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Abstract

Dimensionality reduction and effect estimation are central tasks in the analysis of high-

dimensional data such as in genomics. Generalized bilinear models (GBMs) provide a versa-

tile framework for these tasks, however, the statistical and computational efficiency of GBMs

degrades rapidly as the number of sample covariates grows. To address this limitation, we in-

troduce reduced-rank generalized bilinear models (RR-GBMs), which employ a reduced-rank

sample coefficient matrix to model the effect of a large number of covariates without requiring

an excessive number of parameters. In simulation studies, we find that when the true sample

coefficient matrix is reduced rank or close to reduced rank, RR-GBM outperforms the standard

full-rank GBM both statistically and computationally, providing more accurate estimates with

lower computational burden. We develop a data thinning approach for model selection in the

RR-GBM framework, facilitating rank selection. Furthermore, RR-GBM enables a new ap-

proach to visualizing the relationships among covariates and among features. We demonstrate

the method in an application to Perturb-seq data for pancreatic cancer.

1 Introduction

In single-cell RNA sequencing (scRNA-seq) experiments, researchers often have a large number of

sample covariates describing the cells. Some covariates, such as batch, represent effects that one

would like to adjust for, since they are not of direct interest. Other covariates, such as experimental

condition, represent effects of primary interest that one would like to infer. Modern protocols often

produce data across many experimental conditions, for example, Perturb-seq performs scRNA-seq
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on cells with distinct targeted mutations induced by a gene editing technology like CRISPR (Dixit

et al., 2016; Adamson et al., 2016; Southard et al., 2025). In these experiments, researchers aim to

identify the effect of each perturbation, such as gene loss, expression amplification, or expression

reduction, on a phenotype of interest such as survival.

For Gaussian-distributed matrix data, factor analysis and other bilinear models are commonly used

to perform dimensionality reduction and effect estimation (Takane and Shibayama, 1991; Tipping

and Bishop, 1999). Meanwhile, for non-Gaussian matrix data, generalized bilinear models (GBMs)

extend bilinear models by employing a generalized linear model (GLM) for the entries (Choulakian,

1996; Townes et al., 2019; Gabriel, 1998; Miller and Carter, 2020).

This flexible approach models the effect of sample (e.g., cell) covariates, feature (e.g., gene) covari-

ates, and latent factors in an integrated statistical framework. However, the inclusion of sample

covariates in a GBM presents a challenge in high-dimensional data, since each additional sample co-

variate requires estimating a parameter for every feature (Miller and Carter, 2020). Consequently,

for genomics data where the number of features can exceed 20,000, very few sample covariates can

be included, otherwise the estimation accuracy and computational burden become unacceptable.

In the multivariate regression setting—without feature covariates or latent factors—this problem

is dealt with using reduced-rank regression (Izenman, 1975; Yee and Hastie, 2003; Camba-Mendez

et al., 2003; Davies and Tso, 1982; Braak and Looman, 1994), but these ideas have not yet been

explored in the GBM setting.

In this paper, we introduce the reduced-rank generalized bilinear model (RR-GBM) and provide a

computationally tractable estimation algorithm that scales to large data sets. Our method estimates

a rank-reduced version of the coefficient matrix for the sample covariates, resulting in a significant

reduction in the number of parameters in the high-dimensional setting. RR-GBM outperforms the

standard full-rank GBM when the true coefficient matrix is approximately reduced-rank or when

uninformative covariates are included in the model. The method also provides a way to quantify

variable importance and visualize structure among the sample covariate effects via low-dimensional

summaries. To select the rank of the sample covariate coefficient matrix as well as the rank of

the latent factor matrix, we provide a data-driven model selection method based on data thinning

(Neufeld et al., 2024).
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The article is organized as follows. In Section 2, we introduce the RR-GBM methodology. Sec-

tion 3 contains simulation studies illustrating various aspects of the method. Section 4 presents an

application to Perturb-seq type data. Section 5 concludes with a brief discussion.

2 Methodology

2.1 Reduced-rank generalized bilinear model

Suppose we have a random data matrix Y ∈ RI×J , a matrix of feature covariates X ∈ RI×K , and

a matrix of sample covariates Z ∈ RJ×L. Generalized bilinear models (GBMs) assume the form

g(EY ) = XAT +BZT +XCZT + UΣV T (1)

where A ∈ RJ×K , B ∈ RI×L, and C ∈ RK×L are matrices of coefficients, UΣV T is a low-rank

matrix of latent effects, and g(·) is a known link function that is applied element-wise; it is assumed

that g(·) is a smooth function such that the derivative g′ is positive. Here, Y , X, and Z are observed,

whereas A, B, C, U , Σ, and V are unknown parameters to be estimated. The interpretation of the

dimensions is that I is the number of features, J is the number of samples,K is the number of feature

covariates, L is the number of sample covariates, and M is the number of latent factors, which may

also need to be estimated. All of the parameters are identifiable under certain constraints. See

Miller and Carter (2020) for an in-depth exposition of these models.

We propose to constrainB to be a lower-rank matrix, B = QΛRT yielding a reduced-rank generalized

bilinear model (RR-GBM) in which

g(EY ) = XAT +QΛRTZT +XCZT + UΣV T (2)

where Q ∈ RI×N and R ∈ RL×N are orthonormal frames, Λ ∈ RN×N is diagonal, and N represents

the desired rank of B. The rest of the matrices are defined the same way as in the standard GBM.

All of the parameters of the RR-GBM are identifiable—including Q, R, and Λ—under natural

corresponding constraints, as we discuss in Section 2.2.

The distribution of Yij is taken to be an exponential dispersion family. More specifically, in this
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paper, it is taken to be either the Poisson or the Negative Binomial family.

2.2 Interpretation of the model

The motivation for the RR-GBM is that in the standard GBM, the total number of parameters

grows as approximately IL as the number of sample covariates L increases. Since I is typically

large, on the order of 103–104, the computational and statistical efficiency of estimating a full

rank B matrix deteriorates quickly as L increases. In contrast, by using a reduced rank matrix

B = QΛRT in the RR-GBM, the total number of parameters grows as approximately NL as a

function of L. Since N is typically small, for instance, N ≤ 10 or 20, this yields a massive decrease

in the number of parameters that must be estimated. Indeed, in the common use settings described

above, the total number of parameters is reduced by a factor of approximately N/L; see Section S3

for the derivation and exact reduction factor.

The components of the decomposition B = QΛRT each reflect a different facet of the structural

relationship between the sample covariates and the outcomes. First, the nth column of R represents

the effect of each covariate on the latent value of factor n. The nth diagonal entry of Λ represents the

overall magnitude of the effect that factor n has on the outcome. The nth column of Q represents

the effect that factor n has on each feature (e.g., gene). Putting these pieces together, we obtain a

mechanistic representation of how each sample covariate affects the outcome for a given feature in

a given sample. The intuition is that the effect of the covariates is mediated by a low-dimensional

space of N latent values.

The parameters are not identifiable unless we place appropriate constraints on them. To this

end, we assume all of the constraints specified by Miller and Carter (2020), detailed in Section S2

for completeness, as well as additional constraints pertaining to Q, Λ, and R. Specifically, the

additional constraints we assume for identifiability of the RR-GBM are:

(a) Λ is a diagonal matrix such that λ11 > λ22 > · · · > λNN > 0,

(b) QTQ = I and RTR = I,

(c) XTQΛRT = 0, and

(d) the first nonzero entry of each column of Q is positive,
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where Q ∈ RI×N , Λ ∈ RN×N , R ∈ RL×N , and N < min{I, L}.

Appropriate selection of the rank of a factorization is a perennial problem, since there is often no

clear choice based on fit to the training data, and it is not obvious how to hold out a test set when

the data set is a matrix. We present a method for selecting N and M , the ranks of QΛRT and

UΣV T, respectively, using the data thinning technique of Neufeld et al. (2024) to split the data

matrix into independent training and test matrices; see Section 2.5.

2.3 Estimation algorithm for RR-GBM

One approach to fitting the RR-GBM would be to first estimate a full-rank B matrix using an

existing GBM algorithm, and then apply the singular value decomposition (SVD) to factorize

B = QΛRT. However, this is not equivalent to enforcing the reduced-rank constraint during

estimation by jointly estimating Q, Λ, and R along with the rest of the parameters, which we find

yields better performance. In this section, we describe our joint estimation algorithm.

In our proposed algorithm for RR-GBM, the update steps for A, C, Σ, UΣ, and ΣV T are the same

as those of Miller and Carter (2020). Our algorithm differs only in that we estimate Q, Λ, and R

instead of estimating B. The updates involving Q, Λ, and R are done in three sequential steps: (1)

updating QΛ, (2) updating ΛRT, and (3) updating Λ.

Briefly, updating QΛ consists of bounded regularized Fisher scoring steps for the product QΛ,

followed by the enforcement of identifiability constraints, with the updated QΛRT coming from a

truncated SVD of the updatedB matrix. Updating ΛRT is done in the same way, using steps derived

for ΛRT instead of QΛ. One difference, however, is that updating ΛRT requires the computation

of a block matrix of dimension IL × IL with block sizes of I × I, which can be computationally

prohibitive when I and L are large. Thus, to speed up computation of the block Fisher scoring

steps for ΛRT, we use multi-threaded linear algebra routines. Updating Λ consists of a bounded

regularized Fisher scoring step. We iteratively cycle through all of the update steps above until a

convergence criteria is met or a maximum number of iterations has occurred. See Section S1 for a

step-by-step description of the full estimation procedure.
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2.4 Visualizing the effect of the sample covariates

An important feature of factorization methods is that they enable one to visualize high-dimensional

data in an interpretable way via dimensionality reduction. For instance, principal components

analysis (PCA) is often used to visualize clusters and other structures in a collection of high-

dimensional data points. Similarly, in RR-GBM, the factorization B = QΛRT can roughly be

thought of as an application of PCA to the sample covariate coefficient matrix B, and thus, it is

amenable to the same visual interpretations.

To illustrate this point, we can visualize the effect of each covariate on each latent factor value by

making a heatmap of the estimated ΛRT matrix; see Figures 5, 6 and 8 for examples. Furthermore,

for any two latent factor dimensions, we can make a scatterplot of these effects by plotting the

corresponding rows of the estimated ΛRT matrix; see Figure 8. This is analogous to familiar

scatterplots of the first two PC scores, except that each point in the plot corresponds to a covariate

rather than a sample; hence, this visualization technique may reveal clusters of covariates or other

relationships among covariates in terms of their effect on the outcomes.

Likewise, we can visualize the effect of each latent factor on each feature (e.g., gene) by making

a heatmap of the Q matrix, or alternatively, making a scatterplot based on any two columns of

Q; see Figure 8. In such a scatterplot, each point in the plot corresponds to a feature; hence, this

may reveal clusters or other relationships among features in terms of how they are affected by the

corresponding factors.

2.5 Rank selection using data thinning

In this section, we describe our proposed technique for selecting N , the rank of B = QΛRT. The

same approach can also be used to select the rank of UΣV T. Ideally, one would choose N to

minimize the distance between the estimate B̂ and the true matrix B, but of course the true B is

unknown in practice. For situations with i.i.d. samples, one can split the data into training and

test sets, and quantify model performance by fitting on the training set and measuring prediction

performance on the test set.

However, it is not appropriate to assume the samples are i.i.d. in our setting. In particular, since
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the model involves sample-specific parameters, it is not possible to fit on one set of samples and

test on another.

To remedy this problem, we propose using data thinning to split the original data matrix into

a training data matrix and test data matrix, both having the same dimensions as the original

matrix (Neufeld et al., 2024). Here, we focus on the case of Poisson outcomes, but the technique

generalizes to many other common distributions as well. Suppose we have a random data matrix

Y ∈ RI×J where Yij ∼ Poisson(µij). For all i and j, given Yij , sample Y ′
ij ∼ Binomial(Yij , 1/2)

and set Y ′′
ij = Yij − Y ′

ij . It can be shown that Y ′
ij and Y ′′

ij are independent Poisson(µij/2) random

variables, when Yij is marginalized out (Neufeld et al., 2024). Thus, the matrices Y ′ and Y ′′ are

independent data matrices with half the mean of the original data matrix. For each candidate rank

N , we use Y ′ to fit the model parameters and then generate our predictions ÊY using the covariate

values. The RMSE between ÊY and Y ′′ is then obtained. Plotting these RMSE values versus the

ranks of the fitted model yields a scree-like plot that helps guide rank selection; see Figure 7.

3 Simulations

In this section, we evaluate the RR-GBM methodology across a range of simulation studies. In each

simulation, we randomly generate true parameters for an RR-GBM and simulate a random dataset

Y using these true parameters, with either a Poisson or Negative Binomial outcome distribution

for Yij depending on the simulation; see Section S4 for full details.

3.1 Convergence of RR-GBM estimates to true parameter values

To assess the convergence of our parameter estimates to the true values, we performed a simulation

study with a range of sample sizes J and sample coefficient matrix ranks N0. Specifically, for each

J ∈ {500, 1000, 2000, 5000} and N0 ∈ {1, 2, 3, 4, 5, 6}, we simulate Poisson data Yij (see Section S4),

fit the RR-GBM, and compare the estimated parameters to the true parameters. Here, we use

I = 20,000 features, one latent factor (M = 1), and 6 sample covariates (L = 6) in both the true

and estimated RR-GBMs.

For each dataset, we fit the model using the estimation algorithm described in Section 2.3, setting
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Figure 1: Convergence of RR-GBM estimates. RMSE between the true and estimated ma-
trices for Q, Λ, R, and B versus increasing sample size, in the case of Poisson outcomes. In the
bottom right plot, B = QΛRT and the estimate is B̂ = Q̂Λ̂R̂T. The true rank N of B was used
for fitting the RR-GBM in each case.

the model rank N to the true rank used to generate the data. We evaluate performance by

computing the mean RMSE between the true B and estimate B̂. In Figure 1, we observe that

RMSE decreases as the sample size grows, as expected. We also observe that higher ranks N lead

to higher RMSE between B̂ and B, due to the larger number of parameters that must be estimated.

3.2 Performance of RR-GBM estimates in the reduced-rank setting

Next, we evaluate the effect of the rank N and number of covariates L on estimation accuracy. We

consider two scenarios: (i) the true B matrix is exactly reduced rank, and (ii) the true B matrix

is approximately reduced rank. The exactly reduced-rank setting is when the true B matrix has

rank N0 < L, which occurs when the effect of the covariates is mediated by N0 variables that are

linear combinations of the covariates. A special case of this would be when only N0 covariates have

nonzero effects. The approximately reduced-rank setting is when the true B matrix can be closely

approximated by a rank N0 < L matrix, which occurs when the effects are predominantly captured
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by N0 factors.

In the full GBM, a total of (I − K)L parameters need to be estimated for B, but in the RR-

GBM, only N(I − K + L − N) parameters need to be fit for B. For given I, K, and L with

I ≫ max{K,N}, which is the case for scRNA-seq data, a full GBM requires fitting around L/N

times as many parameters for B as a rank N RR-GBM; see Section S3.3.

Thus, we expect that as the number of sample covariates L grows, the benefit of using an RR-GBM

will increase.

3.2.1 Exact reduced-rank setting

When the true rank of B is N0, we observe that the estimation error for B decreases as we increase

N (the rank of B in the fitted RR-GBM), until N = N0 (Figure S1). If a model of rank N > N0 is

fit, the estimation procedure terminates without finding a solution. This occurs because when the

true B has rank less than N , there is not a way to obtain a unique rank N approximation of B, so

the compact SVD does not have a solution. This behavior of the procedure can be used to quickly

identify any covariates that have linearly dependent coefficients, that is, covariates that have the

same effect on all of the outcomes.

3.2.2 Approximate reduced-rank setting

When the true B matrix is approximately rank N0, we observe in Figure 2 that the estimation error

for B decreases as we increase N until N = N0, and then the error increases again until N = L.

The maximum possible value of N is L since there are L covariates; the RR-GBM with N = L is

equivalent to the standard full GBM (Miller and Carter, 2020).

Figure 2 illustrates that RR-GBM has better RMSE than the full GBM model when the true B

has approximate rank N0 ≤ N < L. Indeed, the full GBM corresponds to the model with rank

10 on the x-axis, and we see that the RR-GBM has lower RMSE for every value of N greater or

equal to the true approximate rank N0. This result can be intuitively understood as coming from

the bias-variance tradeoff, since the increased variance due to estimating the parameters of factors

with small effects outweighs the reduction in bias-squared due to having the correct full model.
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Figure 2: RR-GBM estimation accuracy as a function of true rank and model rank.
Panels are labeled with their respective true approximate rank of B (corresponding L−N0 singular
values are 0.01 times their randomly generated value). The average RMSE (over 100 simulations)
between the estimated B (given by Q̂Λ̂R̂T) and the true B are displayed. Data was generated using
a Negative Binomial outcome distribution and fit with a model with 1 latent factor (M = 1).

Even though the true B is full rank, allowing a small amount of bias by ignoring less important

factors can reduce the variance in the estimates enough to improve the RMSE.

Figure 3 shows the estimation error as the number of sample covariates L increases, for varying

choices of N , when N0 = 1. As expected, normalized RMSE increases with L, however, using an

RR-GBM yields much lower error than a full GBM when the true B is approximately reduced rank

(Figure 3). Furthermore, the improvement in relative performance increases with L.

3.3 Computation time of RR-GBM compared to full GBM

In Figure 4, we compare the runtime of the RR-GBM and the full GBM, averaged over 100 simu-

lations. As the number of sample covariates L increases, the computation time required to fit the

full GBM increases rapidly. Meanwhile, the RR-GBM requires only around twice as much time to

fit with L = 100 sample covariates as with L = 10. Also, we see that these computation times do

not depend strongly on the true approximate rank N0 for N0 ≪ L. Here, for the RR-GBM, we set

the model rank N equal to the true approximate rank N0.
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Figure 3: Performance of RR-GBM estimates as L increases. Normalized RMSE between
the true and estimated B plotted against the number of sample covariates L, for Negative Binomial
outcomes with one latent factor (M = 1), J = 2500, I = 5000, and K = 1. The approximate rank
of B0 was N0 = 1 for all L. Each point represents the average over 100 simulation runs and the error
bars denote standard deviation. Normalized RMSE is defined as ∥B̂ − B0∥F /∥B0∥F where ∥·∥F
denotes the Frobenius norm. This normalization was performed to adjust for the increasing size
of B0 ∈ RI×L so that performance can be compared across L. We see that N = 1 always has the
smallest normalized RMSE across increasing L and that normalized RMSE increases monotonically
with an increasing fitted N . The top point for each L (corresponding to N = L) is equivalent to
the full GBM model and always has the highest normalized RMSE, highlighting the benefit of
RR-GBM in the reduced rank setting, particularly as the number of sample covariates L grows.

3.4 Visualization of the sample covariate loadings matrix

The decomposition QΛRT yields a method for both visualization of the latent covariate structure

and selection of covariates, by plotting the loadings matrix ΛRT as described in Section 2.4.

We consider two distinct ways of generating the B matrix for simulations. In the first setting, re-

ferred to as “Differential Effects”, we initially generate B as described in Section S4, then randomly

select a subset of covariates, and for these covariates, we double the entries of B for a random subset

of features. Conceptually, in the scRNA-seq setting, this represents the situation where a given

sample covariate affects the expression of some percentage of genes. In the second setting, referred

to as “Structured Effects”, we generate B using the procedure described in Section S4, except that

the R0 matrix is generated to have a certain column space, as described in Section S4.2.
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Figure 4: Computation time of RR-GBM compared to full GBM. For each L ∈
{10, 20, . . . , 100}, Poisson simulated data sets were generated using two settings for the approx-
imate rank of the true B matrix: (i) N0 = 1 and (ii) N0 = 9. Two models were fit to each data
set: a full-rank model with N = L and a reduced-rank model with N = N0. Each point shown is
the average of 100 simulations with the respective settings, along with I = 5000, J = 2500, K = 1,
and M = 1. Models were run on a single 48-core CPU HPC cluster with at most 15GB of RAM.

First, in the Differential Effects setting, we consider a simulated dataset in which 5 out of 20

covariates affect the outcome, and their effects are uncorrelated. In Figure 5, we show the true and

estimated loadings. We see that the model correctly infers which covariates are relevant, as well as

correctly separating their effects into 5 distinct factors.

In this simulation, the magnitude of the loading is related to the percentage of the features that the

given covariate influences, with covariate 19 influencing 50% of features for example. Since only

the first five factors have non-negligible values in ΛRT for any covariate, the rank of the model can

effectively be reduced to five, resulting in a roughly 75% reduction in the number of parameters

that need to be estimated, compared with the full GBM.

Now, consider the Structured Effects setting. When the sample covariates affect the outcome in

interrelated ways, multiple sample covariates may contribute to a given latent factor. In Figure 6,

we show estimated RR-GBM loadings for two simulation examples with more complex loadings

patterns; see Section S4.2.1 for details. These examples demonstrate that the model can distinguish

factors with overlapping or even nested sets of sample covariates with nonzero loadings. Thus, not

only is RR-GBM able to identify the relevant covariates, it decomposes their overall effect into
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Figure 5: Visualizing the effect of sample covariates on latent factors in RR-GBM. The
estimated Λ̂R̂T and true Λ0R

T
0 are shown. Data were simulated with 20,000 features, 200 samples,

1 latent factor, and 20 Bernoulli sample covariates with a Negative Binomial outcome distribution.
The feature level coefficients for the five sample covariates 18, 11, 16, 3, 19, were altered at random
with {1%, 5%, 10%, 30%, 50%} of feature coefficients being doubled, respectively. The true B0

matrix was simulated as described in Section S4, before the selected coefficients were altered.

loadings onto shared latent factors which, in turn, act in concert on the outcomes.

3.5 Identification of differential features with respect to each factor

Each column of the Q matrix in the decomposition QΛRT represents the effect of the corresponding

factor on all of the features. The Q matrix can be visualized using a heatmap, analogously to the

visualization of the sample covariate loadings matrix ΛRT; see Figure S3 for an example from

the Differential Effects simulation. In particular, this allows for the identification of features that

differ with respect to each factor. With this interpretation, the magnitude of the entries in the kth

column of Q indicate the strength of the differential effects of factor k on the respective features.

For instance, in scRNA-seq data, a column of Q may represent the effects of a given gene program

on the expression levels of all the genes.

An advantage of the RR-GBM is that it can detect such programs even if the net effect in the B

matrix for a given covariate/feature pair is null. More precisely, suppose bil = 0 for some covariate

l and feature i. Using a full-rank GBM would reveal no relationship between l and i. However,

since the factors are shared among all covariates in an RR-GBM, it is possible to infer nonzero

contributions qin and rln in the decomposition bil =
∑N

n=1 λnnqinrln. Thus, the RR-GBM can yield
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Figure 6: Visualizing the effect of sample covariates on latent factors in RR-GBM.
Shown are heatmaps of the estimated and true sample covariate loadings in two scenarios, with
the estimated matrix Λ̂R̂T on the left and the ground truth ΛRT on the right. (Scenario a)
In the true loadings, four covariates have strong effects on the first three factors, with a nested
structure. (Scenario b) In the true loadings, all sample covariates contribute to the first factor,
while only covariates two and one contribute to the second and third factors, respectively. In each
scenario, Λ0R

T
0 was simulated as described in Section S4.2.1. Negative Binomial outcome data

was simulated with 2000 samples, 5000 features, 10 Bernoulli sample covariates, 1 latent factor,
and 1 feature covariate. A full rank 10 model was fit to the data using the RR-GBM estimation
algorithm.
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insights into the effect of covariate l on programs that modulate feature i, even when they cancel

out in the aggregate for that covariate. This capability is due to the information sharing implied

by the reduced-rank structure.

To recover the usual log-fold change estimates for a given feature and sample covariate pair, we

can take the product Q̂Λ̂R̂T to obtain B̂ and examine the corresponding entry b̂il.

3.6 Empirical rank selection

As shown above, when the true B matrix is exactly or approximately reduced rank, fitting a

reduced-rank model results in improved estimates of B compared to using a full GBM. In practice,

the rank or approximate rank of B is rarely known and thus it becomes necessary to have a selection

method for choosing the rank of B in the fitted model. It is not possible to use a standard cross-

validation approach since sample- and gene-specific parameters are fit in the model. To overcome

this obstacle, we use the data thinning technique of Neufeld et al. (2024) to create a train and

test split of our data and assess prediction performance via RMSE. This procedure creates two

independent data matrices, each having the same dimensions as the original data matrix but with

half the mean. Thus, we can use one to fit and one to assess performance. The rank of B that

yields the smallest test RMSE then provides a data-driven choice of rank to use in the model.

Figure 7 demonstrates this rank selection procedure on data sets generated using true B matrices

with approximate ranks ranging from 1 to 10; see Section S4 for details. In each case, we find that

the mean test RMSE from 100 simulations is minimized at the true approximate rank of B. This

same pattern was observed in all 100 simulations and a version of this figure from one simulation

run can be seen in Figure S2.

In addition to selection of rank of B in the reduced-rank regression setting, this method can also

be used to select M , the rank of UΣV T, in both the RR-GBM and the full GBM. By performing

the same data thinning technique and fitting across a range of M values, this procedure provides

an estimate of the number of latent factors in the true data generating process.
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Figure 7: Empirical selection of the rank in RR-GBM. Panels are labeled according to the
true approximate rank of B, where the corresponding L −N0 singular values are 0.01 times their
randomly generated value to create a B with approximate rank N0. Each dot indicates the average
RMSE (over 100 simulations) between the predicted output values and the true values. Poisson
data was generated and fit using a model with 1 latent factor (M = 1).

4 Application

The RR-GBM model lends itself to applications in which there are a large number of sample

covariates that are potentially important to consider. In particular, this is the case when the

primary objective is to determine which of many sample covariates are meaningful and what their

effects are. An excellent example is single-cell RNA-sequencing screening, an experimental protocol

that has recently been growing in popularity.

In an scRNA-seq screen, a range of perturbations are performed, such as genetic or environmental

modifications, and scRNA-seq is used to quantify the resulting transcriptomic profiles. Typically,

the experiment is designed such that each cell is perturbed by deleting, amplifying, or inhibiting

the activity of one or more genes or exposing the cell to an environmental agent, such as a drug or

biologically active compound.

In the gene perturbation setting, the number of genes that are perturbed can range from hundreds

to the entire collection of 20,000 genes, and in the environmental perturbation setting, there is

no limit to the number of perturbations that can be performed. The objective is to infer which

perturbations have significant effects, and how they affect the expression of genes. Thus, from a
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statistical perspective, each different perturbation represents a binary sample covariate that equals

0 or 1, indicating whether that perturbation was applied to the given cell.

We refer to Adamson et al. (2016) and Dixit et al. (2016) for background.

We apply RR-GBM to an scRNA-seq screen data set consisting of the transcriptional responses of

pancreatic cancer cells perturbed by a range of tumor microenvironment (TME) protein ligands

(Liu et al., 2025). The data consist of counts for I = 15,876 genes in J = 10,881 cells exposed to

L = 68 different ligands; see Liu et al. 2025 for experimental design details.

The original study of Liu et al. (2025) analyzed the data using a pipeline in which they first run

consensus non-negative matrix factorization (cNMF) to identify gene expression programs (GEPs),

filter to GEPs that were variably expressed across cells, and run elastic net regression to infer

the effect of each perturbation on the GEPs. For visualization, they compute Pearson residuals,

run principal components analysis, use the elbow method to select the number of components,

and then run UMAP. In contrast, we simply fit an RR-GBM to the raw count data without any

filtering. The columns of Q in the RR-GBM can be interpreted as orthogonal GEPs, aiding the

biological interpretation, and the effects of the perturbations on the GEPs are captured by the

loadings ΛRT. Thus, the RR-GBM provides a more direct analytical approach using one coherent

statistical model.

Figure 8 summarizes the results using a Negative Binomial RR-GBM with rank N = 4, which yields

many of the same results as Liu et al. (2025) while using a more unified approach. In Figure 8a,

we visualize the relationships among the 68 perturbations via a heatmap of Λ̂R̂T as described in

Section 2.4, with the addition of column (ligand) ordering by hierarchical clustering over the 4 latent

factors. The ligands with large magnitude loadings in factor 1, such as IFNG, IL1A, and IL1B,

are related to inflammatory and growth related signaling; meanwhile, ligands with large magnitude

loadings in factor 2, such as TGFβ, ADIPOQ, and IL4, are related to immune regulation and tissue

remodeling (Lee et al., 2021; Wynn, 2015; Liu et al., 2025).

To investigate the effects of these two factors on gene expression, we visualize the corresponding

columns of Q̂ in a scatterplot (Figure 8b). Since the sign of each factor is arbitrary, the posi-

tive/negative direction of each axis in Figure 8b needs to be interpreted in conjunction with the
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Figure 8: RR-GBM results on Perturb-seq data for TME ligand experiment. We fit an
RR-GBM with rank N = 4 to the (Liu et al., 2025) dataset of a TME phenotypic screen in PDAC
organoids. (a) Λ̂R̂T is shown on the left, with hierarchical clustering is applied to the TME ligands
(columns). The dendogram was cut into 4 groups to highlight a potential grouping of ligands. The
panel on the right shows an alternate visualization of the top two factors in Λ̂R̂T, with factor 2
plotted against factor 1. (b) The figure on the left shows the first and second columns of Q̂ plotted
against each other to highlight differential genes between them. The figure on the right shows the
second and third columns of Q̂ plotted against each other.
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Figure 9: FGSEA of gene loadings for factors 1 and 2. The columns of Q̂ were used as
rankings for the FGSEA algorithm (Korotkevich et al., 2021) to identify relevant pathways that
are affected by the corresponding identified ligands. Pathways from the canonical pathways gene
set collection from MSigDB were used (Subramanian et al., 2005; Liberzon et al., 2011). (a)
The canonical pathways most associated with the gene loadings from factor 1. (b) The canonical
pathways most associated with the gene loadings from factor 2.
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corresponding row in Figure 8a. For example, we see in Figure 8a that the second cluster of

ligands—consisting of IL17A, IL33, IL1B, IL1A, OSM, and IFNG—all have positive loadings for

factor 1, which means that genes with a positive factor 1 value in Figure 8b are upregulated in cells

exposed to these ligands. To link the results with known biology, we can use standard methods such

as enrichment analysis to gain insight into pathways associated with each inferred GEP (Korotke-

vich et al., 2021). For instance, in Figure 9, we find that notable pathways associated with factor

1 include regulation of the cytoskeleton and PI3K signaling, and notable pathways with factor 2

include down-regulation of Wnt signaling and immune mediated signaling. While experimental

validation of these findings are outside the scope of this work, we refer to Liu et al. (2025), where

findings related to the PDAC IL-4/IL-13 response program are captured in our factor 1 and the

TGFβ program is similar to our factor 2. Taken together, these results illustrate how the estimated

Q̂, Λ̂, and R̂ can be used directly for visualization, analysis, and hypothesis generation in a unified

statistical framework without the need for additional pre- or post-processing.

5 Discussion

The RR-GBM makes it possible to apply the GBM framework to data matrices with a large number

of sample covariates. Specifically, by constraining the sample covariate parameter matrix B to be

low rank, the RR-GBM yields improved estimates at lower computational cost. The resulting

factorization of B enables visualization of the relationships among sample covariates in terms of

their effects, and identification of biologically meaningful latent factors such as gene expression

programs. Our data thinning approach for selecting the best-performing rank of B to use in the

RR-GBM is easily conducted in parallel and does not impose any additional computational costs

beyond fitting the model a selected number of times.

In future work, the proposed method could also be applied to the feature covariate matrix A,

to handle large numbers of feature covariates; by the symmetry of Equation 1, the approach we

developed for B can alternatively be used to estimate a reduced-rank A matrix. Additionally,

providing uncertainty quantification for the entries of the reduced-rank matrix components would

enable confidence interval construction and hypothesis testing on both the latent factor directions

(Q) and the associated loadings onto the sample covariates (R). This capability would be useful
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for identifying statistically significant genes in a gene expression program or detecting differentially

expressed genes between two groups. Another interesting direction would be to apply the iteratively

reweighted singular value decomposition (IRSVD) algorithm of Nicol and Miller (2025) to estimate

QΛRT instead of the bounded regularized Fisher scoring approach used in the present paper, in

order to scale up to even larger numbers of features and sample covariates.
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Supplementary material for “Reduced-rank generalized bilinear models”

S1 Detailed algorithm for RR-GBM estimation

In this section, we describe our algorithm for estimating the Q, Λ, and R parameter matrices.

For details on estimating the rest of the GBM parameters, we refer to Miller and Carter (2020).

The following steps are substituted into the algorithm of Miller and Carter (2020) in place of the

B estimation steps. We cycle through the steps to update each parameter matrix, iterating until

convergence as in Miller and Carter (2020).

We first define non-standard notation, following the conventions used in Miller and Carter (2020).

We write Block(Aij : i, j ∈ {1, . . . , n}) to denote the block matrix with block i, j equal to the

matrix Aij . For a matrix A ∈ Rm×n, Ai∗ and A∗j denote the diagonal matrices constructed from

the ith row and the jth column, respectively. For A ∈ Rm×n, vec(A) is defined as vec(A) =

(a11, a21, . . . , am1, , a12, a22, . . . , am2, . . . , amn) ∈ Rmn. “Unvectorize” returns the original matrix A

that has been vectorized as implemented by vec(A). X+ is the Moore–Penrose pseudoinverse of X.

The steps for updating Q, Λ, and R are as follows. The matrices W and E are defined as in

Section S5 in Miller and Carter (2020).

• Updating QΛ

1. Φ← QΛ

2. For i = 1, . . . , I

(a) ξ ← (RTZTWi∗ZR+ λbI)
−1(RTZTEi: − λbΦi:)

(b) Φi: ← Φi: + ξmin{1, ρ
√

dim(Λ)/ ∥ξ∥}

3. B ← ΦRT

4. D ← X+B

5. B ← B −XD

6. C ← C +D

7. Run compact SVD of rank N on B yielding QΛRT

• Updating ΛRT

1. O ← ΛRT



2. F ← Block(
∑J

j=1 zjℓzjℓ′(Q
TW∗jQ) : ℓ, ℓ′ ∈ {1, . . . , L})

3. ξ ← (F + λbI)
−1(vec(QTEZ)− λb − λbvec(O))

4. vec(O)← vec(O) + ξmin{1, ρ
√

dim(Λ)/ ∥ξ∥}

5. Unvectorize O

6. B ← PO

7. D ← X+B

8. B ← B −XD

9. C ← C +D

10. Run compact SVD of rank N on B yielding QΛRT

• Updating Λ

1. F ←
∑I

i=1(ZRQi∗)
TWi∗ZRQi∗

2. ξ ← (F + λbI)
−1(diag(QTEZR)− λbdiag(Λ))

3. diag(Λ)← diag(Λ) + ξmin{1, ρ
√
dim(Λ)/ ∥ξ∥}

S2 Identifiability constraints for RR-GBM

Recall the form of the RR-GBM model in Equation 2:

g(EY ) = XAT +QΛRTZT +XCZT + UΣV T.

We show that the following constraints ensure identifiability of all the model parameters:

(a) XTX and ZTZ are invertible,

(b) XTQΛRT = 0, ZTA = 0, XTU = 0, and ZTV = 0,

(c) UTU = I, V TV = I, QTQ = I, and RTR = I,

(d) Σ is a diagonal matrix such that σ11 > σ22 > · · · > σMM > 0,

(e) the first nonzero entry of each column of U is positive,

(f) Λ is a diagonal matrix such that λ11 > λ22 > · · · > λNN > 0, and

(g) the first nonzero entry of each column of Q is positive.
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where A ∈ RJ×K , C ∈ RK×L, Σ ∈ RM×M , U ∈ RI×M , V ∈ RJ×M , X ∈ RI×K , Z ∈ RJ×L,

Q ∈ RI×N , Λ ∈ RN×N , R ∈ RL×N , N < min{I, L}, and M < min{I, J}.

Since B = QΛRT, the proof of identifiability for A, C, U , Σ, and V is still valid and can be found

in Miller and Carter (2020). We now show that Q, Λ, and R are also identifiable given these

constraints. If (A1, Q1,Λ1, R1, C1, U1,Σ1, V1, X, Z) and (A2, Q2,Λ2, R2, C2, U2,Σ2, V2, X, Z) satisfy

the above constraints and

XAT
1 +Q1Λ1R

T
1 Z

T +XC1Z
T + U1Σ1V

T
1 = XAT

2 +Q2Λ2R
T
2 Z

T +XC2Z
T + U2Σ2V

T
2 (3)

then we know from Miller and Carter (2020) that A1 = A2, C1 = C2, U1 = U2, Σ1 = Σ2, and

V1 = V2. Plugging these equations into Equation 3 and canceling yields that

Q1Λ1R
T
1 Z

T = Q2Λ2R
T
2 Z

T.

Right multiplying by Z and using constraint (a), we have

Q1Λ1R
T
1 = Q2Λ2R

T
2 .

By the uniqueness properties of the singular value decomposition, constraints (c) and (f) imply that

Λ1 = Λ2, Q1 = Q2S, and RT
1 = SRT

2 for a diagonal matrix S of the form S = Diag(±1, . . . ,±1)

(Blum et al., 2020). By constraint (g), S = I, and hence, Q1 = Q2 and R1 = R2. Therefore, by

Equation 2, Q, Λ, and R are uniquely determined by EY for any given X, Z, M , and N .

S3 Parameter count for B in the GBM and RR-GBM

In this section, we count the number of free parameters in the B matrix under the assumed identi-

fiability constraints in Section S2. We consider both the case of the full GBM and the RR-GBM.
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S3.1 Full GBM setting

In the full GBM, the only constraint on B is XTB = 0. Since X ∈ RI×K and B ∈ RI×L, the

constraint XTB = 0 is equivalent to the requirement that XTbl = 0 for l = 1, . . . , L, where

b1, . . . , bL are the columns of B. The K columns of X are linearly independent since XTX is

invertible by assumption. Thus, the space of solutions to XTbl = 0 has dimension I −K by the

rank-nullity theorem; in other words, bl has I −K free parameters. Thus, over all L columns of B,

the total number of free parameters to be estimated, given the constraint XTB = 0, is (I −K)L.

S3.2 RR-GBM setting

In the RR-GBM, B is parametrized as B = QΛRT, where Q ∈ RI×N , Λ ∈ RN×N , R ∈ RL×N , and

Λ is diagonal with non-zero entries on the diagonal, and from Section S2, the assumed identifiability

constraints are:

1. QTQ = I,

2. RTR = I,

3. λ11 > λ22 > · · · > λNN > 0, and

4. XTQΛRT = 0.

We also assume N < min{L, I} and K < I, which are satisfied in all our applications of the model.

To count the number of free parameters in B under these constraints, we first argue that given

constraints 1-3, the fourth constraint (XTQΛRT = 0) is equivalent to XTQ = 0. To see this, let

S = XTQΛ and note that the constraint becomes SRT = 0. Since RTR = I, the columns of R are

linearly independent, and thus its null space is {0}. Hence, SRT = 0 implies S = 0 since the left

null space of RT is same as the null space of R. Thus, since RTR = I, the constraint XTQΛRT = 0

holds if and only if XTQΛ = 0. Furthermore, since Λ is a diagonal matrix of non-zero entries,

XTQΛ = 0 if and only if XTQ = 0. Therefore the constraints can equivalently be written:

1. QTQ = I,

2. RTR = I,

3. λ11 > λ22 > · · · > λNN > 0, and
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4. XTQ = 0.

To count the free parameters, begin by noting that Λ has N free parameters. Next, the constraint

that RTR = I is equivalent to R ∈ VN (RL), where VN (RL) denotes the Stiefel manifold represented

by the set of all orthonormal N -frames in RL. Thus, R has LN − N(N + 1)/2 free parameters

(Chakraborty and Vemuri, 2019). Finally, Q is subject to the constraints that QTQ = I and

XTQ = 0. The XTQ = 0 constraint forces Q to lie in the null space of XT, which has dimension

I−K since X is rank K. Thus, these constraints force Q to be an orthonormal N -frame in an I−K

dimensional subspace, which is equivalent to VN (RI−K), and this Stiefel manifold has dimension

(I −K)N −N(N + 1)/2. Hence, Q has (I −K)N −N(N + 1)/2 free parameters.

Summing up the number of free parameters for Λ, R, and Q yields a total of

N + LN − N(N + 1)

2
+ (I −K)N − N(N + 1)

2
,

which simplifies to N(I −K + L−N).

S3.3 Reduction in parameter count for RR-GBM relative to full GBM

Let pgbm and prrgbm denote the number of parameters in B under the GBM and the RR-GBM,

respectively. By Sections S3.1 and S3.2, the fraction of parameters under the RR-GBM relative to

the GBM is

prrgbm
pgbm

=
N(I −K + L−N)

(I −K)L
=

N

L
+

N

I −K
− N

L

N

I −K
.

Meanwhile, the reduction in the number of parameters, represented as a fraction, is

1− prrgbm
pgbm

= 1− N

L
− N

I −K
+

N

L

N

I −K
=

(
1− N

I −K

)(
1− N

L

)
.

This expression highlights the reliance on both the ratio of N to L and also the ratio of N to I−K.

In particular, if I −K ≫ N , then

prrgbm
pgbm

≈ N

L
and 1− prrgbm

pgbm
≈ 1− N

L
.
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S4 Details of the simulation studies

In this section, we provide additional details on the simulation studies in Section 3.

S4.1 Simulation of covariates, true parameters, and data

The true parameters A0, C0, U0, Σ0, V0, S0, T0, and ω0 as well as the covariate matrices X and

Z are generated using the same procedure as described by section S2 in Miller and Carter (2020),

where S0, T0, and ω0 are only used in the Negative Binomial setting. The additional RR-GBM true

parameters Q0 ∈ RI×N , Λ0 ∈ RN×N , and R0 ∈ RL×N are simulated as follows, assuming I > L.

We generate Q0 and R0 uniformly from the Stiefel manifolds VN (RI) and VN (RL), respectively.

For instance, in the case of Q0, this is done by first generating Q̃ ∈ RI×N with i.i.d. entries

q̃in ∼ N (0, 1), and then computing the thin QR decomposition of Q̃ to obtain Q̃ = Q0QR where

Q0 ∈ RI×N and QR ∈ RN×N . It can be shown that this Q0 is uniformly sampled from the Stiefel

manifold VN (RI) (Tropp, 2012). The diagonal entries of Λ0 are chosen to be evenly spaced from
√
I +
√
L to 2(

√
I +
√
L), following the approach of Miller and Carter (2020), which is based on

the distribution of singular values in random matrices (Marčenko and Pastur, 1967). To make the

B0 matrix have approximate rank N (but exact rank L), we multiply the last L − N diagonal

entries by a small scaling factor equal to 0.01 by default. (To make B0 exactly reduced-rank, we

use a multiplier of 0 here.) We then compute B̃ = Q0Λ0R
T
0 and define the true B matrix to be

B0 = B̃ − X(X+B̃), where X+ is the Moore–Penrose pseudoinverse of X. This last projection

step ensures that B0 satisfies the constraint that XTB0 = 0, while preserving the reduced-rank or

approximate reduced-rank property. We then apply the SVD to B0 once more to get the final true

values of Q0,Λ0, and R0.

Finally, the data matrix Y is then generated in the same way as described in section S2 inMiller and

Carter (2020), using the log link function and either the Poisson or Negative Binomial distribution

for sampling as indicated.

S4.2 Structure in the sample covariate effects matrix

Given a set of sample covariates Z, we can simulate any desired latent sample covariate effect

structure through the controlled generation of R0, enabling the construction of an R0 with any
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desired column space. The different sample covariate effect structures were all simulated with the

same underlying hyperparameters: I = 5000, J = 2000, K = 1, L = 10, and M = 1. The R0

matrix was simulated to meet the identifiability constraints with the desired structure, denoted by

R̃, a matrix of dimension L×P where P is the desired number of factors with P ≤ N . It is assumed

that the columns of R̃ are orthogonal, as if they were not the final R0 would not lie in the Stiefel

manifold. An example of R̃ could be a binary matrix encoding a desired sparsity pattern such as

that found in Figure 5. The sampling process can be described as uniform sampling from the Stiefel

manifold with the respective dimensions subject to the constraint that the column normalized R̃ is

a submatrix of the final R0. The steps of the sampling procedure are as follows:

1. Set factor R̃ ∈ RL×P to have the desired latent sample covariate structure.

2. R∗j = R̃∗j/∥R̃∗j∥ (column-wise normalization)

3. Simulate G ∈ RL×(N−P ) where Gij ∼ N (0, 1).

4. H = (I−RRT)G

5. Take QR decomposition of H to obtain HQ where H = HQHR.

6. Create the simulated true R0 matrix via the following construction R0 =

[
R HQ

]
(or placing

R in the desired column locations).

The resulting R0 matrix has the constructed effect on the sample covariate effects as represented by

R̃ since the remaining HQ columns are the result of projecting Gaussian noise onto the orthogonal

complement of the space spanned by R̃.

For the situation when r̃ = R̃ is a vector, the same procedure holds and generates the desired R0.

S4.2.1 Structure in sample covariate effect matrices used

Figure 6(a) was generated using the following R̃:
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R̃ =



0 0 0

1 1 0

1 1 0

0 0 0

1 −1 1

0 0 0

0 0 0

1 −1 −1

0 0 0

0 0 0



.

Figure 6(b) was generated using the following R̃; here, column 3 was obtained by applying Gram-

Schmidt orthogonalization to the matrix R̃0 shown on the left:

R̃0 =



0.8 0 0

−0.8 1 0

0.8 1 0

−0.5 0 0

0.8 0 1

0.6 0 0

−0.5 0 0

0.8 0 0

0.9 0 0

−0.6 0 0



, R̃ =



0.8 0 −0.13

−0.8 1 0.13

0.8 1 −0.13

−0.5 0 0.08

0.8 0 0.94

0.6 0 −0.10

−0.5 0 0.08

0.8 0 −0.13

0.9 0 −0.15

−0.6 0 0.10



.
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S5 Supplemental figures
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Figure S1: RR-GBM estimation accuracy as a function of true rank and model rank.
Panels are labeled according to N0, the true rank of B used to simulate data. The x-axis is N , the
rank of B used to fit the data. Each point is the average RMSE over 100 simulations, where for
each simulation we compute the RMSE between the estimate B̂ = Q̂Λ̂R̂T and the true matrix B0.
Negative Binomial data was generated with 1 latent factor (M = 1). Each plot only goes up to
N = N0 since models with N > N0 are degenerate and the estimation procedure does not converge.
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Figure S2: Empirical selection of the rank in RR-GBM on a single replicate dataset.
Panels are labeled according to the true approximate rank of B, where the corresponding L −N0

singular values are 0.01 times their randomly generated value to create a B with approximate rank
N0. Each dot indicates the RMSE between the true values and predicted values from one simulation
run. Poisson data was generated and fit using a model with one latent factor (M = 1).
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Figure S3: Visualizing the effect of sample covariates on feature level latent factors in
RR-GBM. The estimate Q̂ and true matrix Q0 are shown. Data were simulated with 20,000
features, 200 samples, 1 latent factor, and 20 Bernoulli sample covariates with a Negative Binomial
outcome distribution. The feature level coefficients for the five sample covariates 18, 11, 16, 3,
19, were altered at random with {1%, 5%, 10%, 30%, 50%} of feature coefficients being doubled,
respectively. The true B0 matrix was simulated as described in Section S4, before the selected
coefficients were altered. The rows are hierarchically clustered in the true Q0 and the respective
ordering is applied to the estimated Q̂ matrix. All 20,000 features are plotted, with runs of features
with similar loadings being blocked together by the limited resolution of the figure.
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