPM or PYM, the parameter space is

infinite-dimensional.

There are also some disadvantages to using MFMs. A minor inconvenience is that
the coefficients of the partition distribution need to be precomputed when doing in-
ference. A more significant issue is that the mixing time of incremental Markov chain

Monte Carlo (MCMC) samplers can be worse than for the DPM, since the MFM
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dislikes small clusters, making it difficult to create or destroy substantial clusters by
moving one element at a time. A natural solution to this mixing issue would be to

use a split-merge sampler.

In general, we would not say that one model is uniformly better than the other —
the choice of whether to use an MFM or a DPM or PYM (or something else) should

be made based on the appropriateness of the model to the application at hand.

4.1.1 Mixture of finite mixtures (MFM)

Consider the following variable-dimension mixture model:

K ~ p(k), where p(k) is a p.m.f. on {1,2,...}

(71, ...,m) ~ Dirichlety(v,...,7), given K =k

Zl,...,Zn%iﬂ, given 7 (4.1.1)
O1,....0, S H, given K =k

X~ ngj independently for j = 1,...,n, given 0.5, Z1.,.

Here, H is a prior or “base measure” on © C R’ and {fy : § € O} is a family
of probability densities with respect to a sigma-finite measure A on X C R (As
usual, we give © and X the Borel sigma-algebra.) In a typical application, the values
X1, ..., X, would be observed, and all other variables would be hidden/latent. See

Figure 4.1 for a graphical model representation.

We refer to this as a mizture of finite miztures (MFM) model, since there does
not seem to be a well-established, unambiguous name. This type of model has

been studied by many authors (Nobile, 1994, Phillips and Smith, 1996, Richardson
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Figure 4.1: Graphical model for the MFM.

and Green, 1997, Green and Richardson, 2001, Stephens, 2000, Nobile and Fearnside,
2007) and has found many applications, including neuron spike classification (Nguyen
et al., 2003), survival analysis (Marin et al., 2005), DNA restriction mapping (Lee

et al., 1998), and gene expression profiling (Vogl et al., 2005).

The most common approach to inference in such a model is reversible jump
Markov chain Monte Carlo (RJIMCMC) (Richardson and Green, 1997, Green and
Richardson, 2001), although other strategies have been proposed as well (Nobile,
1994, Phillips and Smith, 1996, Stephens, 2000, Nobile and Fearnside, 2007). Re-
versible jump is a very general and widely-applicable method, but it is not a “black

box”.

In contrast, a nice aspect of many DPM samplers is that they are fairly
generic. In their paper developing a reversible jump sampler for the DPM, Green
and Richardson (2001) pointed out that it would be interesting if, conversely, DPM-

style samplers could be used for the MFM model:

In view of the intimate correspondence between DP and DMA models dis-
cussed above, it is interesting to examine the possibilities of using either
class of MCMC methods for the other model class. We have been unsuc-
cessful in our search for incremental Gibbs samplers for the DMA models,

but it turns out to be reasonably straightforward to implement reversible
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gump split/merge methods for DP models. (Green and Richardson, 2001)

Note: They seem to use the term Dirichlet-multinomial allocation (DMA) to refer
both to the MFM model above with k£ random, and to the corresponding model
with & fixed (the latter of which is the more standard usage, (Chen, 1980)); to avoid

confusion, we say MFM instead of DMA for the k& random case.

The key to many DPM samplers is that the model can be characterized by a
nice distribution on combinatorial structures — namely, the Chinese restaurant pro-
cess. It turns out, as we observe below, that MFMs have a similar characterization,

enabling the application of the same sampling algorithms to them.

It is important to note that in the MFM, we assume a symmetric Dirichlet with
a single parameter v > 0 not depending on k. This assumption is key to deriving
a simple form for the partition probability distribution and the resulting restaurant
process. Assuming symmetry in the distribution of 7 is quite natural, since the distri-
bution of X4, ..., X, under any asymmetric distribution on 7 would be the same as if
this were replaced by its symmetrized version (e.g., if the entries of © were uniformly
permuted). Assuming the same « for all k is a genuine restriction, albeit a fairly
natural one, often made in such models even when not strictly necessary (Nobile,
1994, Richardson and Green, 1997, Green and Richardson, 2001, Stephens, 2000,
Nobile and Fearnside, 2007). Note that prior information about the relative sizes
of the mixing weights 7y, ..., 7, can be introduced through v — roughly speaking,

small v favors lower entropy n’s, while large v favors higher entropy n’s.

On the other hand, we will make very few assumptions on p(k), the distribution
of the number of components. For practical purposes, we need the infinite series

> re p(k) to converge to 1 reasonably quickly, although any choice of p(k) arising in
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practice should not be a problem. For certain theoretical purposes — in particular,

consistency for the number of components — it is desirable to have p(k) > 0 for all

(1,2,...}.

This chapter is organized as follows. In Section 4.2, we derive a number of prop-
erties of the MFM model, including the partition distribution, restaurant process,
random discrete measure formulation and other equivalent models, stick-breaking
representation in a special case, density estimates, and various basic properties. In
Section 4.3, we discuss existing results on the posterior asymptotics of the density,
the mixing distribution, and the number of components, and we derive some asymp-
totic properties of the MFM model. In Section 4.4, we show how the properties
derived in Section 4.2 facilitate inference with Markov chain Monte Carlo (MCMC)
algorithms; in particular, we show how partition-based samplers for the DPM — in
the case of both conjugate and non-conjugate priors — can be directly adapted to

the MFM.

4.2 Properties of MFMs

4.2.1 Partition distribution

The primary observation on which our development relies is that the distribution
on partitions induced by an MFM takes a form which is simple enough that it
can be easily computed. Consider the MFM model defined above. Let C denote
the unordered partition of [n] := {1,...,n} induced by Zi,...,Z,; in other words,
C ={E;: |Ei| > 0} where E; = {j : Z; =i} for i = 1,2,.... Then, as we show
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below,

p(C) = V() [ (4.2.1)

ceC

where ¢ = |C| is the number of parts in the partition,

Vo(t) = ; (ﬁf;)(n) p(k), (4.2.2)

2™ =g(x+1) - (r+m—1), and 24 = z(x —1)--- (x —m+1). (By convention,

2 =1 and z) = 1.)

Viewed as a function of the part sizes (|¢| : ¢ € C), Equation 4.2.1 is an “ex-
changeable partition probability function” (EPPF) in the terminology of Pitman
(1995, 2006) — that is, it is a symmetric function of the part sizes (and depends on C
only through ¢ = |C| and the part sizes). Consequently, C is an ezchangeable random
partition of [n]; that is, its distribution is invariant under permutations of [n] (alter-
natively, this can be seen directly from the definition of the model, since 71, ..., 7,
are exchangeable). More specifically, Equation 4.2.1 is a member of the family of
Gibbs partition distributions (Pitman, 2006). This can be viewed as a special case of
the general results of Gnedin and Pitman (2006) characterizing the extremal points
of the space of Gibbs partition distributions; also see Lijoi et al. (2008), Ho et al.
(2007), Cerquetti (2008, 2011), Gnedin (2010), and Lijoi and Priinster (2010) for
further results on Gibbs partitions. However, the utility of this representation for
inference in a wide variety of variable-dimension mixture models does not seem to

have been previously explored in the literature.

The derivation of Equation 4.2.1 is straightforward, and we provide it here. Let-

ting E; = {j : z; = i} as above, and writing C(z) for the partition induced by
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z=(z1,...,2n), by Dirichlet-multinomial conjugacy we have

_ L) T, TUE +9) ¢
p(ek) = [ oelmptrliyin = TOF Tt ky) n> 11+,

ceC(z)
provided that p(k) > 0. It follows that for any partition C of [n],
pClk) = > »p(lk)
ze[k]" :C(2)=C
1
_ n. — (leh)
- #{z e k" :C(2) = c} R I~
ceC
k C
(“n) [T, (4.2.3)
ceC

where ¢ = |C|, since #{z € [k]" : C(z) = C} = (})#! = k. Finally,

Zp clomth) = (T[+) 3 s vl = v T+

ceC k=1 ceC

with V,,(t) as in Equation 4.2.2 above.

4.2.2 Equivalent models

For various purposes, it useful to write the model (Equation 4.1.1) in various equiv-
alent ways. First, note that instead of sampling only 64, ..., 0 <o given K = k,
we could simply sample 61,0, . .. S H independently of K, and the distribution of

X1., would be the same; the graphical model for this version is in Figure 4.2(a).

Now, Zi., determines which subset of the i.i.d. variables 6;,60,, ... will actually
be used, and the indices of this subset are independent of 6;..; hence, denoting

these random indices [; < --- < I, we have that 0;,,...,01,.|Z;., are i.i.d. from H.
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Qi (S
5 @

Figure 4.2: Alternative graphical models for the MFM.

From this we see that we could equivalently write the model in terms of C as follows,

resulting in the same distribution for C and X., (see Figure 4.2(b,c)):

C ~ p(C), with p(C) as in Equation 4.2.1
Oe N Hforce C, given C (4.2.4)

X ~ fs, independently for j € ¢, c € C, given ¢,C.

Note that for notational convenience, here, ¢ = (¢, : ¢ € C) is a tuple of t = |C|

parameters ¢. € O, one for each part ¢ € C.

This representation of the model is particularly useful for doing inference, since
one does not have to deal with cluster labels or empty components. The formulation

of models starting from a partition distribution has been a fruitful approach, exem-
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plified by the development of product partition models (Quintana and Iglesias, 2003,
Quintana, 2006, Dahl, 2009, Park and Dunson, 2010, Miiller et al., 2011, Barry and

Hartigan, 1992); also see Miiller and Quintana (2010) for a review.

4.2.3 Various basic properties

We list here some basic properties of the MFM model above. The derivations are all
straightforward, but for completeness we provide them in Section 4.2.10.1. Denoting
z. = (x; : j € ¢) and m(z.) = [q [H]Ec fo(z;)] H(d9) (with the convention that

m(zy) = 1), we have

p(r1.,]C) = Hm Te). (4.2.5)

ceC

The number of components K and the number of clusters 7' = |C| are related by

pltlk) = — < > 1" (4.2.6)
( C|C\ =t ceC
plklt) = L O, (127)

where in p(t|k), the sum is over partitions C of [n] such that |C| = ¢. The formula for
p(k|t) is required for doing inference about the number of components K based on
posterior samples of C; fortunately, it is easy to compute. We have the conditional

independence relations

CLKI|T, (4.2.8)

Xim LK |T. (4.2.9)
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4.2.4 The coefficients V,,(t)

Recall that p(C) = V,,(t) [T, 7!V, where t = |C| and

Vilt) = Y- s

(o]
k=

The numbers V,,(t) satisfy the recursion
Vapa(t+1) = Vo(8) /v = (n/7 + )Vaia (1) (4.2.10)

for any 0 <t < n and v > 0; this is easily seen by plugging the identity

ki) = (Yk+n)kw /v — (n/y + ) ke

into the expression for V,,;1(¢+1). This recursion is a special case of a more general
recursion for a large class of partition distributions (Gnedin and Pitman, 2006). In
the case of v = 1, Gnedin (2010) has given a nice example of a distribution on K for

which both p(k) and V,,(¢) have closed-form expressions.

In previous work on the MFM model, it has been common for p(k) to be chosen
to be proportional to a Poisson distribution restricted to a subset of the positive
integers (Phillips and Smith, 1996, Stephens, 2000, Nobile and Fearnside, 2007), and
Nobile (2005) has proposed a theoretical justification for this choice. Interestingly,
the model has some nice mathematical properties if one instead chooses K — 1 to be
given a Poisson distribution, that is, p(k) = Poisson(k — 1|\) for some A > 0. One

example of this arises here (for another example, see Section 4.2.9): it turns out that
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if p(k) = Poisson(k — 1|\) and v = 1 then (see Section 4.2.10.2 for details)

V,(0) = % (1 - Zp(k)). (4.2.11)

However, to do inference, it is not necessary to choose p(k) to have any particular
form. To do inference, we just need to be able to compute p(C), and in turn, we need
to be able to compute V(). To this end, note that k¢ /(vk)™ < k'/(vk)", and
thus the infinite series for V,,(¢) converges rapidly when ¢ < n. It always converges
to a finite value when 1 < t < n; this is clear from the fact that p(C) € [0,1]. This
finiteness can also be seen directly from the series since k' /(vk)" < 1/4™, and in fact,
this shows that the series for V,(¢) converges at least as rapidly (up to a constant)

as the series /-, p(k) converges to 1.

Hence, for any reasonable choice of p(k) (i.e., not having an extraordinarily heavy
tail), V,(t) can easily be numerically approximated to a high level of precision. For

instance, in Chapter 5, we apply the model using

1 if k e {1,...,30}
p(k) o
1/(k —30)2 if k > 30,

and computing the coefficients V,,(¢) presents no problems, even though this has a
fairly heavy tail (the mean is infinite) and does not take an analytic form. Note that
V,.(t) is often exceedingly small, making it necessary to use a standard technique such
as the “log-sum-exp trick” in order to avoid numerical underflow (that is, represent
each term in log space and use log(exp(a)+exp(b)) = log(exp(a—m)+exp(b—m))+m,

where m = max{a, b}, to compute the log of the sum).

Although we find it easier to use this numerical approach for all V,,(¢) values, it
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would also be possible to use the recursion in Equation 4.2.10 (taking care, again,
regarding underflow) and numerically approximate only the required values of V,,(0)

(or use the expression for V,,(0) in Equation 4.2.11 if K —1 ~ Poisson(A) and v = 1).

In the course of doing inference, n is usually fixed and the MCMC sampling
methods we describe below typically only require one to compute V() for t =
1,..., tmax for some relatively small ¢,,.y, since higher values of ¢t have such low
probability that in practice they are never visited by the sampler. Consequently,

it suffices to precompute V,,(1), ..., V,(tmax) for some suitably chosen t,., and this

takes a negligible amount of time compared to running the sampler.

Also, on a practical note, the samplers described below involve moving one ele-
ment at a time between clusters, so in order to achieve irreducibility of the Markov
chain, it is necessary to have {t € {1,2,...} : V,,(¢) > 0} be a block of consecutive
integers. In fact, it turns out that this is always the case (and this block includes

t = 1), since for any k such that p(k) > 0, we have V,,(¢) >0 for allt =1,... k.

When we come to the restaurant process in Section 4.2.6 below, it will become
clear that precomputing the V,,(t)’s effectively amounts to precomputing the prob-
abilities for “choosing a new table”. The idea of precomputing these probabilities
has previously been applied to DPMs with a prior on the concentration parameter
(MacEachern, 1998), in which the pre-computation consists of numerically integrat-

ing o out.

In the MFM model as described above (Equation 4.1.1), the Dirichlet parameter
is fixed, but in some cases it might be interesting to put a prior on v, to allow greater
flexibility regarding the relative sizes of the components. (Thanks to Vinayak Rao

for this suggestion.) Although we have not tried this, it should be straightforward to
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periodically update v with a Metropolis-Hastings step and recompute the required

V. (t) coefficients, possibly using a simple caching scheme.

4.2.5 Self-consistent marginals

Foreachn =1,2,..., let ¢,(C) denote the distribution on partitions of [n] as defined
above (Equation 4.2.1). This family of partition distributions has the property that
¢m coincides with the “marginal” distribution on partitions of [m| induced by g,
when n > m; in other words, drawing a sample from ¢, and removing elements
m 4+ 1,...,n from it yields a sample from ¢,,. This can be seen directly from the
model definition (Equation 4.1.1), since C is the partition induced by the Z’s, and
the distribution of 7., is the same when the model is defined with any n > m. This

property is sometimes referred to as consistency in distribution (Pitman, 2006).

Using Kolmogorov’s extension theorem (e.g., Durrett, 1996), one can show that
this implies the existence of a unique probability distribution on partitions of the
positive integers Z~o = {1,2,...} such that the marginal distribution on partitions
of [n] is g, for all n = 1,2,.... A random partition of Z~ from such a distribution

is a combinatorial stochastic process; for background, see Pitman (2006).

It is instructive to also verify this self-consistency property for MFMs by the
more tedious approach of directly marginalizing. Suppose C is a partition of [n],
denote by C, the partition of [n + 1] obtained from C by making n + 1 a singleton,
and for ¢ € C denote by C,. the partition of [n+ 1] obtained from C by adding n+1 to

c. We would like to show that g,41(C.) + 3 .cc @mr1(Ce) = ¢,(C), and indeed, letting
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= ‘C|7

Vaa (b4 D [T+ 3 Vaa O+ 1e) T

cdeC ceC cdeC

= (Ve (t+ Dy + Vo @ty + ) ) (T]2) = vy [T+,

ceC ceC

the last step following from the recursion, Equation 4.2.10. The property follows by

induction.

4.2.6 Restaurant process / Pélya urn scheme

Pitman (1996) considered a general class of “restaurant processes”, or Pélya urn
schemes, corresponding to exchangeable partition probability functions (EPPFs).

Following this general rule, we can derive a restaurant process for the MFM.

For any vector of random variables (Y7,...,Y},), we can obtain a sample by first
drawing Y7, then Y5]Y;, and so on, up to Y,|Y,_1,...,Y1. In the same way, if we
write Cy, ...,C, for the partitions of [1], ..., [n], respectively, induced by a partition
C, of [n], then for any distribution on partitions of [n], we can obtain a sample C,
by sampling C;, C2|Cy, and so on. So, in a crude sense, any distribution on partitions
has a “restaurant process” describing this sequence of conditional distributions, but

it may depend on n and it may be quite complicated.

However, since we are in the fortunate circumstance that our partition distri-
bution has the self-consistency property described in the previous section, when
Cn ~ Gn, we have C,, ~ q,, for m = 1,...,n (where g, denotes the distribution on

partitions as in Equation 4.2.1). Consequently, there is a single restaurant process



that works for all n, and it takes a simple form involving ¢,, at step m, since

p(cm‘cmfla s 761) = p(cmlcmfl) X Qm(cm> [(Cm \ m = Cm71>7
where C \ m denotes C with element m removed.
Recalling that ¢,,(Cn) = Vi (ICil) [Teee,, 7€, we have, letting ¢ = |Cro_1],

Vit + 1)y if m is a singleton in C,,, i.e., {m} € C,,
p(cm|Cm71) X
Vin@)(y + |c]) if ¢ € Cpmq and cU {m} € Cp,

for C,, such that C,, \ m = C,,_1 (and p(C,4|Cy—1) = 0 otherwise).

In other words, we have the following restaurant process for the MFM:

e The first customer sits at a table: C; = {{1}}.
e Forn =2 3,..., the nth customer sits ...

at an existing table ¢ € C,,_; with probability o |c| +

Va(t+1)

at a new table with probability oc A0

where t = |Cp,_1].

86

Clearly, this bears a resemblance to the Chinese restaurant process, in which the nth

customer sits at an existing table ¢ with probability o |c| or at a new table with

probability o « (the concentration parameter) (Blackwell and MacQueen, 1973).
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(a) (b)
Figure 4.3: Graphical models for (a) the random discrete measure formulation, and

(b) the equivalent construction of the distribution of 5y, ..., f,.

4.2.7 Random discrete measure formulation

The MFM can also be formulated starting from a distribution on discrete measures

that is analogous to the Dirichlet process. Let

K~ pK(/{:)
(71, ..., m) ~ Dirichlety(y,...,7), given K =k

0,...,0, S H, given K =k
K

G=> mby,
=1

and denote the distribution of G by M(pk,~, H). Then the distribution of Xy, is

the same as before if we take X7, ..., X,|G i.i.d. from the resulting mixture, namely,
K
fa(z) = / fo(@)G(dO) = " mifo,(x).
i=1
So, in this notation, the model is (Figure 4.3(a)):

GNM(pK77aH)

Xi,..., Xy ~ fg, given G.
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When H is continuous, the random discrete measure G' belongs to the class of
“species sampling” models studied by Pitman (1996), who proved many properties
regarding this type of distribution. For completeness, we derive the prediction rule
for G, along with some other properties. We refer to Pitman (1996), Hansen and
Pitman (2000), Ishwaran and James (2003, 2001), Lijoi et al. (2005a, 2007), and Lijoi

et al. (2008) for more background on species sampling models and further examples.

Let G ~ M(pk,v,H) and let f5y,..., 05, S G, given G. Then, by construc-
tion, the joint distribution of (fi,...,3,) (with G marginalized out) is the same
as (0z,...,0z,) in the original model (Equation 4.1.1). Further, letting C denote
the partition induced by Z1, ..., Z, as usual, we have (0z,,...,02, ) = (¢¢ys-- -, Oc,)
where ¢; is defined to be the ¢ € C such that j € ¢, and ¢, is defined to be equal
to the 6; such that Z; = ¢ for all j € c. By the same argument as in Section 4.2.2,

(e : c €C) are i.id. from H given C.

Therefore, we have the following equivalent construction for (51, ..., (,):

C, ~ qn, with ¢, as in Section 4.2.5
bc " H for c e Cn, given C,

Bj = ¢c for j € c, c € Cy, given C,, .

See Figure 4.3(b). Due to the self-consistency property of ¢i, ¢s, ..., we can sample
Cn, (¢c : ¢ € Cp), P1n sequentially for n = 1,2,... by sampling from the restaurant
process for C,|C,,—1, sampling ¢y, from H if n is seated at a new table (or setting

beufny = ¢c if 0 is seated at ¢ € C,—y), and setting 3, accordingly.

In particular, if the base measure H is continuous (that is, if H({#}) = 0 for

all & € ©), then conditioning on (31,1 is the same as conditioning on C,_1, (¢, :
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¢ €Cn_1),Prn-1, SO we can sample f3,|81.,—1 in the same way as was just described.

Therefore, when H is continuous, the distribution of (3, given (1, ..., 3,_1 is propor-
tional to
Vot +1)
——H 0 4.2.12
T 3 (4 (1212
celpn—1

where ¢t = |C,,_1|, with the C,_; and (¢, : ¢ € C,_1) induced by Bi,...,B,_1, or

equivalently,
Vot +1) . = d
fy—H—I—Z(ng —l—’yZ(Sﬁ*,,
Va(t) : , J
7j=1 7=1
where 7, ..., 5} are the distinct values taken by Si,...,3,-1. For comparison, if

G ~ DP(a, H) instead, the distribution of 3, given fi,..., 3,_1 is proportional to

n—1
aH + .
j=1

This is the classic Pélya urn scheme for the Dirichlet process, described by Blackwell

and MacQueen (1973).

4.2.8 Density estimates

In this section, we derive formulas for density estimation with the MFM using sam-
ples of C, ¢ | x1.,, or, if the single-cluster marginals can be computed, using samples
of C | x1.,. Using the restaurant process (at the end of Section 4.2.6 above), it is

straightforward to show that, if C is a partition of [n] and ¢ = (¢, : ¢ € C) then

Vn+1 (t + 1)

p(xn—‘rl ’ Ca ¢7~T1:n) X Vn+1(t>

(i) + ) (el +7) fo(@nrr)  (4.2.13)

ceC
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where t = |C|, and, using the recursion for V,,(¢) (Equation 4.2.10), this is normalized

when multiplied by V;,41(¢)/V, (). Further,

Vn+1<t + 1)

Vit (1) 7m($n+1)+2(|0|+7)w, (4.2.14)

P(Xnt1 | C, 1) X
ceC m<xc)

with the same normalization constant. Therefore, when the single-cluster marginals
m(z.) can be easily computed, Equation 4.2.14 can be used to estimate the posterior
predictive density p(z,41|z1.,) based on samples from C | x1.,. When m(z.) cannot
be easily computed, Equation 4.2.13 can be used to estimate p(x,;1|r1.,) based

on samples from C,¢ | x1.,, along with samples 0;,...,0y X H to approximate

M(Tni1) ~ N Zz 1 foi(@nia).

The posterior predictive density is, perhaps, the most natural estimate of the
density. However, following Green and Richardson (2001), another way to obtain a
fairly natural estimate is by assuming that element n+1 is added to an existing clus-
ter; this will be very similar to the posterior predictive density when n is sufficiently
large. To this end, we define py(x,11 | C, ¢, 21.) = p(Tps1 | C, @, T1m, |Crsa] = |C]),

where C,4; is the partition of [n + 1], and observe that

e[+
P-(Fner | €0, 00) = Znﬂtﬁﬁc Tns1)

where t = |C| (Green and Richardson, 2001). Using this, we can estimate the density
by

= Zp* (@ng1 | CD, 00, 1), (4.2.15)

where (C, ¢M), ..., (C™), ¢™) are samples from C, ¢ | z1.,,.
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The corresponding expressions for the DPM are all very similar, with the obvious

changes, using its restaurant process instead.

These formulas are conditional on additional parameters such as v for the MFM,
and « for the DPM. If priors are placed on such parameters and they are sampled
along with C and ¢ given z1.,, then the posterior predictive density can be estimated
using the same formulas as above, but also using the posterior samples of these

additional parameters.

4.2.9 Stick-breaking representation

The Dirichlet process has an elegant stick-breaking representation for the mixture
weights 71, 7o, ... (Sethuraman, 1994, Sethuraman and Tiwari, 1981). This extraor-
dinarily clarifying perspective has inspired a number of other nonparametric models
(MacEachern et al., 1999, MacEachern, 2000, Hjort, 2000, Ishwaran and Zarepour,
2000, Ishwaran and James, 2001, Griffin and Steel, 2006, Dunson and Park, 2008,
Chung and Dunson, 2009, Rodriguez and Dunson, 2011, Broderick et al., 2012), has
provided insight into the properties of other models (Favaro et al., 2012, Teh et al.,
2007, Thibaux and Jordan, 2007, Paisley et al., 2010), and has been used to develop
efficient inference algorithms (Ishwaran and James, 2001, Blei and Jordan, 2006,

Papaspiliopoulos and Roberts, 2008, Walker et al., 2007, Kalli et al., 2011).

In a certain special case — namely, when p(k) = Poisson(k — 1|\) and v =1 —
we have noticed that the MFM also has a nice stick-breaking representation. (There
may also be other cases of which we are not yet aware.) This is another example of
the nice mathematical properties resulting from this choice of p(k) and . Consider

the following “stick-breaking” procedure:
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Take a unit-length stick, and break off i.i.d. Exponential(\) pieces until

you run out of stick.

In other words, let eq,¢e5,. .. S Exponential()\), define K = min{j : le g > 1},
and set m; = ¢; for i = 1,... ,}N( —land 7z =1— Zfi}l m;. Then the resulting
stick lengths 7 have the same distribution as the mixture weights 7 in the MFM

model when p(k) = Poisson(k — 1|\) and 7 = 1. This is a consequence of a standard

construction of a Poisson process; for details, see Section 4.2.10.3.

This suggests an alternative way of constructing a variable-dimension mixture:
take any sequence of nonnegative random variables (1, e9,...) (not necessarily in-
dependent or identically distributed) such that Y >° ; > 1 with probability 1, and
define K and 7 as above. Although the distribution of K and 7 may be complicated,
in some cases it might still be possible to do inference based on the stick-breaking
representation. This might be an interesting way to introduce different kinds of prior

information on the mixture weights, however, we have not explored this possibility.
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4.2.10 Proofs and details

4.2.10.1 Derivation of various basic properties

Here, we derive the properties listed in Section 4.2.3. Abbreviate © = x1.,, 2 = 21.n,

and 6 = 0y, and assume p(z, k) > 0. Then p(z|0, z, k) = Hle [1jcr, fo.(x;) and

plal=ik) = [ p(ald. = R)plas) - H/ [T fo. )] F (a8

JEE;
k

:Hm(x H m(z.).

i=1 ceC(z)

Since this last expression depends only on z, k through C = C(z), we have

Hm z.) = p(z|z, k) = p(x|2) = p(z|C),

ceC

establishing Equation 4.2.5. Next, recall that p(C|k) = WIZQM wee YD (where ¢ =

IC|) from Equation 4.2.3, and thus

pltlk) = Y p(Clk) = n) b I Ba

c:le|=t c:lc|=t ceC

(where the sum is over partitions C of [n] such that |C| = t) establishing Equation

4.2.6. Equation 4.2.7 follows, since

p(kl[t) o< p(t|k)p(k) o<
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(provided p(t) > 0) and the normalizing constant is precisely V,,(¢). To see that
C L K| T (Equation 4.2.8), note that if ¢ = |C| then
p(C.tk) _ p(Clk)

HEED =5y~ ik

(provided p(t,k) > 0) and due to the form of p(C|k) and p(t|k) just above, this
quantity does not depend on k; hence, p(C|t,k) = p(C|t). To see that X L K | T
(Equation 4.2.9), note that from the graphical model in Figure 4.2(b), X 1L K | C;

using this in addition to C L K | T, we have

plelt.k) = Y plalC.t,k)p(Clt, k) = Y p(alC,t)p(Clt) = p(zlt).

C:|C|=t C:|C|=t
4.2.10.2 V,(0) in the Poisson case with v =1

To see Equation 4.2.11, observe that when p(k) = Poisson(k — 1|A) and v = 1, we

have

—AAk—l —AAk+n 1

1 e = e n
NO=2 m a N  a > oth)

k=1 k=n+1

and 3 7 p(k) =1 -3, p(k).

4.2.10.3 Proof of the stick-breaking representation

Let e1,69,... A Exponential(\), K = min{j : T > 1}, ® = & for

i=1,... K—land7z=1-YFK"%,.

Let S; = Y27, &; and define N(7) = #{j : S; < 7}. Then N(7) is a Poisson pro-
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cess with rate A (e.g., Durrett, 1996). Hence, N(7) ~ Poisson(A7), and in particular,
since K = N(1) + 1 a.s., we have K — 1 ~ Poisson()).

It is a standard result that (Si,...,5,)|N(7) = m has the same joint dis-
tribution as the order statistics (Ugy, ..., Uuny) of ii.d. uniform random variables
Ui, ..., U, ~ Uniform|0, 7]. Considering the case of 7 = 1, the conditional density
of (S1,...,5m)|N(1) = m is therefore m! [(0 < s; < -+ < s, < 1), and since the
change of variables from (Si,...,S,) to (e1,...,&,) has Jacobian equal to 1, it fol-
lows that (e1,...,&,)|N(1) = m has density m! I(3_", e < 1, ¢; > 0Vi). Therefore,
taking k = m + 1, we see that %|[? = k has the uniform k-dimensional Dirichlet

distribution.

4.3 Asymptotics

In this section, we first summarize and compare asymptotic results for posterior infer-
ence in the mixture of finite mixtures (MFM) and Dirichlet process mixture (DPM)
models with respect to three objects of possible interest: the density, the mixing
distribution, and the number of components. We then provide some basic asymp-
totic results for various aspects of the MFM: the asymptotic relationship between
the number of components and the number of clusters, the asymptotic behavior of
V(t), and the form of the conditional distribution on part sizes given the number of

parts.
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4.3.1 Posterior asymptotics

To set things up, we first pose the questions of interest from a general perspective.
Suppose { fp : 0 € O} is a parametric family of densities with respect to a measure on
X C R% Given a discrete probability measure G = > m;05, (where 61,6s,... € O,
dg is the unit point mass at § € ©, and m, 72, ... > 0 such that }_ m;, = 1), let fg

denote the density of the resulting mixture, that is,

folw) = [ fulw)Gla) = Y o),

and let s(G) denote the number of elements in the support of G, that is, s(G) =

| support(G)| € {1,2,...} U {0}

Suppose we observe data Xi,..., X, ~ f, for some true density f.. The Bayesian
approach is to put a prior on f,, and given X;,..., X,,, make posterior inferences
about f,. Mixtures of the form fs above tend to generate a very flexible class
of densities, and considerable success has been obtained by constructing Bayesian

models following this form, Dirichlet process mixtures being the prime example.

In the density estimation setting, the true density f, does not have to take the
form fg in order to obtain posterior guarantees — only general regularity conditions
are required; meanwhile, when estimating the mixing distribution and the number

of clusters, it is typically necessary to assume f, is of the form fg.

Further, although it is irrelevant for density estimation, to have any hope of
consistency for the mixing distribution, it is necessary to assume that the family
{fo} is mixture identifiable in the following sense: if s(G), s(G') < oo and fg = for

a.e., then G = G’. Note that we are not constraining the #’s to be distinct and
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ordered (nor constraining the 7’s to be positive), so the 7’s and 6’s will be non-
identifiable; however, the assumption here is identifiability of the measure G, and
this is satisfied for many commonly-used families { fp }, such as multivariate Gaussian,
Gamma, Poisson, Exponential, Cauchy (Teicher, 1963, Yakowitz and Spragins, 1968)
in the continuous case, and Poisson, Geometric, Negative Binomial, or any power-

series distribution (Sapatinas, 1995) in the discrete case.

It should be said, perhaps, at this point, that inferences about the mixing distri-
bution or the number of components will typically be sensitive to misspecification of
the family {fy}; for instance, any sufficiently regular density can be approximated
arbitrarily well by a mixture of Gaussians, so even if the true density is very close to
but not exactly a finite mixture Gaussians, the model will introduce “extra” com-
ponents in order to fit the data distribution. On the other hand, when making
inferences about the density, there is no assumption that the true density f, has any
particular form (other than general regularity conditions), so misspecification is not

a serious issue.

Nonetheless, it is desirable to obtain consistency results for the mixing distribu-
tion and the number of components when the model is well-specified, since lack of

consistency under ideal conditions would be a red flag.

Given a prior on G, then, consider the following questions.

(1) Density estimation. Does the posterior on the density concentrate at the true
density, and if so, at what rate of convergence? That is, for an appropriate

metric dist(-, -), does

Poaa(dist(f, f2) < 2 | Xiw) 221

n—o0
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for all € > 0, and if so, how rapidly can we let €,, go to 0 and still have

PmOdEI(diSt(fG7 f*) < Ceg, | Xl:n) M 1

n—o0

for some C' > 07 The standard choices of metric here are L; and Hellinger.

Maixing distribution. Does the posterior on the mixing distribution concen-
trate at the true mixing distribution (assuming there is one)? That is, for an
appropriate metric dist(-, ), does

Proaa(dist(G, G) < € | Xin) Ddatay

n—oo

for all € > 07 The Wasserstein metric has been used in this context (Nguyen,

2013).

Number of components. Does the posterior on the number of components
concentrate at the true number of components, for data from a finite mixture?
That is, does

P (5(G) = 5(G1) | Xiwn) 222 17

n—00
Also of interest, due to its (albeit, questionable) use in practice for inference
about the number of components, is the number of clusters T', defined — when
the prior on G is introduced via priors on 7 and # — as the number of distinct
values of the latent allocation variables Z1, ..., Z,, ~ m, where X; ~ fgzi. Does
the posterior on the number of clusters T' concentrate at the true number of
components? That is, does

Py (T = 8(G.) | X)) —22225 17

n—oo

In varying degrees of generality, answers to these questions for both MFMs and
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DPMs have been provided in the literature, as summarized in Table 4.1. We provide
references for these results in the sections below. It should be emphasized that most
of these results — especially regarding rates of convergence — have only been shown
for certain types of models; the table is simply meant to give a rough idea of the
general picture.

Table 4.1: Summary of known posterior consistency results (Yes = consistent, No =
not consistent); see text for explanation.

MFMs DPMs
Density estimation Yes (optimal rate) Yes (optimal rate)
Mixing distribution Yes Yes
Number of components Yes No

Here, by “optimal rate”, we mean optimal up to a logarithmic factor in n. Also,
note that if the true number of components is finite, then the DPM posterior on the
number of components is trivially inconsistent, since the number of components is
infinite with probability 1; the inconsistency in the table refers to inconsistency of

the number of clusters 7.

4.3.1.1 Density estimation

Density estimation is perhaps the primary type of application for a flexible Bayesian
mixture model, such as a DPM or MFM. In this setting, the true density f, is
assumed only to satisfy certain regularity conditions; it does not have to be of the
form assumed in the model. Posterior inferences for f, enable, for example, predictive
inference regarding future data points X,, for m > n, inference about functionals
of f., or decision-theoretic inferences to minimize a loss of interest. Since posterior
asymptotics of the density are not our main focus, here we simply reference the

primary results from the literature.
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For DPMs, there has been great progress in establishing posterior consistency and
rates of concentration for the density, in a number of cases. For a general overview,
see Ghosal (2010), and for background, see Ghosh and Ramamoorthi (2003). For
some of the many contributions to this area, see Ghosal et al. (1999), Barron et al.
(1999), Ghosal and Van der Vaart (2001), Lijoi et al. (2005b), Tokdar (2006), Ghosh
and Ghosal (2006), Tang and Ghosal (2007), Ghosal and Van der Vaart (2007),
Walker et al. (2007), James (2008), Wu and Ghosal (2010), Bhattacharya and Dunson
(2010), Khazaei et al. (2012), Scricciolo (2012), Pati et al. (2013), and references

therein.

More recently, these efforts have been extended to variable-dimension mixtures,
and similar results have been obtained. Under fairly general conditions, Kruijer
(2008) and Kruijer et al. (2010) have shown that for a large class of variable-
dimension location-scale mixtures, the posterior on the density concentrates at the
true density at the minimax-optimal rate (up to a logarithmic factor). It should be
noted that these optimality proofs apply to a model that is not exactly an MFM as
defined in Equation 4.1.1, since there is a single scale parameter shared among all
mixture components, rather than a separate scale parameter for each component;
the same assumption is made in the DPM optimality proofs. However, this can be
viewed as extending the hierarchical model by first sampling the common scale from

some prior, and given this, defining the MFM as before.

These results suggest that for density estimation, variable-dimension mixtures

may perform as well as Dirichlet process mixtures.
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4.3.1.2 Mixing distribution

Now, suppose the true density f, is in fact a finite mixture from the assumed family

{fo}, that is, f. = fg. for some G, with s(G,) < oc.

Under this (strong) assumption, MFMs can be shown to be consistent for the
mixing distribution (and the density, and the number of components), under very
general conditions, by appealing to Doob’s theorem (Nobile, 1994). Roughly speak-
ing, Doob’s theorem says that for a correctly-specified, identifiable model P, with
probability 1, if the parameter 6, is drawn from the prior, and the data is i.i.d.
from Py, (given 6y), then the posterior concentrates at 6y (Doob, 1949, Ghosh and
Ramamoorthi, 2003). The theorem applies under very general conditions, however,
a slightly subtle point is that the condition “with probability 1, if the parameter
0y is drawn from the prior” allows for an exceptional set of prior probability zero,
and in an infinite-dimensional space, this exceptional set can be quite large even for

seemingly reasonable priors (Freedman, 1963, Diaconis and Freedman, 1986).

Fortunately, in an MFM, the parameter space is a countable union of finite-
dimensional spaces, since for each k = 1,2, ..., a mixture with k& components has a
finite-dimensional parameter space. Consequently, one can choose a prior such that
any set of prior probability zero also has Lebesgue measure zero (where Lebesgue
measure is extended in the natural way to this disjoint union of spaces), and indeed,
an MFM will have this property whenever p(k) > 0 for all K = 1,2, ... and Lebesgue
measure is absolutely continuous with respect to the base measure H (for instance,

if H has a density with respect to Lebesgue measure that is strictly positive on ©).

Consequently, Doob’s theorem can be applied to prove consistency of MFEFMs

for Lebesgue almost-all true mixing distributions (Nobile, 1994). (A minor techni-
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cal issue is that Doob’s theorem also requires identifiability, and mixtures are not
identifiable in the usual sense; however, as long as the family {fy} is mixture iden-
tifiable, the theorem can be applied by defining a new parameter space containing

one representative from each equivalence class.)

Regarding DPM consistency for the mixing distribution, Nguyen (2013) has
shown that the DPM posterior on the mixing measure G concentrates at the true
mixing measure G, (in the Wasserstein metric), and has provided a rate of conver-

gence.

4.3.1.3 Number of components

As mentioned in the preceding section, when the true density f, is a finite mixture
from the assumed family {fp}, under very general conditions the MFM posterior
on the number of components will concentrate at the true number of components,
by Doob’s theorem (Nobile, 1994). (Other approaches have also been proposed for
estimating the number of components (Henna, 1985, Keribin, 2000, Leroux, 1992,
[shwaran et al., 2001, James et al., 2001, Henna, 2005), including methods with
claims of robustness (Woo and Sriram, 2006, 2007).) On the other hand, DPMs
are not well-suited to estimating the number of components in a finite mixture, as

discussed at length in Chapters 2 and 3.

In Chapter 3, we gave conditions under which the number of clusters in a Gibbs
partition mixture model is inconsistent for the number of components, and observed
that DPMs satisfy the conditions on the partition distribution. Since MFMs are
also Gibbs partition mixtures, the fact that they are consistent for the number of

components implies that these conditions are not satisfied for MFMs. This is easy to
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verify directly, using the following asymptotic expression for V,,(¢), which is proved

in Section 4.3.4 below: for any ¢t € {1,2,...}, if px(t) > 0 then

t! t! T'(yt)
rKva(vaOpK ™ i1

px(t) (4.3.1)

as n — oo. (Here, pg is the distribution of the number of components K, and
v > 0 is the Dirichlet parameter.) Let C be the random partition of [n] as in Section
4.2.1,and let A = (A;,..., Ar) be the ordered partition of [n] obtained by randomly
ordering the parts of C, uniformly among the 7! possible choices, where T = |C|.

Note that given C, the T'! such choices all yield distinct A’s. Therefore,

t

) =5 = v [T = v [T+,

ceC i=1

where ¢ = |C|. The inconsistency conditions are in terms of a distribution on A of
the form p(A) = v,(t) [T_; wa(|As]), and we can put the MFM distribution on A in
this form by choosing v, (t) = V,,(¢)/t! and w,(a) = 7*). One of the conditions for
inconsistency is that lim sup,, v, (t)/v,(t + 1) < oo for some t. This condition is not
satisfied for MFMs — provided that px(k) > 0 for all £ = 1,2,... — since for any

t€{1,2,...}, by Equation 4.3.1,

vn ()
vp(t+1)

Va(t) (1) Pr(t)

D TOUE) ol

=(t+1)

as n — 0.
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4.3.2 Relationship between the number of clusters and num-

ber of components

In the MFM, it is perhaps intuitively clear that, under the prior at least, the number
of clusters T' = |C| should behave very similarly to the number of components K
when n is large. It turns out that under the posterior they also behave very similarly
for large n. Assume pg(k) > 0 for all k. We show that for any xy,z5,... € X,
ke{1,2,...}, if iminf, p(K = k|z1.,) > 0 then

as n — 0o. See Nobile (2005) for related results.
To show this, first we observe that for any ¢t € {1,2,...},

1t
W pr(t) — 1 (4.3.2)

Pl =T =0 =5 e P o

(where p,, denotes the MFM distribution with n samples), by Equations 4.2.7 and

4.3.1. Next, write

PK =k|z10) =Y p(K =k|T =t21,)p(T = t|r,), (4.3.3)

t=1

and note that by Equations 4.2.9 and 4.3.2, p(K =k | T =t,21.,) = po(K =k | T =
t) — I(k =t) (also see Nobile (2005)). If liminf, p(K = k | 21.,) > 0, then dividing
Equation 4.3.3 by p(K = k | x1.,) and taking n — oo, the terms for t =1,... k —1

go to 0, and we are left with 1 = lim, p(T' =k | 21.,)/p(K =k | 21.,).
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4.3.3 Distribution of the cluster sizes under the prior

Here, we illustrate one of the major differences between the MFM and DPM priors,
namely, the distribution on partitions given the number of clusters/parts. (See Green
and Richardson (2001) for similar observations along these lines.) Under the prior,
the MFM prefers all parts to be roughly the same order of magnitude, while the DPM
prefers having some parts very small. Interestingly, these prior influences remain
visible in certain aspects of the posterior, even in the limit as n goes to infinity, as
shown by our results on inconsistency of DPMs for the number of components in a
finite mixture; see Chapters 2 and 3. In Chapter 5 below, we also empirically observe

differences in the posteriors.

Let C be the random partition of [n] as in Section 4.2.1, and let A = (A4, ..., Ar)
be the ordered partition of [n] obtained by randomly ordering the parts of C, uni-

formly among the 7! such choices, where 7' = |C|. Recall that

where t = |C|. Now, let S = (Si,...,S7) be the vector of part sizes of A, that is,
S; = |A;|. Then

t

Va(t) H'V(si) =Vou(t) ¢

i=1 T =1

n! 1
Cosyleeesl !

for s € Ay, where Ay = {s € Z' : Y. s; = n, s; > 1Vi} (i.e., the t-part compositions
of n). For any x > 0, writing (™ /m! = T'(z + m)/(m!T'(z)) and using Stirling’s

approximation, we have
T (m) z—1

ml I'(x)
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as m — oo. This yields the approximations

~

and

p(S:3|T:t)z/§HsZ_1

i=1
for s € A, where £ is a normalization constant. Note that p(s|t), although a
discrete distribution, has approximately the same shape as a symmetric t-dimensional
Dirichlet distribution. This would be obvious if we were conditioning on the number
of components K, and it makes intuitive sense when conditioning on 7', since K and

T are essentially the same for large n.

It is interesting to compare this to the corresponding distributions for the Chinese
restaurant process. In the CRP, we have pogp(C) = a‘}—; [T.ce(lel=1)!, and pege(A) =

perr(C)/|C|! as before, so for s € Ay,

n! 1 ot ¢ n! ot
pr— pu— _— + — ' = — _1 PR _1
pCRP(S 3) 31! . St! H o ljl(sz 1) NORT S1 S
and
Porp(S =8 |T =1) sy 57, (4.3.4)

which has the same shape as a t-dimensional Dirichlet distribution with all the
parameters taken to 0 (noting that this is normalizable since A; is finite). Asymp-
totically in n, the distribution pcgp(s|t) puts all of its mass in the “corners” of the

discrete simplex A;, while under the MFM, p(s|t) remains more evenly dispersed.
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4.3.4 Asymptotics of V(1)

Recall that (Equation 4.2.2)

Vit = 3 i )

for 1 <t < n, with v > 0 and px a p.m.f. on {1,2,...}. Here, we consider the

asymptotics of V,(t): we show that for any ¢t € {1,2,...}, if px(t) > 0 then

Vi(t) ~ w;—;(mPK(t) N t! T'(~t)

px(t) (4.3.5)

nl nit-1

as n — oo. Hence, asymptotically, V,,(¢) has a simple interpretation — it behaves
like the & = ¢ term in the series. To show this, we use the following elementary
result; this is a special case of the dominated convergence theorem, but since the

proof is so simple we provide it here.

Proposition 4.3.1. For j = 1,2,..., let a1; > ag; > --- > 0 such that a;; — 0 as

i—o00. If Y277 aiy < oo then 3777 aij — 0 as i — o0.

Proof. Letting ep = Zj>Ralj, we have e — 0 as R — oo. For any R > 0,

[e.e]

lim sup, 2;’:1 a;; < limsup;, Zle a;j +er = €g. Taking R — oo gives the result. [J

For any x > 0, writing 2 /n! = I'(x + n)/(n! T'(z)) and using Stirling’s approx-

imation, we have
I(n) nc—1

T T()

as n — oo. Therefore, the k =t term of V,,(¢) is

TP
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The first t — 1 terms of V,,(¢) are 0, so to establish Equation 4.3.5, we need to show
that the rest of the series, divided by the k = t term, goes to 0. (Recall that we have
assumed pg(t) > 0.) To this end, let

K
b = (00" 5 Prc()

We must show that Z,f’:tﬂ bp — 0 as n — oo. We apply Proposition 4.3.1 with

a;j = byyiry;. Clearly, for any k > ¢, by, > by > --- > 0. Further, for any k > ¢,

()™ 7 T(yk)
(vk)™)  T(yt) nk-t

as n — oo, hence, for any k > t, b,y — 0 as n — oo. Finally, observe that
Y tetit bnke < (vt)™V,(t) < oo for any n > t. Therefore, by Proposition 4.3.1,

> heti1 bk — 0 as n — oo. This proves Equation 4.3.5.

4.4 Inference algorithms

The usual approach to inference in variable-dimension mixture models is reversible
jump Markov chain Monte Carlo (Richardson and Green, 1997). However, now that
we have established that MFMs (as defined in Equation 4.1.1) have many of the
same attractive properties as DPMs, much of the extensive body of work on Markov
chain Monte Carlo (MCMC) samplers for the DPM can be directly applied to MFMs.
One advantage of this is that these samplers tend to be applicable to a wide range
of component distribution families { fp}, without requiring one to design specialized

moves. We show how this works for two well-known MCMC sampler algorithms:

(1) “Algorithm 3", for conjugate priors (MacEachern, 1994, Neal, 1992, 2000), and
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(2) “Algorithm 8”, for non-conjugate priors (Neal, 2000, MacEachern and Miiller,
1998).

The names Algorithm 3 and Algorithm 8 come from Neal (2000); it has become fairly
common to refer to these algorithms by the numbers he gave them. Algorithm 3 is a
collapsed sampler (i.e., the component parameters have been integrated out) involv-
ing the partition C, while Algorithm 8 is an auxiliary variable algorithm involving C

and the component parameters.

In fact, we describe a generalization of Algorithm 8, allowing a distribution other
than the prior to be used for the auxiliary variables. This allows the algorithm to
be used even when one cannot sample from the prior, as well as allowing for the

possibility of improved mixing time with a better auxiliary variable distribution.

A well-known issue with incremental samplers such as these, when applied to
DPMs, is that the mixing time can be somewhat slow, since it may take a long
time to create or destroy substantial clusters by moving one element at a time. With
MFMs, this issue seems to be exacerbated, since MFMs tend to put small probability
(compared with DPMs) on partitions with tiny clusters (see Section 4.3.3), making
it difficult for the sampler to move through these regions of the sample space; see

Section 5.1.7 for examples of this in experiments.

To circumvent this issue, split-merge samplers for DPMs have been proposed in
which a large number of elements can be reassigned in a single move (Dahl, 2003,
2005, Jain and Neal, 2004, 2007). In the same way as the incremental samplers, it
should be possible to directly apply such split-merge samplers to MFMs, using the
properties of the partition distribution described in Section 4.2. More generally, it

seems likely that any partition-based MCMC sampler for DPMs could be applied to



110

MFMs as well. (We should point out that split-merge samplers are often used with
reversible jump MCMC also (Richardson and Green, 1997, Green and Richardson,
2001); however, as before, there might be an advantage to using the DPM-style

split-merge samplers in terms of the ease of application to new models.)

4.4.1 Inference with conjugate priors

When H is a conjugate prior for the family of component distributions {fy : 6 €
©}, often there is an easy-to-compute expression for the “single-cluster marginal

likelihood”,
mieo) = [ T] ftay)H(as),

j€Ec
of a subset ¢ C [n] of the data. To do posterior inference, we would like to draw

samples from the posterior on the partition C,

P(Clrin) o plaralCIp(C) = ([ mlz2) )p(C),

ceC

(using Equation 4.2.5). The following MCMC algorithm provides an easy way to
sample (approximately) from p(C|z1.,). The algorithm was described by MacEachern
(1994), Neal (1992), and Neal (2000) (Algorithm 3) for DPMs; here, we show how it is
immediately adapted to MFMs. For ease of comparison, we describe both the MFM
and DPM versions, side-by-side. The DPM concentration parameter is denoted by

Q.

Given a partition C, denote by C \ j the partition obtained by removing element
7 from C. We use restaurant terminology, by way of analogy with the restaurant

process described in Section 4.2.6.
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Algorithm 4.4.1 (Collapsed sampler for MFM and DPM).

Initialize C = {[n]} (i.e., a single cluster).

Repeat the following N times, to obtain N samples:

Forj=1,....,n:

(1) Choose to reseat customer j ...

MFM DPM
at table ¢ € C \ 7 with probability o< (|c| + v)m(ﬂfcuj) ] m(xeu;)
m($c> m(:vc)
1
at a new table with probability o<~y % m(z;) am(z;)

where t = |C \ j].

(2) Update C to reflect this reassignment.

It is reasonable to assume that m(xy.,) > 0 (since otherwise something is probably
wrong with the model); this ensures that m(z.) > 0 for all ¢ C [n]. Further, V,,(t) > 0
if and only if ¢ < t, + 1 where t, = sup{k : px(k) > 0} (allowing, possibly, t, = 00);
see Section 4.2.4. Hence, the transition probabilities are all well-defined and positive

up to ¢, (and there is zero probability of going beyond t,).

This algorithm is usually described as a Gibbs sampler in terms of the allocation
variables 71, ..., Z,, however, in that formulation one has to accommodate the fact
that these variables must take particular values. Our description of the algorithm is
directly in terms of the partition C. This can be seen as a blocked Gibbs sampler
in terms of the n x n binary matrix in which entry (¢, 7) is 1 when ¢ and j belong
to the same cluster, taking the Ith block (I = 1,...,n) to be all the entries (i, j)

such that ¢ = [ or j = [. Another easy way to see that it has the correct invariant
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distribution (the posterior, p(C|x;.,)) is as a special case of the auxiliary variable

algorithm described in Section 4.4.3.2 below; see that section for this argument.

Irreducibility is satisfied, since, for example, from any state C° with p(C°|z1.,) >
0, there is a positive probability of reaching the state C = {[n|} (i.e., one cluster) in
a single sweep, by moving each element to the cluster containing element 1. (Note
that this requires V,,(t) > 0 for all t = 1,...,|C°|, and this is indeed the case; see the
discussion above and observe that p(C°|z1.,) > 0 implies V,,(|C°|) > 0.) The chain is

aperiodic, since there is positive probability of remaining in the same state.

4.4.2 Inference with non-conjugate priors

Often, the need arises to use a non-conjugate prior — for instance, we may wish to
use a family of component distributions { fy : § € ©} for which there does not exist a
conjugate prior. Neal (2000) described a clever auxiliary variable method (Algorithm
8), based on a very similar algorithm of MacEachern and Miiller (1998), for inference
in DPMs with a non-conjugate prior. The method is particularly attractive since it
does not require approximation of the marginal likelihoods m(z.) to compute the
transition probabilities, and consequently, is exact in the sense that its invariant

distribution is exactly equal to the posterior, and not an approximation thereof.

We show how this algorithm can be adapted to MFMs as well, in the same manner
as the previous section. In fact, we describe a generalization of the algorithm allowing
for a distribution other than the prior to be used for the auxiliary variables. This
permits the algorithm to be used when it is not possible to sample exactly from
the prior, and also introduces the possibility of improved mixing time via a better

auxiliary variable distribution. We show that when the “single-cluster posterior”
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(defined below) is used instead of the prior, this reduces — with one minor exception
— to the sampler referred to as Algorithm 2 in Neal (2000) (for earlier descriptions
of the algorithm, see MacEachern (1994), West et al. (1994), MacEachern (1998)).

As before, we present the algorithm in terms of the partition C (instead of the
allocation variables Zi,...,Z, as is usually done). Recall from Section 4.2.2 that

the model can be equivalently formulated as:

C ~p(C)
o N Hforce C, given C

X, ~ fs. independently for j € ¢, c € C, given ¢,C.

The algorithm constructs a Markov chain with state (C,¢), where ¢ = (¢. : ¢ €
C), producing samples from the posterior C, ¢|xy.,. (Note that for mathematical
convenience, the parameters ¢. are indexed by subsets ¢, rather than numbers, but

of course any indexing scheme could be used in a software implementation.)

The algorithm has two “parameters”: s is the number of auxiliary variables to be
used, and (R, : z € X) is a family of probability distributions on ©, parametrized
by points x € X in the data space. (On first reading, one can think of the special
case in which R, = H for all z.) Assume H and R,, for all z € X, have densities h
and r, with respect to a common measure v. Further, assume fy(x), h(#), and r,(6)

are strictly positive for all x € X', 6 € O.

We use 7(0|z.) to denote the density of the single-cluster posterior with respect

to v,

w(0lae) = (T folas) ) 0(O) /().

j€c
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Also, we denote ¢ \ j = (¢, : ¢ € C\ j) where ¢, = ¢. if ¢ C c.

Algorithm 4.4.2 (Auxiliary variable sampler for MFM and DPM).

Initialize C = {[nl]}, and initialize ¢, € O.

Repeat the following N times, to obtain N samples:

e For each c € C, sample ¢. ~ w(p.|x.), or move ¢. according to a Markov chain

guaranteed to converge to this distribution.

o forj=1,...,n:

iid

(1) If j is seated alone, setm < ¢y5y and sample n, ..., ns ~ Ry, ; otherwise,
sample ny, ..., Ms S R, .
(2) Choose to reseat customer j ...
at table ¢ € C \ j with probability
MFM DPM
(lel +7) fou () ] fo ()
at a new table with parameter n; (i =1,...,s) with probability
MFEM DPM
Y Valt+1) fuulzi)h(m) o [y () h(m:)
s Vu(t) T, (1) s 1o (m)

where t = |C\ j| and ¢ = ¢\ j.

(3) Update C and ¢ to reflect this reassignment.

To be clear, when reseating customer j, we sample from among |C \ j| + s choices:

|C \ 7| existing tables or a new table with one of the s parameters 7y, ..., 7s.

Note that for the DPM, the original Algorithm 8 of Neal (2000) is the special
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case obtained when r, = h for all z € X. Further, we recover a slight variation of
Algorithm 2 (Neal, 2000, MacEachern, 1994, West et al., 1994, MacEachern, 1998)
(also see Ishwaran and James (2001) for a general formulation) when s = 1 and 7,

is the single-cluster posterior, r,(0) = 7(6|z). For, in this case, in step (2),

fon(@5)h(m)

rmj(nl) = m(xj)a

and thus, for the DPM, the probability of choosing a new table with parameter 7, is
proportional to aom(z;). If j was not seated alone in step (1), then 7; was sampled
from 7(f|x;), and this is equivalent to Algorithm 2; the only difference is that here,

if j was seated alone then 7; was set equal to ¢y;;, rather than being sampled from

m(0]x;).

This suggests that mixing time could be improved by choosing r,(#) to approx-
imate 7(@|z) (rather than using r, = h). Note that if r,(f) can be chosen to be
exactly 7(6|z), then there seems to be (essentially) no point in choosing s > 1, since

it ends up being equivalent to s = 1, except on the occasion that j is seated alone.

On the other hand, if r,(f) is not equal to 7w(f|x), then choosing s large can be
seen as approximating this choice (as noted by Neal (2000) in the case of r, = h),

since then

Z fnlrf] hl /fn ;) H(dn) = m(z;),

5
making the probability of choosing a new table approximately the same as in Algo-
rithm 2, and given that we choose a new table, choosing among 7, ...,ns propor-
tionally to f,, (x;)h(n;:)/7.,(n:;) amounts to an approximate sample from 7 (60|z;). It
should be emphasized, however, that the algorithm has exactly the correct invariant

distribution (see Section 4.4.3), and the preceding remarks are simply intended to
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aid the intuition.

From this perspective, the original Algorithm 8 can be interpreted as employing
a Monte Carlo approximation to w(6|z;) (based on samples from the prior), while the
generalization above can be interpreted as using importance sampling. Consequently,
if there are many points x; for which 7 (6|z;) is very different than h(f), and we have
a decent approximation to m(f|x) that is easy to evaluate and sample from, then
we would expect the algorithm above to mix significantly better than the original

Algorithm 8.

In Section 4.4.3, we show the correctness of the algorithm above. In Chapter 5,

we apply this algorithm in experiments.

4.4.3 Justification of the non-conjugate sampler

In this section, we show that the non-conjugate sampler in Section 4.4.2 produces a

Markov chain converging to the posterior distribution C, ¢ | x1.,.

For a Markov chain (U;) = (Uy,Uy,Us,...) in a measurable space (U,.A) with
a countably-generated sigma-algebra A, it is sufficient to have an invariant distri-
bution p, irreducibility, and aperiodicity to guarantee convergence to the invariant
distribution pu, for p-almost all initial points ug (Tierney, 1994). If Uy is drawn
from a distribution that is absolutely continuous with respect to pu, this guarantees

convergence with probability 1.

Before establishing these properties, we recall some standard definitions; for

general background on Markov chains, we refer to Tierney (1994), Robert and
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Casella (2004), and Meyn and Tweedie (2009). A transition kernel is a function
Q:UxA—[0,1] such that u — Q(u, A) is measurable for each fixed A € A, and
Q(u, -) is a probability measure on (U, .A) for each fixed u € Y. The Markov chain

(U;) is said to have transition kernel @ if
]P)(UZ €A ’ UZ‘,1 = U) = Q('LL, A)
A probability measure p on (U, A) is invariant with respect to @ if

H(A) = / u(dw)Q(u, A) (4.4.1)

for all A € A; this is conveniently abbreviated as u = u@. For A € A, let T(A) =
inf{i > 0 : U; € A} denote the first time the chain hits A after time 0. Given a
sigma-finite measure ¢ on (U, A), the chain (U;) is y-irreducible if, for any A € A
such that ¢(A) > 0, we have P(T(A) < oo | Uy = u) > 0 for all u € U. The chain is
irreducible if it is p-irreducible for some sigma-finite measure ¢ such that (U) > 0.
Assuming () has invariant distribution p, it is periodic if there exist disjoint sets
Ay, ..., Ay € A for some d > 2, such that (a) u(A;) > 0, (b) Q(u, A;11) = 1 for all
u€ A, fori=1,...,d—1, and (¢) Q(u,A;) = 1 for all u € A;. Otherwise, it is

aperiodic.

4.4.3.1 Irreducibility and aperiodicity

Let U = |J{C} x O/l where the union is over partitions C of [n] such that p(C) > 0.
Note that the sigma-algebra A associated to U is countably generated, since U is the
disjoint union of finitely many spaces of the form ©!, and © C R’ has been given

the Borel sigma-algebra (which is countably generated).
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Consider the Markov chain with state U = (C,¢) € U resulting from the non-
conjugate sampler; for definiteness, let U, be the state after the first ¢ move, and
each successive U; be the state after a complete sweep through the reassignments of
7 =1,...,n and the following ¢ move. Let @) be the corresponding transition kernel,
and take p to be the posterior distribution of C, ¢ | z1.,. Here, we show that the
chain is irreducible and aperiodic; in Section 4.4.3.2, we verify that p is an invariant

distribution.

To show irreducibility, choose ¢ = d¢+ x II(+|xf,) ), where C* = {[n]} (i.e., one clus-
ter) and I1(-|z},) is the single-cluster posterior, that is, II(B|x(,)) = [5 7(0]xp)v(d0).
Let A € A such that p(A) > 0, let u € U, and write u = (C°, ¢°). First, observe
that similarly to the case of the conjugate prior algorithm, since p(C°) > 0, we have
V,.(IC°) > 0, and there is positive probability of reaching C* in a single pass through
the reassignments of j = 1,...,n, since fp(z) > 0 for all x € X, § € O by as-
sumption. Define B = {# € © : (C*,0) € A}. When C = C*, the ¢ move consists
of moving ¢,; according to a Markov chain guaranteed to converge to II(-|zp,), so
since II(B|zp)) = ¢(A) > 0, it is guaranteed that ¢p, will hit B in finitely many
steps, with probability 1. Since there is positive probability of staying at C* during

successive reassignments of j = 1,...,n, we have P(T(A) < oo | Uy = u) > 0.

To show aperiodicity, suppose d > 2 and Aq,...,A; € A are disjoint sets such
that u(A;) > 0, Q(u, Ajr1) =1 forallu € A;, fori=1,...,d— 1, and Q(u, A;) =
1 for all uw € A;. Pick C* such that the set By = {¢ : (C*,¢) € A} satisfies
uw({C*} x By) > 0, ie, P(C =C* ¢ € By | X1.n = x1.,) > 0. Then P(¢ € By |
C =C"Xip = x1n) > 0also. Let B; = {¢ : (C*,¢) € A;} for i = 2,....d.
Then By, ..., By are disjoint sets, and since there is a positive probability of staying
at C* (with no modifications to ¢) during the reassignments of j = 1,...,n, the

transition kernel K for the ¢ move must satisfy K(¢, B;11) = 1 for all ¢ € B;,
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fori = 1,...,d — 1, and K(¢,B;) = 1 for all ¢ € B;. However, this cannot be,
since by assumption, K is a transition kernel for a Markov chain that converges
to the posterior distribution ¢ | C*,x1.,, and therefore K must be aperiodic (and
have invariant distribution ¢ | C*, z1.,) (Tierney, 1994). Hence, a contradiction is

obtained, and the chain (U;) must be aperiodic.

4.4.3.2 Invariant distribution

A surprisingly useful way of constructing a transition kernel with a particular invari-
ant distribution p is via auxiliary variables (Besag and Green, 1993, Edwards and
Sokal, 1988): let U ~ p and introduce a random variable V' that is dependent on
U; if the current state of the chain is u;, then sample V = v | U = u;, and make a
move from wu; to u;;q according to a transition kernel R, for which the conditional
distribution U|V = v is invariant. A transition kernel ) constructed in this way (for
the overall move from u; to w;,1) has u as an invariant distribution. Often, such a @
will not yield an irreducible chain, but the composition Q1Q)s - - - Q,,, of a well-chosen
sequence of finitely-many such kernels will yield irreducibility (and will always still

have the same invariant distribution).

An important special case arises when V' = f(U) for some function f (Tierney,
1994); this can be thought of as partitioning u-space according to the level sets
of f, and making a move according to the conditional distribution of the level set
containing the current state. The Gibbs sampler can be thought of as a further
special case in which U consists of multiple variables and f is a projection onto a

subset of variables (typically, projecting onto all but one).

The approach of the preceding paragraph can be used to see that the conjugate



120

prior algorithm in Section 4.4.1 has the correct invariant distribution: let U = C,
take p to be the posterior distribution p(C|z1.,), define f;(C) =C\jfor j =1,....n,

and define the transition matrices

Q;(C°%.C) =p(C | f;(C) = f;(C°), X1:n = T1.0)

for j = 1,...,n. Then, the posterior p(C | x1.,) is an invariant distribution for each
Q;. Applying Q1Q2--- @, is equivalent to the conjugate prior algorithm described

in Section 4.4.1.

To show that the non-conjugate prior algorithm in Section 4.4.2 has the correct
invariant distribution, we actually use the auxiliary variable technique in two ways:
first in a way resembling the preceding paragraph, and again to sample from the
conditional distribution. We focus on the MFM case; the DPM case is essentially
the same. Let U = (C, ¢), take u to be the posterior distribution of C, ¢ | 1.,, define
fi(C,0)=(C\j,¢\j) for j =1,...,n, and define the transition kernels

Qj((co’¢0)7A> - ]P)((Ca ¢) € A ’ fj(ca ¢) = fj(co7¢0)7 Xl:n - xl:n)-

Clearly, this conditional distribution has a discrete part and a “continuous” part: j
can be placed in one of the clusters ¢ € C\ j, in which case ¢ is completely determined,
or j can be placed in a separate cluster, in which case ¢;; is free. (Strictly speaking,
it is continuous only if H is continuous.) Recall that H has density h with respect to
v. With respect to a measure on U (that is, on the space of (C, ¢) pairs) consisting

of a unit point mass at these discrete points, and v on the “continuous” part, the



121

density of the conditional distribution is

Feule)(lel +) ifceC\jandcUjeC
, , Vot +1) e (.
p(C, o [C\Jj, o\ J,21:m) X fn(xj)’YT(t)h(ﬁ) if {j} €Cand ¢, =n€©
0 otherwise,

where t = |C \ j| and ¢ = ¢\ j. (Note that sampling from this distribution would
be easy if we could compute m(x;) = [ f,(x;)h(n)v(dn) and sample from 7 (n|z;)
fn(x;)h(n), however, since we are in the non-conjugate case, this is not possible.)
In order to construct a move for this conditional distribution, the algorithm uses
another auxiliary variable technique, resulting in the probabilities as given in the

algorithm; see the next section for details.

4.4.3.3 A simple variable-dimension move

Here, we consider — in an abstract setting — a particular auxiliary variable technique

for a simple variable-dimension move; then we apply it to the situation at hand.

Let aj,...,a; >0and g:) — [0,00), Y C R such that k = fyg(y)l/(dy) < 00,
where v is a sigma-finite Borel measure on ), and define ¢ = ZZ a; + k. Define

X €{0,1,...,t} and Y € Y U {x}, where * is an arbitrary element not in ), such

that
P(X =1i)=a;fc fori=1,...,1, P (X =0) =r/ec,
PY=x|X>0)=1, Y | X = 0 has density ¢g(y)/k.
Suppose we know ay, ..., a; and can evaluate g(y) for any y € ), and we would like

to sample (X,Y"), but we cannot easily evaluate x or ¢. A transition kernel for which
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the distribution of (X,Y") is invariant can be constructed using auxiliary variables,

as follows.

Choose a distribution R on ) that we can easily sample from, and that has a
density r with respect to v that is strictly positive and can be evaluated at any
ye Y. Fixse{l,2,...}. Let M ~ Uniform{l,...,s} independently of X and Y.

iid

Given X, Y, M: if X > 0 then let Z1,...,Z; ~ R, and if X = 0 then let Z); =Y
and Z; S Rfori € {1,...,s} \ {M}. Denote Z = (Zy,..., 7).

The following move preserves the distribution of (X,Y"): from state (z,y), sample
Z =z | X ==Y =y, then sample X|Y | Z = z, and discard z. To sample
Z|1X,Y, we can just sample M, Z|X,Y as described above, and discard M. It turns

out that sampling X, Y|Z is also easy, since it can be shown that this is a discrete

1 i
distribution placing mass a,/C at (z,*) forz = 1,...,t, and mass — 9(=)
Cs r(z)

is the normalizing constant.

at (0, 2;)

for i = 1,...,s, where C = >\ a, + DI ‘zg:g
(Note: if H is not continuous, then multiple z;’s may coincide, and in this case their
mass contributions accumulate.) In fact, from this we can see that, algorithmically,

there is actually no need to sample M: by symmetry, the same transition kernel

results from always choosing M = 1.

We apply this to finish showing that the non-conjugate algorithm has the correct
invariant distribution, continuing the discussion from the end of Section 4.4.3.2.
Replace ay,...,a; by (a. : ¢ € C\ j) where a. = fy (z;)(|c| + 7). Take Y = O and

g(n) = folz;)y V"}it:;)l) h(n) for n € ©, and take R = R,,. Then, the move above is

precisely the reassignment move made for each 7 = 1,...,n in Algorithm 4.4.2.



CHAPTER FIVE

Experiments with the MFM
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In this chapter, we apply the MFM model in various ways, and compare it to the

corresponding DPM. Our objectives are to empirically demonstrate:

(1) posterior consistency properties,
(2) similarities and differences between the MFM and DPM,

(3) correctness of the inference algorithms and agreement with previously pub-

lished results, and

(4) broad applicability and ease of application.

To this end, we consider two families of mixtures: univariate normal and bivariate
skew-normal. We apply these mixture models to a variety of datasets — simulated
and real — and consider the posterior behavior of the models with respect to density

estimation, clustering, and the number of components and clusters. We also compare

the mixing time of the MCMC samplers for the MFM and DPM.

For a number of other experiments with the MFM, see Nobile (1994), Phillips and
Smith (1996), Richardson and Green (1997), Stephens (2000), Green and Richardson
(2001), and Nobile and Fearnside (2007).

5.1 Univariate normal mixtures

Here, we apply the MFM and DPM models in the most standard setting: mixtures
of univariate normals. Partly in order to demonstrate agreement with previously

published results, some of the experiments are modeled after those of Richardson

and Green (1997) and Green and Richardson (2001), who developed reversible jump
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MCMC samplers for both the MFM and DPM models (in the univariate normal
setting) and compared the two models empirically, by considering density estimates,
deviance, mean posterior cluster sizes, the entropy of posterior partitions, and the

posteriors on the number of components and clusters.

Rather than using reversible jump for inference, we use the (non-conjugate) incre-
mental Gibbs sampler from Section 4.4.2. In addition to comparing density estimates,
mean posterior cluster sizes, and the posteriors on the number of components and
clusters, we also consider Hellinger distance to the true density (if known), likelihood

on a held-out test set, sample clusterings, and pairwise probability matrices.

The characteristics we observe here appear to be true for other families of compo-
nent distributions as well; for instance, in Section 5.2, we observe similar properties

with mixtures of bivariate skew-normal distributions.

5.1.1 Data

We consider the following data distributions and datasets.

iid

e Standard normal. The data is Xi,...,X,, ~ N (0,1). This can be interpreted

as a mixture with a single component.

e Four components. The data is X1, ..., X, iid. from 327 | m N (2|, 0?) where
m = (0.44,0.25,0.3,0.01), u = (5,5,8,10), and o = (1.2,0.2,0.6,0.2). See
Figure 5.1. Note that two of the components have the same mean, and one of

the components has fairly small weight: 0.01.

e Classic galaxy dataset. The “galaxy dataset” (Roeder, 1990) is a standard
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Figure 5.1: Datasets used, in addition to standard normal. Histograms are shown
for the classic galaxy, Shapley galaxy, and SLC datasets, accompanied by rug plots
for classic galaxy and SLC. Note: The Shapley dataset also has a small amount
of additional data above 45,000 km/s, extending in a long tail up to nearly 80,000
km/s.

benchmark dataset for mixture models. It consists of measurements of the

velocities of 82 galaxies in the Corona Borealis region. See Figure 5.1.

e Shapley galaxy dataset. This is a larger dataset of the same type as the classic
galaxy dataset, containing measurements of the velocity of 4215 galaxies in
the Shapley supercluster, a large concentration of gravitationally-interacting
galaxies (Drinkwater et al., 2004). See Figure 5.1. The clustering tendency
of galaxies continues to be a subject of interest in astronomy. Since the as-
sumption of normal components appears to be incorrect, this dataset provides
the opportunity to see how the MFM and DPM behave on a relatively large

amount of real data with a potentially misspecified model.

o Sodium-lithium countertransport (SLC) dataset. The “SLC dataset” (Roeder,
1994) consists of the SLC activity level of 190 individuals; it is another bench-

mark dataset for mixture models, particularly for estimating the number of
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components. See Figure 5.1.

5.1.2 Model description

To enable comparison, we use the exact same model as in Richardson and Green
(1997) and Green and Richardson (2001). The component densities are univariate

normal,

o) = fyale) = Ml ) =\ 2 xp (= 2= ).

and the base measure (prior) H on 6 = (u, \) is
/‘LNN(M(%O-(%): )‘Nr(a’vb)7

independently (where the gamma distribution I'(a, b) is parametrized to have density

b a—1 —ba:)

rat e . Further, a hyperprior is placed on b, by taking b ~ T'(ag,by). The

remaining parameters are set to py = (max{z;} + min{z;})/2, o9 = max{z;} —
min{z;}, a = 2, ap = 0.2, and by = 10/03. Note that the parameters p, oo, and by
are functions of the observed data zi,...,x,. See Richardson and Green (1997) for
the rationale behind these parameter choices. (Note: This choice of o9 may be a bit
too large, affecting the posteriors on the number of clusters and components — see

Section 5.1.6 — however, we stick with it to enable comparisons to Richardson and

Green (1997).)

For the MFM, following Richardson and Green (1997), we take K ~ Uniform{1,
...,30} and v = 1 for the finite-dimensional Dirichlet parameters, as a default. The

Shapley galaxy data, however, is highly heterogeneous and K < 30 is too restrictive,
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SO on it we use

c if k € {1,...,30}
p(k) =
c/(k —30)% if k> 30

where ¢ = 1/(30 + 72/6), and v = 1. For the DPM, we consider two versions: a
fixed concentration parameter of & = 1 (DPM-fixed), and a random concentration

parameter with a ~ Exponential(1) (DPM-random).

Note that taking ;1 and A to be independent results in a non-conjugate prior.
Such a prior is appropriate when the location of the data is not informative about

the scale (and vice versa).

5.1.3 Approximate inference

The hyperprior on b could be handled in at least two different ways. First, integrating
b out would give rise to a distribution on (i, A) that we could have called H, and in
fact, in the case above b could be analytically integrated out since it has been given
a conjugate prior. Alternatively, we could use Gibbs sampling (i.e., adding b to the
state of the Markov chain, running the sampler given b as usual, and periodically
sampling b given everything else). We use the latter approach in order to illustrate

that there is no difficulty in handling more general hyperprior structures.

Since the prior is non-conjugate, we use the non-conjugate sampler described in
Section 4.4.2. For simplicity, we use a single auxiliary variable (s = 1) and use the
prior H (given the current value of the hyperparameter b) for the auxiliary variable
distributions R,. For the ¢ move (that is, moving ¢. = (., \.) according to the
single-cluster posterior m(¢.|z.), for ¢ € C), we use partial conjugacy to sample from

(e Aoy o) and then w(A;|pe, ).
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In contrast to Richardson and Green (1997), we do not restrict the parameter
space in any way (e.g., forcing the component means to be ordered to obtain identifi-
ability). All of the quantities we consider are invariant to the labeling of the clusters.

See Jasra et al. (2005) for an interesting discussion on this point.

For the DPM with random o (DPM-random), we numerically integrate out the

prior on « in a pre-computation step, as described by MacEachern (1998).

For some of the datasets, multiple runs were performed using different sets of
samples; for others, a single run was performed with the whole dataset. In each run,
the sampler executed 100,000 burn-in sweeps, and 200,000 sample sweeps (for a total
of 300,000). Judging by traceplots and running averages of various statistics, this
appeared to be sufficient for mixing. The number ¢ = |C| and sizes (|c| : ¢ € C) of the
clusters were recorded after each sweep. To reduce memory storage requirements,
the full state (C, ¢) of the chain was recorded once every 10 sweeps. For each run,
the seed of the random number generator was initialized to the same value for both

the MFM and DPM.

For a dataset of size n, the sampler used for these experiments took approximately

2.5 x 107%n seconds per sweep, using a 2.80 GHz processor with 6 GB of RAM.

5.1.4 Density estimation

Following Green and Richardson (2001), we use Equation 4.2.15 to estimate the
density based on samples from the posterior of C,¢ | x1,,. The 20,000 recorded

samples (out of the 200,000 sample sweeps) are used.
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Overall, the MFM and DPM yield highly similar density estimates. For large
n, this makes sense, since both models are consistent for the density; the degree
of similarity for smaller n as well is interesting. The estimated densities using the
DPM with fixed o and random « were very similar, so the density estimation results

displayed here are for fixed «, unless mentioned otherwise.

5.1.4.1 Estimated densities

Figures 5.2 and 5.3 show the estimated densities for increasing amounts of data
(n € {50,200,500,2000}) from the four component distribution and Shapley dataset,
respectively; for the Shapley dataset, random subsets of size n were used. Figure 5.4
shows the estimated densities for the classic galaxy, (full) Shapley galaxy, and SLC

datasets.

5.1.4.2 Hellinger distance

For the simulated data sets (i.e., standard normal and four component), the true
density is known, so we can evaluate the performance of a given density estimate
by considering its distance from the true density. Hellinger distance is one of the
standard metrics used in theoretical studies of the convergence of density estimates,
so it makes for a natural choice in this context. The Hellinger distance between

densities f and g is

H.0 = (5 [|Viw - vl a)
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Figure 5.2: Estimated densities for MFM (left) and DPM (right) on data from the
four component distribution (bottom plot). Results for 5 datasets are displayed for
each n € {50,200, 500,2000}. For each dataset, the MFM and DPM estimated den-
sities are nearly indistinguishable. As n increases, the estimates appear to converge
to the true density, as expected.
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Figure 5.3: Estimated densities for MFM (left) and DPM (right) on velocity data
(units: 1000 km/s) from the Shapley galaxy dataset (bottom plot, histogram nor-
malized to a density). For each n € {50,200, 500,2000}, five random subsets of size
n were used. Again, for each set of data, the MFM and DPM estimated densities
are nearly indistinguishable.
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Figure 5.4: Estimated densities using MFM and DPM on the classic galaxy, Shapley
galaxy, and SLC datasets. Once again, the MFM and DPM results are visually very
similar. For the classic galaxy dataset, we can compare the MFM estimated density
to the results of Richardson and Green (1997), and they appear to be similar.
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Figure 5.5: Estimated Hellinger distances for MEM (red, left) and DPM (blue,

right) density estimates of the four component distribution. For each n €

{50,200, 500, 2000}, five independent datasets of size n were used, and the lines

connect the averages of the estimated distances.

If we can sample from g, and g(z) > 0 whenever f(z) > 0, then we can estimate the

squared Hellinger distance by using a simple Monte Carlo approximation,

H(07 =5 [ VI - Vo[ e = %i( 0y

Y;)

iid

where Yi,..., YNy ~ g. For the simulated data sets, the true density is simply a

mixture of normals, so it is easy to sample from (and it is strictly positive).

Figure 5.5 shows the estimated Hellinger distance between the true density and
the estimated density of the four component distribution, for increasing amounts
of data (n € {50,200,500,2000}). Each distance was estimated with N = 103
independent samples from the true density; the same samples were used to evaluate

both MFM and DPM. The MFM and DPM results are very similar.
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5.1.4.3 Log-likelihood on a test set

For a real dataset, of course, we cannot compute the Hellinger distance. In this
situation, it is common to evaluate performance by measuring how well the estimated
density fits a held-out subset of the data. A standard measure of fit is the log-

likelihood on the held-out data.

To this end, we compute the density estimate fn as before using a “training set”

of n points from a dataset, and compute the log-likelihood

j=1
where y1,...,y, is a “test set” of m points from the dataset, disjoint from the

training set.

For this experiment, we used the Shapley galaxy dataset, and also, for com-
parison, the four component distribution. Figure 5.6 shows %é( fn;ylzm) for the
MFM and DPM estimated densities, using training sets of increasing size (n €
{50,200, 500,2000}), and test sets of size m = 1000. For each n, five different
training sets (each with a different test set) were used; the same training and test

sets were used for the MFM and DPM. The MFM and DPM results are very similar.

5.1.5 Clustering

In addition to density estimation, mixture models are very frequently used for cluster-
ing. In this section, we examine various properties of the MFM and DPM posteriors

that are relevant to clustering. In contrast with density estimation, some significant
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Figure 5.6: Test set log-likelihood (divided by m) for MFM (red, left) and DPM
(blue, right) density estimates. For each n € {50,200, 500, 2000}, five training sets
of size n were used, each with a test set of size m = 1000.
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differences emerge between the MFM and DPM with respect to clustering.

It is well-known that partitions, or “clusterings”, C sampled from the DPM pos-
terior tend to have small transient clusters (e.g., West et al. (1994), Lartillot and
Philippe (2004), Onogi et al. (2011), and others). Here, we empirically observe that
MFMs do not exhibit this behavior. When using DPMs for clustering, these small ex-
tra clusters can be a nuisance. This makes MFMs a potentially attractive alternative

to DPMs for model-based clustering.

The differences we observe are what one might expect, based on the rather ex-
treme differences in the conditional distribution of the partition a priori, given the
number of clusters (as discussed in Section 4.3.3). Roughly speaking, for a given

number of clusters, the DPM has a strong preference for lower entropy partitions.

In addition to comparing the MFM’s clustering behavior to the DPM with fixed
a, we also compare to the DPM with random «. When the data is well-modeled
by a finite mixture, it appears that putting a prior on « enables the DPM to adapt
somewhat and reduce the tendency to make extra clusters, however, empirically it

does seem to still have this tendency to some degree.

5.1.5.1 Sample clusterings

First, we look at some samples of clusterings from the posterior. To visualize the
clusters, we make a scatter plot in which the x-values are the data points and the
y-values are the cluster assignments; the y-values are then slightly vertically jittered

in order to distinguish nearby points.

Figure 5.7 shows three representative samples for each of the three different mod-
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els — the MFM, the DPM with random « (DPM-random), and the DPM with fixed
a (DPM-fixed) — on n = 500 points from the standard normal distribution (i.e., a
mixture with one component). The MFM samples typically have a single cluster.
The DPM-random samples usually have a single cluster, but occasionally have one
or more small extra clusters. The DPM-fixed samples almost always have multiple
small extra clusters. It should be noted that the extra clusters are “transient”, in

the sense that they do not consistently contain the same points.

Figure 5.8 shows samples from the three models, on n = 2000 points from the
four component distribution. All three models fairly consistently have 4 dominant
clusters corresponding to the 4 components, accounting for the majority of the data.
With respect to extra clusters, we observe the same trend as before: the MFM
usually has 4 or 5 clusters, DPM-random usually has 4 to 6, and DPM-fixed usually
has 4 to 8. When the MFM does have extra clusters, they are typically substantial in
size, whereas the DPM’s extra clusters range in size and usually some are very small.
Also, even though one of the true components has small weight (0.01, so it accounts
for only around 20 data points out of 2000), all three models clearly recognize it by

creating a separate cluster.

For the classic galaxy dataset (Figure 5.9), all the models tended to have small
clusters. This seems attributable to fact that the data set is fairly heterogeneous

and rather small (n = 82).

For the Shapley galaxy dataset (Figure 5.10), all the models have a fairly large
number of clusters (10 to 20). Nonetheless, as before, the DPM models usually have
a few tiny clusters in addition. Interestingly, the behavior seems quite different on
the long flat tail at the upper range of values — the MFM often puts all of these

values together in one cluster, while the DPMs often break it up into several clusters.
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Figure 5.7: Typical sample clusterings from the posterior, on standard normal data.
See the text for discussion.

Also, in this case, DPM-fixed tends to have fewer clusters than DPM-random (see

also Section 5.1.6), apparently due to the prior on ¢.

Figure 5.11 shows samples from the three models on the SLC dataset. We observe

similar trends as on the one component and four component data.

The preceding heuristic observations are based on looking at individual samples.
In the subsequent sections, we consider more principled estimates of various posterior

properties.
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Figure 5.8: Typical sample clusterings from the posterior, on four component data.
The true component assignments are shown at bottom. See the text for discussion.
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Figure 5.10: Typical sample clusterings from the posterior, on the Shapley galaxy
dataset. See the text for discussion.
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clusterings from the posterior, on the SLC dataset. See
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5.1.5.2 Cluster sizes

To summarize the relative sizes of the clusters ¢ € C for clusterings C sampled from
the posterior, we consider the posterior means of the sorted cluster sizes. In other
words, let Ny > Ny > -+ such that (N; : ¢ € {1,2,...}, N; > 0) is a permutation
of (|¢| : ¢ € C), and consider the posterior means E(N; | x1.,). Following Green
and Richardson (2001), we also consider the mean sizes given the number of clusters

t= ‘C‘, that iS, ]E(Nl ‘ t,xl:n).

Figure 5.12 shows estimates of these conditional and unconditional mean sizes
for the standard normal distribution with n = 500, the four component distribution
with n = 2000, the classic galaxy dataset, and the (full) Shapley galaxy dataset.
To visualize these quantities, we draw a box for each i = 1,2, ..., stacked up from
largest to smallest. The estimates shown are for values of ¢ with sufficiently large
posterior probability that we have enough samples to compute the estimates. Note
that conditional on ¢, the DPM with fixed o (DPM-fixed) and with random « (DPM-

random) are formally equivalent.

Similarly to Green and Richardson (2001), we very consistently observe that
under the MFM, the mean cluster sizes given ¢ are “more equally-sized” than under
the DPM; more precisely, the discrete distribution corresponding to the sizes (i.e.,

with probabilities p; = N;/n) has higher entropy under the MFM.

5.1.5.3 Pairwise probability matrix

A useful summary of the posterior distribution of the cluster assignments C is the

matrix containing, for each pair of points, the posterior probability that they belong
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Figure 5.12: Left: Means of the sorted cluster sizes, given ¢, for MFM (red, left)
and DPM (blue, right). Right: Means of the sorted cluster sizes, unconditionally,
for MFM (red, left), DPM-random (green, middle), and DPM-fixed (blue, right).
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to the same cluster. In other words, entry (4, j) is pi;; = P(Ic € C s.t. 0,5 € ¢ | x1.).
This matrix is often used in clustering applications (Medvedovic and Sivaganesan,

2002, Kim et al., 2006, Dahl, 2006, Murino et al., 2010).

For each dataset and each model, we estimate this matrix using 5000 samples of C.
Figure 5.13 displays estimates of these matrices for the four component distribution
(n = 500), the classic galaxy dataset (n = 82), and a random subset of the Shapley
galaxy dataset (n = 500). The matrices shown are for the DPM with fixed «; the
random « case is nearly identical. The indices of the matrix for the four component
distribution are ordered by true component origin, then by the value of the data
point; the other matrices are ordered by the value of the data point. The MFM
and DPM matrices are visually similar in all three cases, however we observe —
particularly for the galaxy dataset — that some of the blocks are darker in the DPM
matrices (i.e., these pairs are more likely to be together); this is a real effect, not
simply a plotting artifact. This seems to be attributable to the higher entropy of

MFM clusterings compared to DPM clusterings.

Table 5.1: RMS of the differences between estimated matrices.

k=1 |k =4 | galaxy | Shapley | SLC
MFM vs. DPM-fixed 0.09 | 0.03 0.14 0.04 0.04
MFM vs. DPM-random 0.03 | 0.03 0.16 0.03 0.06
DPM-fixed vs. DPM-random | 0.12 | 0.02 0.03 0.03 0.04

Table 5.1 displays the root-mean-square (RMS) of the differences between the
estimated matrices for the different models, i.e., for matrices (p;;) and (g;;), we
compute (# > i i(Pij — qij)2)1/2. For the one component data we use n = 500, and
for SLC, n = 190. To get a sense of the accuracy of these estimated matrices, the
RMS distance between two estimates of the MFM matrix based on independent sets

of 5000 samples was computed for each dataset, and in each case it was approximately

0.01. For the most part, the differences between the models are small, but there are
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some noticeable disparities: the MFM differs from DPM-fixed and DPM-random on
the galaxy dataset, meanwhile, DPM-fixed differs from the others on the standard

normal data.

5.1.6 Number of components and clusters

It is tempting to use the posterior of the number of components k£ or of the number
of clusters ¢ as a measure of the heterogeneity of the data, however, there are some
subtle issues with this that one should bear in mind. (See Aitkin (2001) for a detailed

discussion in the context of the galaxy dataset.) In particular,

(1) these posteriors can be strongly affected by the base measure H, and

(2) these posteriors can be highly sensitive to misspecification of the family of

component distributions {fy}.

Issue (1) can be seen, for instance, in the case of normal mixtures: it might seem
desirable to choose the prior on the component means to have large variance in order
to be less informative, however, this causes the posterior of ¢ to favor smaller values
of t. In the MFM, the same is true for the posterior of k (Richardson and Green,
1997, Stephens, 2000, Jasra et al., 2005). With some care, this issue can be dealt
with by varying the base measure H and observing the effect on the posterior; for

instance, see Richardson and Green (1997).

Issue (2) is more serious; in practice, we typically cannot expect our choice of
{fo : 0 € ©} to contain the true component densities (assuming the data is even

from a mixture). When the model is misspecified in this way, the posteriors of k
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Figure 5.13: Matrices showing, for each pair of data points, the posterior probability
of belonging to the same cluster (white is probability 0, black is 1).
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and t will typically be severely affected and depend strongly on n. For instance, if
the model uses mixtures of normals, and the true data distribution is not a finite
mixture of normals, then these posteriors will diverge as n increases. Consequently,
the effects of misspecification need to be carefully considered if these posteriors are

to be used as measures of heterogeneity.

Here, we consider the posteriors of k and ¢, not for the purpose of measuring

heterogeneity, but simply to empirically demonstrate:

(1) posterior consistency (and inconsistency), assuming correct specification,
(2) differences between the MFM and DPM posteriors, and

(3) correctness of the inference algorithms.

The posterior of ¢ = |C| is easily estimated from posterior samples of C. Fig-
ures 5.14 (standard normal data), 5.15 (four component data), 5.16 (classic galaxy
data), 5.17 (Shapley galaxy data), and 5.18 (SLC) show estimates of p(t|z1.,) for the
MFM, DPM-fixed, and DPM-random. For the standard normal, four component,
and Shapley galaxy data, for each n € {50,200, 500,2000} (as well as n = 5000 for
the four component data) we show the average over 5 datasets (using random subsets

for the Shapley galaxy data).

Under the DPM, the prior on t diverges as n grows, and this influences the
posterior. Following Green and Richardson (2001), we can eliminate this influence
by “tilting” the posterior in postprocessing; that is, since p(t|z1.,) o p(z1.,|t)p(t), we

can switch to any other prior ¢(¢) on ¢ simply by multiplying the estimated posterior
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Figure 5.14: Posterior distribution of ¢t on standard normal data.
of t by ¢(t)/p(t) and renormalizing. To this end, define

p(t | z1n)

Pl ) )

where p,,(t) is the prior on ¢t when there are n data points; we refer to this as “DPM-
flat”. This can be interpreted as corresponding to an (improper) uniform prior on
t; in practice it is numerically equivalent to a uniform prior on the range of ¢ values

sampled. In the figures mentioned above, we also display p*(t|z1.,) (DPM-flat).

For the DPM, the posterior of the number of components k is always trivially a

point mass at infinity. For the MFM, to compute the posterior of k, note that

p(k|xi,) = Zp klt, x1.0)p(t|T1.0) = Zp El)p(t|x1n),

by Equation 4.2.9, and the formula for p(k|t) is given by Equation 4.2.7; therefore,
it is easy to transform our estimate of the posterior of ¢ into an estimate of the

posterior of k. Figure 5.19 shows the posterior of k£ alongside that of ¢ for the
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MFM, for each dataset. We know that the difference between p(t|z1.,) and p(k|z1.,)
becomes negligible as n grows (see Section 4.3.2); empirically, in these experiments
the difference is modest for n = 50 and becomes indistinguishable for larger values
of n. Note that the mass of p(k|x;.,) is always shifted “to the right” (i.e. to higher

values), compared to p(t|z1.,).

For the classic galaxy dataset, we can compare the MFM posterior estimated
here with the estimate of Richardson and Green (1997); since the exact same model
is used, the results should be very similar. Indeed, as Table 5.2 shows, they are.

Table 5.2: MFM posterior on k for the classic galaxy dataset.

k 1 2 3 4 ) 6 7
Here | 0.000 | 0.000 | 0.067 | 0.139 | 0.188 | 0.194 | 0.156
R&G | 0.000 | 0.000 | 0.061 | 0.128 | 0.182 | 0.199 | 0.160

8 9 10 11 12 13 14 15
0.107 | 0.066 | 0.038 | 0.021 | 0.011 | 0.006 | 0.003 | 0.002
0.109 | 0.071 | 0.040 | 0.023 | 0.013 | 0.006 | 0.003 | 0.002

On the finite mixture data, the MFM posteriors on k and t appear to be con-
centrating at the true number of components (although perhaps slowly on the four
component data), and DPM-fixed certainly does not appear to be concentrating.
DPM-random and DPM-flat are somewhere in-between — it is not apparent whether
they are concentrating at the true number of components; we would conjecture that

they will not concentrate.

These empirical observations are consistent with what we know from theory: the
MFM is consistent for the number of components (see Section 4.3.1.3) and DPM-

fixed is not (see Chapters 2 and 3).

Note that the four component data is rather challenging for this task, since

one of the components has a weight of only 0.01; this may contribute to the slow
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concentration of the MFM posterior at k = 4. For comparison, in Section 5.2.6, the
MFM posterior concentrates much more quickly for data from a three-component

mixture of bivariate skew-normals.

The SLC dataset is often used as a benchmark for methods estimating the num-
ber of components in a finite mixture. The sodium-lithium countertransport (SLC)
activity of red blood cells is associated with hypertension, and is thought to have a
genetic basis. Assuming a normal model, the objective is to determine whether a
“simple dominance model” (two components, with weights p* 4+ 2pg and ¢?) or an
“additive model” (three components, with weights p?, 2pq, and ¢*) is more appro-
priate; see (Roeder, 1994) for details. Some methods find more evidence for two
components, while others indicate three components — there is no clear consensus
(Woo and Sriram, 2006, Roeder, 1994, Ishwaran et al., 2001, Chen et al., 2012).
The MFM results shown here (Figures 5.18 and 5.19) are consistent with either two
or three components (as are the DPM-random and DPM-flat results), however, as

expected, using the DPM-fixed posterior on ¢t would appear to be rather misleading.

It is interesting to note that on the Shapley galaxy dataset, DPM-fixed favors a
smaller number of clusters than the others; by comparing it with DPM-flat, we can

see that this is due to the prior on the number of clusters.

5.1.7 Mixing issues

As described in Section 4.4 (and shown empirically in this chapter), it is straight-
forward to adapt partition-based DPM samplers to the MFM. An issue that arises
with the incremental MCMC samplers is that when n is large, the mixing time for

the MFM can be significantly worse than for the DPM.
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To illustrate, in Figure 5.20, we display examples of traceplots of the number of
clusters t for posterior samples using the MFM and DPM, on n = 50 and n = 2000
data points from the four component distribution. For visualization purposes, we
uniformly jitter the ¢ values within ¢ + 0.25, and we display only every 10th sample.
Only the burn-in period (10° sweeps) is displayed. DPM-fixed is shown; DPM-

random is similar.

When n = 50, the mixing is fine for both MFM and DPM, however, when
n = 2000 the MFM mixing is substantially worse. Out of the 5 runs with n = 2000,
the example shown was a particularly bad run in this respect, but this behavior is

not too uncommon, based on previous experiments.

The explanation for this seems to be that — as we know from Section 4.3.3 —
the DPM likes having small clusters, while the MFM does not. Consequently, the
MFM takes a longer time to create or destroy substantial clusters by reassigning one
element at a time, since in order to do so it must move through the regions of low
probability where there are small clusters. We have observed similar behavior for

the conjugate prior algorithm also (Section 4.4.1).

While traceplots of ¢ are particularly useful for illustrating this issue, it is worth
mentioning that they are a bit misleading with regard to DPM mixing. Since the
DPM eagerly creates and destroys small transient clusters, t is significantly more
variable than it would be if these tiny clusters were ignored, and consequently, the
trace of ¢ indicates a level of mixing that is artificially high. (Adding independent
noise to any trace will appear to improve mixing, in an artificial way.) It seems that

mixing would be more appropriately assessed by using a statistic that is not strongly

el

affected by tiny clusters, for instance, the entropy of the clustering, — > ., = log %,

or the sum of the squares of the sizes, Y .. |c[*>. Nonetheless, by considering the
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traces of various other statistics, it seems that the DPM does indeed mix significantly

better than the MFM when n is large.

A natural solution would be to use a split-merge sampler (Dahl, 2003, 2005,
Jain and Neal, 2004, 2007); although we have not explored this, we expect it to be

straightforward to adapt existing DPM split-merge samplers to the MFM.

5.2 Multivariate skew-normal mixtures

In order to illustrate the flexibility with which the MFM model can be used, in this
section we apply it to mixtures of multivariate skew-normals. This example is fairly

general, in the following respects.

e Fully non-conjugate. For the univariate normal mixtures, we used a non-
conjugate prior, but one in which each parameter separately had a conjugate

prior; here, we use a prior with no such conjugacy properties.

e Unbounded K. We use a prior on the number of components K under which

K has no a priori upper bound (and indeed, pg (k) > 0 for all k =1,2,...).

o Multivariate. We use a multivariate family of component distributions. Going
from univariate to multivariate is routine, due to the convenient form of the

samplers. For visualization purposes, we show results for the bivariate case.

Overall, the results are quite similar to the case of univariate normal mixtures, so we

discuss only a subset of the posterior properties considered in the previous section.
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Introduced by Azzalini and Dalla Valle (1996) and Azzalini and Capitanio (1999),
the multivariate skew-normal distribution SN (£, Q,w) with parameters £ € R? (lo-
cation), Q € R4 positive definite (scale and correlation), and w € R? (skew), has

density
SN(z | €Q,w) =2N (2 ]£ Q) ®(w'S™ (z —¢))

for z € R?, where S € R%™? is the diagonal matrix with S;; = v/Q;;, and ® is the
univariate standard normal CDF. This is a generalization of the multivariate normal
family (which can be recovered by setting w = 0) which retains some of its nice
properties. Intuitively, it is a multivariate normal which has been skewed, according

to the skew parameter w € R?, in the direction of w/|w| by a magnitude of |w].

Figure 5.21 shows a contour plot and a scatterplot of n = 2000 points from

SN(§,Q,w) with £ = (-1.5,-1)", @ = (52 '°), and w = (1,3)". A convenient

1.5 1

2
parametrization of @ in the bivariate case (d = 2), is as Q = <p;1102 oy 2), where
2

01,09 > 0 and p € (—1, 1) is the correlation coefficient; for instance, in the preceding

example, o1 = 2.5, 05 = 1, and p = 0.6.

Due to its increased flexibility over the multivariate normal, the skew-normal

may be useful for applications involving mixture models, particularly clustering.

5.2.1 Data

We consider data simulated from a three-component mixture of skew-normals
Z?Zl 7 SN (z|&;, Q;, w;), with parameters as shown in Table 5.3. Figure 5.22 displays

contour plots and samples from each of the three mixture components.
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Figure 5.21: Contour plot and scatterplot of a bivariate skew-normal distribution.

Table 5.3: Parameters of the skew-normal mixture used for data simulation

{ T i1 &2 oin O Pi Wi Wi
11045 2 -2 25 1 -—-06 -3 6
21 03 0 0 2 1 0.95 6 0
31020 -1 2 1 1 0 0 —2
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Figure 5.22: Mixture components used for simulations (top: contour plots, bottom:
scatterplots). The scatterplots shows 450, 300, and 250 samples from the three
components, respectively.
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5.2.2 Model description

We take the family of component densities to be bivariate skew-normal,

folz) = SN(z | £, Q,w),

with the parametrization 6 = (&1, &2, log 01, log 09, logit %1, wy, ws) (where logit p =
log 7%). For the base measure H, for convenience we simply choose 6 ~ N(0,C)

where C/? = diag(5,5,2,2,2,4,4).

Note that this parametrization covers all of R7. This parametrization and choice
of H was chosen rather arbitrarily, without any particular regard to the structure
of the skew-normal distribution; a more principled choice of H is almost certainly
possible. The location and scale of H was chosen to be roughly appropriate for the

data at hand.
For the MFM parameters, we use v = 1 and

c if ke {1,...,30}
p(k) =
¢/(k—30) if k> 30

where ¢ = 1/(30+7%/6). For the DPM, we use only a fixed concentration parameter,

a=1.

5.2.3 Approximate inference

Since H is not a conjugate prior for {fp}, we again use the non-conjugate sam-

pler (Section 4.4.2). For the auxiliary variable distribution, we again use H. For
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the ¢ move (that is, sampling the component parameters), we use the Metropolis
algorithm with a normal proposal distribution. Specifically, for ¢ € C, we pro-
pose ¢, = ¢, + 0.1¢ where e1,...,e7 S N(0,1) (and accept ¢. with probability

min{1, 7(¢.|z.)/m(¢pc|z.)}); this is repeated 20 times between each pass through the

reassignments of j = 1,...,n. Note that the acceptance probability is
. h(ée) Hjec o (z;)
min < 1, ,
hoe) [ec fo ()

which does not actually require computing the posterior density. Although a small
amount of experimentation was done with these parameters, this move could al-
most certainly be improved upon (e.g., perhaps by scaling the proposal distribution

separately for each dimension).

For each n € {50,200,500,2000}, five independent sets of data from the true
distribution were considered. As before, for each such set, the sampler was run for
100,000 burn-in sweeps and 200,000 samples sweeps (for a total of 300,000); this

appeared to be sufficient for mixing.

For a dataset of size n, the sampler used for these experiments took approximately

1.5 x 107° n seconds per sweep, using a 2.80 GHz processor with 6 GB of RAM.

5.2.4 Density estimation

As before, Equation 4.2.15 was employed to estimate the density based on samples
from the posterior of C,¢ | z1.,. The 20,000 recorded samples (out of the 200,000
sample sweeps) were used. Figure 5.23 shows representative examples of the esti-

mated densities for increasing amounts of data (n € {50,200, 500}). Although slight
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differences between the MFM and DPM can be detected, overall, the densities ap-
pear to be quite similar. The wiggliness of the contour lines for the DPM is probably

due to the presence of tiny clusters in the posterior samples; see below.

Since the true density is known, we can assess the performance of the density
estimates using Hellinger distance (see Section 5.1.4). Figure 5.24 shows the esti-
mated Hellinger distance between the true density and the estimated densities, for
increasing amounts of data. Each distance was estimated with N = 10 independent
samples from the true density; the same samples were used to evaluate both MFM

and DPM. As usual, the MFM and DPM results are very similar.

5.2.5 Clustering

We display some representative clusterings sampled from the posterior. Figure 5.25
shows (Top) three samples from the MFM and the DPM, and (Bottom) the true
component assignments of the points, for n = 500 data points. The markers for
points in small clusters have been enlarged for visualization purposes. All of the

data points are visible within the window shown.

Similarly to before, we observe that both models consistently have three dominant
clusters corresponding to the three true components, and that the DPM tends to

have small transient extra clusters, while the MFM does not.

The behavior of the means of the sorted cluster sizes is similar to the univariate
normal case. Also, the pairwise probability matrices for the MFM and DPM are

very similar to one another.
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MFM DPM

Figure 5.23: Contour plots of typical density estimates for the MFM (left) and DPM
(right); compare with the true density (bottom).
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Figure 5.24: Estimated Hellinger distances for MFM (red, left) and DPM (blue,
right) density estimates. For each n € {50,200, 500, 2000}, five independent datasets
of size n were used, and the lines connect the averages of the estimated distances.

5.2.6 Number of components and clusters

We estimate the posteriors on the number of components and clusters, as described
in Section 5.1.6. As explained there, we do not consider these for the purpose of
measuring heterogeneity, but simply to demonstrate posterior consistency properties

and differences between the MFM and DPM.

Figures 5.26 shows estimates of p(t|z1.,) and p(k|zi.,) for the MEM, p(t|x1.,)
for the DPM (DPM-fixed), and p*(t|x1.,) for the DPM (DPM-flat). For each n €
{50,200, 500,2000}, we show the average over 5 datasets. As before, the MFM
appears to be concentrating at the true number of components, the DPM does not
appear to be, and for DPM-flat it is not clear (although it does seem to be “stalled”,

suggesting that it might not concentrate).

This empirical observation for the MFM is actually rather interesting, since skew-

normal mixtures are not mixture identifiable in general, and therefore we have no
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Figure 5.25: Typical sample clusterings from the posterior; see the text.
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Figure 5.26: Posterior distributions of k and ¢.

t (number of clusters)

guarantee that the posterior will concentrate at the true number of components.

This lack of identifiability can be easily exhibited (as pointed out to me by Dan

Klein) by observing that

LN | €Q.w) + SN | £.Q,—u) = SN2 | €,Q,0)

for any z,¢, @, w, since ®(z) + ®(—=z) = 2®(0) for any z € R.
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6.1 Introduction

Like the Dirichlet process mixture (DPM), a number of other nonparametric models
are derived as a certain infinite-dimensional limit of a family of finite-dimensional
models. For each such model, we could alternatively construct a variable-dimension

model by putting a prior on the dimension, in the same way that we constructed the

MFM.

As we have seen with the MFM, a variable-dimension model can have many of
the same characteristics as an infinite-dimensional model, as well as having certain
advantages. Two key observations underlying this development were that the MFM
has a nice partition distribution, and that this distribution can be generated by a

simple combinatorial stochastic process (a restaurant process, in this case).

In this chapter, we show that for two other popular nonparametric models —
the hierarchical Dirichlet process (HDP) and the Indian buffet process (IBP) —
the natural variable-dimensional counterparts also have many of the same attractive
properties as the nonparametric, infinite-dimensional models. In particular, they
give rise to nice distributions on discrete structures that can be generated by simple
combinatorial stochastic processes (a “franchise process” and a “buffet process”,

respectively).

6.2 Hierarchical mixture of finite mixtures

In many applications, the data comes in groups that may be related in some ways but

may also have significant differences. For instance, in modeling a set of documents,
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the words in each document may be considered as a group of data points, and
documents may be related by sharing various topics. One way to model such data
would be to combine the data from all groups and use a single mixture model,
however, this does not allow for possible differences between the groups. At the
other extreme, one could use a separate mixture model for each group, but this does
not take advantage of possible relationships between the groups. A third way — the
one we pursue here — is to use a mixture model for each group and allow mixture

components to be shared among groups.

The hierarchical Dirichlet process (HDP) (Teh et al., 2004, 2006) is a model of this
type, in which each group is modeled using a Dirichlet process mixture for which the
base measure is itself a draw from a Dirichlet process, and is shared among all groups.
Due to the discreteness of random measures drawn from a DP, this allows subsets of
the component parameters of these different mixtures to be shared. The HDP is a
special case of the Analysis of Densities model of Tomlinson and Escobar (1999), and
can also be viewed as an example of a dependent Dirichlet process (MacEachern et al.,
1999, MacEachern, 2000, MacEachern et al., 2001). The HDP has seen a wide range
of applications, including document modeling (Teh et al., 2004), natural language
modeling (Liang et al., 2007), object tracking (Fox et al., 2007), haplotype inference
(Xing et al., 2006), natural image processing (Kivinen et al., 2007), cognitive science
(Griffiths et al., 2007), and measuring similarity between musical pieces (Hoffman
et al., 2008), and a dynamic hierarchical Dirichlet process ({AHDP) has been proposed
by Ren et al. (2008). (For other nonparametric approaches to modeling data in
multiple related groups, see Miiller et al. (2004), Dunson (2006), and Rodriguez
et al. (2008).)

In the same way that the HDP is constructed from the Dirichlet process, one

can construct a hierarchical mixture model using the corresponding distribution on
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discrete measures for the MEM. We show that the resulting model, which we refer to
as a hierarchical mixture of finite mixtures (HMFM), has some of the same attractive
properties as the HDP mixture model. In particular, it has the same exchangeabil-
ity properties, it can be represented in terms of a “franchise process” that closely
parallels the Chinese restaurant franchise process of the HDP, and MCMC inference
algorithms for the HDP that are based on the franchise process representation can

be adapted to the HMFM.

6.2.1 A hierarchical variable-dimension mixture model

First, we give a succinct description of the model, employing the distribution
M(pk,, H) on discrete measures G associated with the MFM; see Section 4.2.7. As
before, we use fg to denote the mixture obtained from the discrete measure G, that
is, fa(z) = [ fo(x)G(dF). Assume we have a family {fy : § € O} and base measure

H on O just as before.

Suppose we have data in m groups, with n, data points in the rth group. For
instance, in the example of documents mentioned above, we have m documents with
n, words in document r. The hierarchical mizture of finite miztures (HMFM) model

is as follows:

GO ~ M(q07707 H)
For r € {1,...,m} independently, given Go:
GT ~ M<QT77T7G0> (621)

X,j ~ fa,(x) independently for j € {1,...,n,},

where qo,q1, ..., ¢y, are pm.f.’s on {1,2,...} and v9,%1,.--,¥m > 0. See Figure
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Figure 6.1: Graphical models for (a) the random discrete measure formulation, and
(b) the equivalent representation including additional latent variables.

6.1(a) for a graphical model representation. The only difference between this and an
HDP mixture model is that in the HDP, the M distributions are replaced by Dirichlet
processes: specifically, M(qo, Y0, H) is replaced by DP(«g, H), and M(q., ., Go) is

replaced by DP(«,., Gy) for r =1,...,m.

This model has the same exchangeability properties as the HDP mixture model:
the datapoints within each group are exchangeable (being conditionally i.i.d.), and
ifqg =---=¢q, and 4 = -+ = v, then the order of the groups does not matter,
as long as the group sizes nq,...,n,, are handled appropriately; for instance, the
distribution is the same if the sizes are permuted, the data is sampled, and then the
groups are permuted back to the original order of the sizes (or alternatively, if the
sizes are taken to be infinite, then the groups are exchangeable). This model can

also be extended to multi-level hierarchies in the same way as the HDP.

It is also useful to represent the model in an equivalent way, using a number of

additional latent variables, as follows. Despite the flurry of symbols, this is a very
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natural construction. See Figure 6.1(b) for a graphical model representation.

Koy~ qo

7o ~ Dirichlety, (70, --,%), given Ky = ko

01,0, ... S I
Forr=1,...,m: (6.2.2)
K, ~ g,

7, ~ Dirichlety, (v, ..., ), given K, =k,

iid .

Wi, Wi, ... ~my, given m
iid .

Lty Loy, ~ T, glven m,

Xpj ~ ngM_, where Y,; = W,z , indep. for j € {1,...,n,}, given (6;), W,, Z,.

The representation in terms of discrete measures can be recovered by setting

ko kr
G(0 = E Toi 69i and Gr = E T 59W )
i=1 =1

for r =1,...,m, and the distribution on the data (X,;) is the same in both of these

representations.

6.2.2 Franchise process

In the same way as an HDP mixture, this model can also be described in terms of
a simple “franchise process” and an associated distribution on combinatorial struc-
tures. We use the same restaurant/franchise analogy as the HDP. We envision m
different restaurants all belonging to the same franchise, and imagine the m groups of

datapoints as groups of customers visiting these restaurants, respectively. Label the
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jth customer at restaurant r by (r, j). For each restaurant » = 1, ..., m, we partition
the customers according to which table they are seated at, resulting in a partition
C, of {(r,1),(r,2),...,(r,n.)}. There are t, := |C,| occupied tables at restaurant r,
and L := > " t. occupied tables altogether. Now, we imagine that each occupied
table is served a single dish, chosen from a franchise-wide menu. We partition the
L occupied tables according to which dish they are served, and represent this as a

partition Cy of (J-, C,. (In this notation, Cy is a set of sets of sets of customers.)

Define
0-3
(n) q’l"
k=1
forr =0,1,...,m and 0 < t < n. Consider the following process for generating
Cy,...,C, and Cy:

e Initialize Cy +— {} and L < 0.
e For each restaurant r =1,...,m:

— Initialize C, + {}.
— Forj=1,...,n,.:
(1) The jth customer at restaurant r sits ...

% at an existing table ¢ € C, with probability o |c| 4+ .
Vit + 1)

T—ﬁ)/r
Vi (t)

where t,, = |C,| is the number of tables occupied so far at restaurant r.

x at a new table with probability o

(2) If a new table is chosen in step (1), set L <— L + 1 and select a dish
for it from the franchise-wide menu, choosing ...

* an existing “dish” d € Cy with probability o |d| + 7o (note that

|d| is the total number of tables having this dish so far, in all

restaurants)
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V2(tg + 1)
VP(to)

where tg = |Cy| is the number of dishes tried so far in all restaurants.

* a new dish with probability o Yo

(3) Update C, and Cy to reflect these choices.

Note that the first customer at each restaurant always sits at a new table since there
are no existing tables, and similarly, the first table in the whole process always gets

a new dish.

The only difference between this and the Chinese restaurant franchise process of
the HDP is that for the HDP, in step (1) table ¢ is chosen with probability o |c| or
a new table is chosen with probability o .., and in step (2) dish d is chosen with

probability o |d| or a new dish is chosen with probability o «.

For each r € {1,...,m}, the seating of customers in restaurant r simply follows
the MFM restaurant process (Section 4.2.6), independently of the other restaurants.
And given the seating arrangements Cy,...,C,,, the serving of dishes also follows
the MFM restaurant process, this time with occupied tables playing the role of
customers. Note that it is not necessary to immediately choose a dish for each new
table; in particular, it would be equivalent if we waited until all the customers at all
the restaurants had been seated before choosing dishes. Therefore, the probability

of obtaining Co.,, := (Co,C1,...,Cp) is

p(Com) = PL(Co) [ ] 2. (Cr) (6.2.3)
where
Py(C) = V(e [T~ (6.2.4)

ceC
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is the MFM distribution on partitions (Equation 4.2.1), and L = > |C,|. Note
that Cy depends on C, through L. (Of course, p(Co.,) is as above only when
Co.m is valid, and p(Cop.,) = 0 otherwise; Co., is valid when C, is a partition of

{(r,1),(r,2),...,(r,n.)} for r =1,...,m and Cy is a partition of | J", C.)

For comparison, the formula for the probability of Cy.,,, under the Chinese restau-
rant franchise process is the same, except that P! (C) is replaced by the DP distri-

bution on partitions, (al’/a{™) [Lec(lel = 1)L

By exchangeability of the restaurant process, the distribution of Cy.,, is invariant
to the order in which the customers enter each restaurant, and further, it is not nec-
essary for all the customers at restaurant r to be seated and served before customers
at ' > r start sitting and being served — the same distribution of Cy.,, will result
if steps (1), (2), and (3) of the process are followed for any temporal ordering of the

customers.

We can use this distribution on combinatorial structures Co.,, to construct a

hierarchical mixture model, as follows:

C, ~ P independently for r =1,...,m
Co ~ P} given Cy.,, where L =" |C,| (6.2.5)

®a N Hforde Co, given Cy

X,j ~ fo, independently for (r,j) € ¢, c € d, d € Cy, given Cy.

See Figure 6.2 for a graphical model representation. We claim that this is equivalent

to the models described above; see the next section for this argument.
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m

Figure 6.2: Graphical model for combinatorial representation of the model.

6.2.3 Equivalence of the models

Here, we show that the combinatorial model in Equation 6.2.5 is equivalent to the
model in Equation 6.2.2, in the sense that it simply represents different variables in

the latent structure, and gives rise to the same distribution for the data (X,;).

To show this, we will start with the model as described in Equation 6.2.2, then
define Cy,Cy,...,C,, and (¢4 : d € Cp) in this context, and finally, observe that we
obtain the same distributions as in Equation 6.2.5. For r = 1,... m, let C, be the
partition of {(r,1),...,(r,n,)} induced by Z,,...,Z.,,. Note that C,...,C,, are
independent, and by construction, C, simply has the MFM distribution on partitions,

Py, in the notation of Equation 6.2.4 above.

Now, let 7 = (J;~, Cr. Recalling that Y,; = Wz, , note that for any ¢ € T all
of the elements (7, j) € ¢ have the same value of Y,;; denote this value by Y,. Let
Co be the partition of 7 induced by (Y. : ¢ € T). Given Cy., and 7, observe that
(Y.:c e T) are iid. from my (by applying the argument of Section 4.2.2 to each r).
Therefore, given Cy.,, (marginalizing out m), the partition induced by (Y. : c € T)
— namely Cy — simply has an MFM partition distribution; specifically, Cy | Cy.,,, has

p.m.f. P} in the notation of Equation 6.2.4, where L = |T| = >."|C,|.
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For d € Cy, let ¢4 equal the 6; such that Y, = for all ¢ € d. Again, by the same
argument as in Section 4.2.2, (¢4 : d € Cp) are i.i.d. from H, given Cy. Finally, it is
easily verified that the distribution of (X,;) | Co, (¢4) is X;j ~ f5, independently for

(r,7) €c, c€d, d € Cy.

6.2.4 Inference

Since the HMFM model has a franchise process which closely parallels that of the
HDP mixture model, the Gibbs sampling algorithm for the HDP mixture (Teh et al.,
2004) can be easily adapted to the HMFM. It might be interesting to see if the other
inference algorithms proposed for the HDP mixture, such as the augmented sampler

of Teh et al. (2006), can also be adapted to the HMFM.

6.3 Mixture of finite feature models

In a sense, a mixture model can be viewed as having a single discrete latent feature,
controlling which component each data point comes from. Often, it is more realistic
to allow for multiple latent features, enabling the model to parsimoniously represent
more complex relationships. The latent features are sometimes chosen to be binary-
valued (zero or one), and in this case, the feature values can be represented in a
binary matrix Z such that Z;; = 1 when item ¢ has feature j. Given such a matrix
7, the observed data X may be modeled in a variety of ways. A simple example is

to take

X = Z Zijhy + &

J
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where the p;’s and ¢;’s are multivariate normal; this can be viewed as a binary
factor analysis model, where M := [,ul pk] is the “factor loading matrix” and

Zity ..., 2y are the “factors” for item 7.

The Indian buffet process (IBP) of Griffiths and Ghahramani (2005) is a non-
parametric model for Z with infinitely many features, finitely many of which are
possessed by any given item. The IBP has seen a number of applications, including
models for protein complexes (Krause et al., 2006), gene expression data (Knowles
and Ghahramani, 2007), causal graph structure (Wood et al., 2006), dyadic data
(Meeds et al., 2007), similarity judgments (Navarro and Griffiths, 2007), network
data (Miller et al., 2009), and multiple time-series (Fox et al., 2009). The IBP has
some interesting theoretical properties (Thibaux and Jordan, 2007, Teh et al., 2007),

and has inspired the development of a number of other models.

The IBP can be derived as a certain infinite-dimensional limit of a family of
finite feature models. Here, we show that by instead placing a prior on the number
of features — that is, using a variable-dimension feature model — one obtains a
distribution with many of the same attractive properties as the IBP: an exchangeable
distribution on equivalence classes of binary matrices, representation via a simple
buffet process, and approximate inference via the same Gibbs sampling algorithms.
In fact, the IBP (as well as the two-parameter generalization of Ghahramani et al.
(2007)) can be viewed as a limiting case, corresponding to a certain corner of the
parameter space. For further background on the IBP, including motivation for the
use of such priors in latent feature models, and several applications, we refer to

Ghahramani et al. (2007) and references therein (especially Roweis and Ghahramani

(1999)).

Variable-dimension feature models have previously been developed by Lopes and
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West (2004), Dunson (2006), and Ghosh and Dunson (2009), in the context of factor
analysis, however, in such models the factors are continuous rather than binary-
valued. For inference, Lopes and West (2004) used reversible jump Markov chain
Monte Carlo, while Dunson (2006) and Ghosh and Dunson (2009) used a parameter-
expanded sampler. Sparse variants of these models, in which many zeros appear in
the entries of the factor loading matrix (rather than in the factors themselves), have

been applied to gene expression profiling (West, 2003, Carvalho et al., 2008).

6.3.1 A distribution on binary matrices

Let p(k) be a p.m.f. on {0,1,2,...}, and let a,b > 0. Let

K ~ p(k)
Ty, Tk S Beta(a,b), given K =k (6.3.1)
Z;;j ~ Bernoulli(;) independently for i € {1,...,n}, j € {1,...,k},

given K = k and 7.

We refer to this as a mizture of finite feature models (MFFM). When K is fixed,
say K = k, this is precisely the finite feature model described by Griffiths and
Ghahramani (2005), forming the basis for the IBP, which is then obtained by setting

b=1, a=«a/k, and taking k — oo.

6.3.2 A simple urn process

In studying the properties of this model, it is useful to first consider a single column,

leading to a simple urn process. Let m ~ Beta(a,b), and Uy, ...,U, S Bernoulli(7)
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given m. Then

B(a+s,b+n—s) a®pr=

plun) = [ plualmpmar = gt = SR (032)

where B(a,b) = I'(a)T'(b)/T(a + b) is the beta function, s = >, u;, and (™ =
z(x +1)---(z + m — 1) with the convention that z(® = 1. Since this quantity

appears so frequently, it is useful to introduce the notation

a(pn—9)

From Equation 6.3.2, it is easy to see that Uy, ..., U, can also be generated by taking

the first n draws in the following urn process:

aj—b)

Up | Upry .. Uy ~ Bernoulli(

U; ~ Bernoulli <

a+ U

a+b—|—m—1> form=23,....

From this perspective, a and b can be interpreted as “pseudo-counts”. Note that if

M:min{ie{1,2,...}:Ui:1},thenf0r any m € {1,2,...},

a (m_l)
(m)
P(M > m) = m = w,,(0), (6.3.5)

by Equation 6.3.2.
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6.3.3 Equivalence classes of matrices
6.3.3.1 Removing columns of all zeros

For any binary matrix z € {0,1}"**, define z* be the matrix obtained from z by
removing any columns consisting of all zeros (and preserving the order of the re-
maining columns). Define s;(z) = Y, z;;. Let Z be as in Equation 6.3.1. Then,

as we will see, for z* € {0,1}"** ¢t € {0,1,2,...}, such that s;(z*),...,s:(2*) > 0,
t
P(Z* = 2") = v, (t) [ [ wa(s;(2")) (6.3.6)
j=1
where w,,(s) is as in Equation 6.3.3 above, and

nlt) = 3 (4 )07 i), (637

By convention, an empty product equals 1 and ('Z) = 0 when k£ < t. For comparison,
under the IBP the corresponding distribution is
t U * *
- — 1)l (n—s, !
PIBP(Z* _ Z*) _ exp(—aHn)a— H (SJ<Z ) ) (n S](Z )) (638)

t! ey n!

where H,, = > _, 1/k is the nth harmonic number.

To derive Equation 6.3.6, first note that by Equation 6.3.2, for z € {0, 1}"*¥,

k t

B(Z =2 | k) = [ wals;(2)) = wa(0)* [ wn(s,(=")). (6.3.9)

J=1 Jj=1
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where t is the number of nonzero columns in z. Then,
P(Z* =2 k)= > P(Z=z]|kI(z=2")
20€{0,1}nxk

— #{zo € {0, 1}k . 22 = z*} wn(O)ktﬁ[wn(sj(z*))
= (lz) wn(O)k_tjliIlwn(sj(z*)). (6.3.10)

Writing P(Z* = 2*) = Y2 (P(Z* = 2* | k)p(k) yields Equation 6.3.6.

6.3.3.2 Staircase form

Let mj(z) = min{i : 2;; = 1 or i > n}. For z € {0,1}"** define 2/ = [By By -+ B,]
where B; is the submatrix of z consisting of the columns j such that m;(z) =
7. In other words, 2’ is the matrix obtained by permuting the columns of z* so
that mq(2') < --- < my(2’), where t is the number of nonzero columns in z, while
preserving the order of the columns within each block {j : m;(z*) = i}. We refer to

this as staircase form.

Then, the distribution of Z’ is as follows: for 2’ € {0,1}"** ¢ € {0,1,2,...},

such that my(2') < -+ <my(2') < n,

P(Z =2) = wt—'tn' U (£) H wy(s;(2)) (6.3.11)

where t; = #{j : m;(¢') = i}. This is easily derived from Equation 6.3.6, since
there are t!/(t;!---t,!) matrices z* giving rise to 2/, each of which has probability

vn(t) Ty wa(s;(2))-
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Likewise, Pzp(Z' = Z’) is given by Equation 6.3.8 times t!/(¢;!---t,!); for refer-
ence, this is Equation (5) of Griffiths and Ghahramani (2005).

A case of particular interest arises when p(k) = Poisson(k|\). In this case, we

have the closed-form expression
v (t) = exp(Aw, (0)) Poisson(t|\), (6.3.12)

by a straightforward calculation. For later reference, we note that in this case,

P(Z =) = h'A—t exp ( A Z w(1 ) len@j(z')) (6.3.13)

since 1 — w,(0) = >_" _ wy,(1) by Equations 6.3.4 and 6.3.5.

6.3.3.3 Left-ordered form

Following Griffiths and Ghahramani (2005), we also consider the reduction to “left-
ordered form”. Each column can be viewed as representing a number in binary,
taking the first entry to be the most significant bit. For z € {0, 1}"**, define 2! to be
the matrix obtained by permuting the columns of z* so that the associated binary

numbers are nonincreasing. Such a matrix is said to be in left-ordered form.

Similar to the reduction to staircase form, the distribution of Z* is

P(Z' =2 = H2" : lj (s;(z (6.3.14)

thh

for 2! in left-ordered form (with no empty columns), where 7, is the number of

columns of 2! representing h in binary, and t = Zf;_ll T, is the total number of
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columns in 2*.

Consider any two matrices 21,22 € [J;-,{0,1}"** to be equivalent if they have

the same left-ordered form, i.e., 2/ = zL. Note that for any permutation o of the

l

rows, we have z! = 2} if and only if o(2;)! = o(2y)"

; consequently, any such ¢ induces
a permutation on the set of equivalence classes. In the same way as the IBP, it is
straightforward to show that the distribution on equivalence classes induced by the
distribution on left-ordered matrices above (Equation 6.3.14) is exchangeable in the

rows, in the sense that it is invariant under such permutations.

6.3.4 Buffet process

When p(k) = Poisson(k|\), the distribution of Z’ can be described by a simple buffet
process bearing a close resemblance to the Indian buffet process (IBP). Consider the

following buffet process:

For m=1,...,n: Customer m ...

a4+ s;
at+b+m—1’
s; is the number of previous customers trying dish j, and

(1) tries each previously-tried dish j with probability where

(2) tries a Poisson(Awy,(1)) number of new dishes.

(Customer 1 simply tries a Poisson(Aw;(1)) number of dishes, since there are no
previously-tried dishes.) In the same way as the Indian buffet process, this gives

rise to a binary matrix 2’ in the staircase form described above; specifically, labeling

/

dishes in the order they are tried, z;,; = 1 if and only if customer m tries dish j.

Note in particular that, in the notation of Section 6.3.3.2; ¢,,, is the number of new
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n

m—1 tm 15 the total number of dishes tried.

dishes tried by customer m, and t = >

We claim that a random matrix generated by the buffet process above has the

same distribution as Z’ (Equation 6.3.11); see below for this argument.

The only difference between the buffet process above and the IBP is that in the
a —+ Sj
a+b+m-—1
the IBP can be viewed as a special case obtained by setting b = 1, A = «/a, and

IBP, is replaced by s;/m, and Aw,,(1) is replaced by av/m. In a sense,
taking the limit as a — 0. Further, the two-parameter generalization of the IBP
described by Ghahramani et al. (2007) can be obtained similarly by setting b = 3,
A = afi/a, and taking a — 0. This two-parameter generalization was motivated
by the desire to control the prior on the total number of dishes tried, separately
from the number of dishes per customer. In addition to providing such control, the
buffet process described above has a further degree of freedom through the parameter
a. This has two effects: (1) the urn process for each column is controlled by both
parameters a and b, instead of just b, and (2) the rate of decay of the mean number

of new dishes per customer can be controlled by a, since

abm=1) Aal'(a + b)

(1) = AT~ et )

as m — oo (by Stirling’s approximation for the gamma function); in contrast, in the

two-parameter IBP the mean number of new dishes for customer m is a3 /(f+m—1).

With this increased flexibility, a diverse variety of matrices can be generated
by the MFFM. To illustrate, Figure 6.3 shows samples of Z’ for various parameter
settings. To control the total number of dishes tried, we reparametrize using

n p(n)
_(a+mw)
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Figure 6.3: Sample matrices from the MFFM buffet process

instead of A, so that the total number of dishes tried is a Poisson(c) random variable.

6.3.4.1 Justification of the buffet process

We show that the buffet process above generates Z’ when p(k) = Poisson(k|\). To
see this, fix a 2’ obtained via the buffet process. Note that there is a single sequence
of choices leading to 2/, so the probability of getting 2’ is simply the product of the
probabilities of these choices. Suppose m; is the first customer to try dish j, i.e.,
m; = m;(2'). For each customer after m;, the choice of whether or not to try dish

7 follows the urn process of Section 6.3.2, and therefore, defining U, Us,... as in
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Section 6.3.2, these choices contribute the factor

P (Un =2 Unpsr = 2y i1 | Uny =1, Uy = 0 Vi < my)
_ ]P<U1:n = Zi:n,j) _ wn(sj(zl)) (6 3 15)
P(Up, =1, U;=0Vi <m;)  wp,(1) o

to the probability of 2/, where the last step follows by applying Equation 6.3.2 to
both numerator and denominator. Multiplying these for j = 1,...,t, where t is the

number of columns in 2/, accounts for the choices in step (1) of the buffet process.

For the choices in step (2), let ¢,, denote the number of new dishes tried by

n

customer m, and note that ¢t = " _, t,,. The probability of choosing ¢1,...,t, is

[T Poisson(ty (1) = [ exp<—Wm<1>>%
—ep(-2Y wm(l))ﬁ [T wa(1).

Multiplying this by Equation 6.3.15 for each j = 1,... ¢, the w,,(1) factors cancel

and we obtain Equation 6.3.13, as desired.

6.3.4.2 Exchangeable buffet process

As with the IBP, although customers are not exchangeable under the buffet process
above, this can be achieved by a certain modification (in the same way as the IBP).
This involves generating a matrix in left-ordered form with the distribution of Z!,
and considering the associated equivalence class. Suppose that the matrix generated

by the customers before customer m has 73, columns representing h in binary, for h =
a + sy,

a+b+m— 1)

and tries the first L of the 75, associated dishes, where s; is the number of ones in

1,...,2™ 1 — 1. For each h, customer m draws L ~ Binomial (Th,
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the binary representation of h. Then, as before, he tries a Poisson(Aw,, (1)) number
of new dishes. It can be shown that the probability of obtaining z' by this process
is P(Z! = 2!) (as in Equations 6.3.14 and 6.3.12) when p(k) = Poisson(k|\).

In the distribution on equivalence classes as in Section 6.3.3.3, the rows are
exchangeable, and therefore the customers in this process are exchangeable in the
sense that following the process for any ordering of the customers will yield the same

distribution on equivalence classes.

6.3.5 Inference

The Gibbs sampling algorithm for the IBP described by Griffiths and Ghahramani
(2005) is easily adapted to the MEFM. However, it is well-known that mixing can
be very slow when using Gibbs sampling with the IBP, and the same issue is present
with the MFFM. Other inference algorithms have also been proposed for the IBP
(e.g., Teh et al. (2007), Doshi-Velez et al. (2008)), and it might be interesting to see

if these approaches can also be adapted to MFFM.



CHAPTER SEVEN

Conclusion
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In this thesis, we have seen that variable-dimension models can be an appealing
alternative to the commonly-used infinite-dimensional nonparametric models. In
closing, we will speculatively discuss some open questions and possibilities for future

work.

The inconsistency results of Chapters 2 and 3 — and more fundamentally, the
properties of the partition distribution that lead to this inconsistency — clearly in-
dicate that when the data more closely resembles a finite mixture than an infinite
mixture from the assumed family, naively estimating heterogeneity using the number
of clusters in an infinite mixture can be problematic. In these situations, estimat-
ing heterogeneity using a variable-dimension model may be preferable to using an
infinite-dimensional model, however, the effect of misspecification of the component
distributions needs to be carefully considered; finding a principled way to handle

misspecification would be interesting.

Although we have shown that the DPM posterior on the number of clusters does
not concentrate, we have not been able to determine the precise limiting behavior. As
a theoretical question, this is challenging and might be interesting to know, although

the practical relevance may be limited.

The empirical studies of Chapter 5 indicate that for density estimation, the MFM
and the DPM seem essentially indistinguishable. On the other hand, they can be
quite different for clustering, and perhaps the most significant difference is in the
posteriors on the number of components and clusters, although interestingly, using
a DPM with random « seems to be more similar to the MFM than a DPM with
fixed . It would be interesting to see practical examples of applications where these

differences matter.
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Regarding inference algorithms, there are several questions that would be in-
teresting to explore. The slow mixing time of the incremental samplers when n is
large is troublesome, but it seems likely that using one of the existing split-merge
algorithms would resolve this issue. Using a smaller value of v may also help in
this regard. With the non-conjugate sampler, are there practical examples in which
either DPM or MFM mixing can be significantly improved by approximating the
single-cluster posterior, rather than sampling from the prior, for the auxiliary vari-
able distribution? Would it make sense to use stick-breaking representations for

inference in variable-dimensional models?

It is striking that so many of the elegant properties of the three nonparametric
models considered here — the Dirichlet process, the hierarchical Dirichlet process,
and the Indian buffet process — are also exhibited by their variable-dimension coun-
terparts (Chapters 4 and 6). It would be interesting to see how far this can be taken.
Do all nonparametric models have a variable-dimension counterpart that exhibits
similar properties? Is there a general principle at play here? Is there a broader

perspective from which all of these models can be viewed?
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